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Abstract

In the present era of Big Data, the demand for storing vast amounts of data is rapidly in-
creasing among companies such as Facebook, Microsoft, Google, Intel, IBM, and others, for
various applications. To address this need, Distributed Storage Systems (DSSs) have been es-
tablished, offering improved capabilities in terms of flexibility, scalability, speed, and cost. In
DSS, data is distributed and stored on different nodes and are connected through the network.
However, data loss is inevitable due to physical limitations such as hardware failures and power
shutdowns. Maximum Distance Separable (MDS) codes are very efficient in terms of storage
overhead. For practicality, Locally Recoverable codes (LRCs) are discovered to facilitate the
low reconstruction cost for single and multiple failures (Independent and correlated), with a
slight increase in storage overhead. Maximally recoverable codes are a class of codes that
recover from all potentially recoverable erasure patterns given the locality constraints of the
code. Our main objectives are to provide MRCs for independent failures, correlated failures

with low computational complexity, and encoding complexity.

In earlier works, codes have been studied in the context of codes with the locality to handle
independent failures. The notion of locality has been extended to the hierarchical locality,
which allows for the locality to gradually increase in levels with the increase in the number of
erasures. In one direction, we consider MRC for the case of codes with 2-level hierarchical
locality for the specific topology (locality constraints) called Hierarchical Local MRC (HL-
MRC). We derive a field size lower bound on HL-MRC. We also give constructions of HL-

MRC for some parameters whose field size is smaller than that of earlier known constructions.

We investigate Locally Recoverable Codes (LRCs) with availability, which refers to the

ability to have multiple repair sets. The presence of multiple repair sets in LRCs is beneficial

viii



as it facilitates the distribution of the repair load among various nodes. This distribution helps
prevent excessive strain on specific nodes and promotes a more balanced workload within the
system. In our research, we expand on the concept of availability in Locally Recoverable
Codes (LRCs) and apply it to codes with hierarchical locality. The minimum distance plays a
vital role in determining the codes’ capability to handle erasures effectively. Our study focuses
on investigating the upper bound of the minimum distance for the specific case of LRCs with

hierarchical locality.

To reduce the encoding complexity, Halbawi et al. introduced sparse and balanced genera-
tor matrices for MDS (Reed - Solomon) code and LRCs (Tamo-Barg code) for single erasure.
Building upon this work, we contribute by presenting sparse generator matrices for MRC with
locality for single erasure. Furthermore, we also provide sparse and balanced generator ma-
trices for MRC with locality, specifically for single erasures where the locality value is set to

2.

In order to deal with correlated failures, Gopalan et al. initiated the study of MRCs grid-
like and product topologies. In another research direction, we focus on MR codes for product
topology 7., ,,(a, ). Product codes are a class of codes with generator matrices as the tensor
product of the generator matrices of component codes. The codeword can be represented as
an m X n array, where the component codes are referred to as the row and column codes. We
derive a few properties of maximally recoverable product codes. We give a sufficient condi-
tion to characterize a certain subclass of erasure patterns as correctable and another necessary
condition to characterize another subclass of erasure patterns as not correctable. We construct
a certain bipartite graph based on the erasure pattern satisfying the regularity condition (a nec-
essary condition for recoverability) for product topology and show that there exists a complete
matching in this graph. We used this condition to identify a subset of recoverable erasure
patterns for a = 2.

In earlier work, higher-order MDS codes denoted by MDS(/) have been defined in terms of
generic matrices, and these codes have been shown to be constituent row codes for maximally
recoverable product codes for the case of @ = 1. We derive a certain inclusion-exclusion type

principle for characterizing the dimension of intersection spaces of generic matrices. Applying

X



this, we formally derive a relation between MDS(3) codes and points/lines of the associated
projective space.

Keywords: Distributed storage, independent failures, correlated failures, maximally recover-
able codes, locally recoverable codes, codes with hierarchical locality, field size bound, locally

recoverable codes with availability, sparse and balanced generator matrices, product codes.
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Chapter 1

Introduction

In this chapter, we will explore storage systems that are well-suited to meet the demands of
the present Big Data Era. Section 1.1 delves into the concept of Distributed Storage System
(DSS), highlighting the significance of this system and the challenges it faces. Section 1.2 fo-
cuses on the practicality of implementing Erasure Codes in DSS. Erasure Codes are introduced
as a viable solution to mitigate the risk of data loss in distributed storage environments. We ex-
plore the fundamental principles of Erasure Codes and their applicability in DSS. Preliminary
codes are also introduced and discussed, which serve as the building blocks for achieving effi-
cient data storage and recovery. In Section 1.4, we outline the specific goals and contributions
of the thesis. Lastly, in Section 1.5, we provide an overview of the organization of the thesis.

The structure and flow of the subsequent chapters are outlined.

1.1 Distributed Storage System (DSS) and Challenges

The demand for storing massive volumes of data is rapidly growing across various indus-
tries, with companies like Facebook, Microsoft, Google, Intel, IBM, and many others facing
the need to manage and store vast amounts of information. In light of this trend, there is a
pressing requirement for storage systems that can surpass the capabilities of current solutions
in terms of flexibility, scalability, speed, and cost-effectiveness.

To establish such a storage system, data is distributed and stored on multiple nodes that are

interconnected through a network. Despite the distribution of data, these nodes operate collec-



tively as a unified storage system. Such a storage system is referred to as a Distributed Storage

System. This arrangement allows for improved efficiency and enhanced storage capabilities.

The physical model of a DSS can be visualized as depicted in Fig. 1.1.
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Figure 1.1: DSS Network Physical Model

However, in a DSS, data loss becomes an inevitable challenge due to the inherent limita-
tions of hardware, such as power shutdowns and node failures resulting from device or disk
malfunctions, etc. In a DSS, node failures can occur due to temporary or permanent reasons.

Temporary failures refer to situations where a node or component of the system experiences
a temporary disruption or outage but can be restored to normal operation after the issue is
resolved. These failures can be caused by various factors, such as network connectivity issues,

power fluctuations, temporary hardware malfunctions, or software glitches. Temporary failures
are generally transient and can be recovered without permanent data loss.
On the other hand, permanent failures are more severe and result in permanent data loss or

the inability to recover the affected node or component. Permanent failures can occur due to



catastrophic hardware failures, unrecoverable disk errors, or data center disasters. When a node
in the DSS encounters a permanent failure, the data stored on that node becomes inaccessible
or irretrievable. These failures are typically more challenging to handle as they require data
recovery mechanisms to mitigate the loss and ensure data availability. To minimize the impact
of both permanent and temporary failures, DSS integrates data protection mechanisms like

erasure coding.

1.2 Erasure Codes in DSS

In DSS, the detection of failed nodes is possible. Hence, for data recovery, erasure codes
are applicable. Forward Error Correction (FEC) techniques are utilized to enhance reliability.
In FEC, extra redundant bits are added at the transmitter, allowing for correct data decoding
even in the presence of a certain number of lost bits. Erasure codes represent a specific type of
FEC where data is transmitted over an erasure channel. In this channel model, the transmitter
sends the data, and the receiver either receives it correctly or experiences complete loss. For

instance, the Binary Erasure Channel (BEC) is illustrated in Fig. 1.2.

Figure 1.2: Binary Erasure Channel
with error probability p..

Initially, to ensure reliability, data replication is commonly employed as a common and
easily implemented solution. Typically, a standard approach involves three-way replication.

Among the three nodes (three copies), suppose one node has failed. One of the other nodes can



be used to create a new node by simply copying the data. At the same time, another node can
be used to access the data, which ensures the data availability. In this three-way replication,
no computations are required in data recovery. However, the three-way replication incurs a
storage overhead of 200%, leading to inefficiency. Erasure coding techniques have garnered
significant attention as an alternative to traditional replication methods. These techniques offer
more efficient data storage and improved fault tolerance capabilities.

Erasure coding involves encoding data into a set of redundant fragments that are distributed
across multiple storage nodes in the system. By leveraging mathematical algorithms, the orig-
inal data can be reconstructed from a subset of these fragments, even if some of them are lost
or inaccessible. This approach provides higher storage efficiency compared to replication, as it
reduces the storage overhead required to ensure data reliability.

In the following, we will quickly setup some basic notation of codes and define Maximum

Distance Separable (MDS) codes.

* C[n, k,d], is a linear block code with the generator matrix G, and parity check matrix
H(;—iyxn - Here, n, k, d and g are length, dimension, minimum distance and field size of
the code. Any ¢ = (¢, ¢a,...,¢,) € Cis called a codeword and each ¢; is a code symbol

for any i € [n]. supp(c) C [n] denote the set of non-zero coordinates of c.

* The code can recover up to d — 1 erasures (recoverability). An upper bound for recover-

ability of the code is called Singleton bound given in (1.1).

d—1<n—k (1.1)

* Maximum Distance Separable (MDS) codes are the optimal codes that meet the Single-

ton bound. i.e., it can recover any (n — k) erasures.

1.3 Motivation for Maximally Recoverable Codes (MRCs)

The study of erasure coding for distributed storage systems encompasses areas such as code

construction, decoding algorithms, fault tolerance analysis, and system performance evalua-



tion. It is essential to develop erasure coding techniques that strike a balance between storage
efficiency, reliability, and computational complexity. MDS codes are a class of erasure codes
that offer optimal data recovery capabilities in the presence of node failures with less storage
overhead than replication. However, MDS codes may not be suitable for distributed storage
systems due to several reasons.

Firstly, the repair process in MDS codes involves accessing all £ number of surviving nodes,
resulting in high network bandwidth utilization during data recovery. This can introduce per-
formance bottlenecks and scalability challenges in distributed storage systems with a large
number of nodes.

Furthermore, MDS codes are designed for scenarios where node failures are independent
and occur randomly. In practice, however, failures in distributed storage systems can often
be correlated, such as failures caused by power outages, hardware malfunctions, or network
issues. MDS codes are not efficient when correlated failures occur.

Due to these limitations, alternative coding techniques such as Locally Recoverable Codes
(LRCs) and Maximally Recoverable Codes (MRCs) have gained attention in distributed stor-
age systems. LRCs and MRCs offer more flexible and efficient approaches to achieve fault
tolerance, minimize repair bandwidth, and handle correlated failures. These coding schemes
strike a better balance between storage efficiency, reliability, and computational complexity,
making them more suitable for practical distributed storage environments compared to MDS
codes.

Unlike traditional erasure codes, LRCs introduce a locality property that enables the recon-
struction of a failed node’s data by accessing a limited number of other nodes (< k) in the
system. By minimizing the amount of data transferred during repair operations, LRCs reduce
the network bandwidth usage and improve the system’s overall performance. MRCs ensure that
the maximum possible patterns of failures can be recovered by the code, subject the locality
conditions. Both LRC and MRC play significant roles in addressing data reliability challenges,
efficient repair operations, and fault tolerance in distributed storage systems.

Depending upon the type of erasures, LRCs can be categorized as shown in Fig. 1.3. To

address various types of failures within the Distributed Storage System (DSS), it is possible



to construct codes based on specific support constraints, which we refer to as topology in the
context of these support constraints. In the subsequent chapters, we provide formal definitions

of codes for different topologies, specifically within the context of the problems we address.

Figure 1.3: Classification of Erasures.

1.4 Objectives and Contributions of the Thesis

To enhance comprehension of the objectives and contributions of the thesis, we provide

informal definitions for key concepts. The four objectives of the thesis are given as follows:

* MRC:s for independent failures: To minimize the cost of data reconstruction, codes
with (7, §) locality are introduced, which can recover 6 — 1 erasures by contacting r < k
(locality) other nodes. This concept is further extended to codes with hierarchical local-
ity, characterized by (r1,0;) and (rs, d2), where 7o < ry and d, < ;. This hierarchical
structure provides a locality of ; < k when erasures exceed d, — 1 but remain less than
or equal to 6; — 1. Consequently, one of our primary objectives is to construct maximally
recoverable codes with hierarchical locality (particularly for 2-level locality). Specif-
ically, we focus on a topology Hierarchical Local MRC (HL-MRC), which we see in

detail in Chapter 3. The contributions are as follows:



— This thesis presents the constructions of Hierarchical Local MRCs and their corre-
sponding field sizes by utilizing algebraic properties of the field. We have presented
two constructions for a few fixed parameters and two constructions for all general
parameters. For a few fixed parameters, we have provided two kinds of HL-MRC
constructions using the coset properties and Cauchy matrix. One is obtained with
the field size of O(n;) (here, ny < n), and the other one is of O(n*). For all general
parameters, one construction is based on the generator matrix of Linearized Reed-
Solomon through the parity check matrix approach. It is obtained with the field
size of O((n2)°), here ny < 1 and ¢ is some constant. Under certain parameters of
the regimes, our constructions outperform the prior work; a detailed comparison is
described in Subsection 3.3. Also, a random construction for all general parame-
ters is obtained through the generator matrix approach, and its field size is O(n*),
which is higher than any other construction. We have also derived lower bounds on

the field size of HL-MRC for a few cases.

* MRC:s for correlated failures: In order to address correlated failures, a specific type of
topology known as grid-like topologies 1), .(a, b, h) is commonly employed. However,
our research focus is on a subclass of these topologies referred to as product topologies
Trnn(a,b, h = 0). Product codes belong to a class of codes where the generator matrices
are obtained through the tensor product of the generator matrices of component codes.
In this context, the codeword can be represented as an array of size m X n, where the
component codes are denoted as the row and column codes. Within this topology, one of
our objectives is to investigate maximally recoverable codes for product topology known
as Maximally Recoverable Product Codes (MRPCs). In this direction our contributions

are as follows:

— This thesis presents several properties of maximally recoverable product codes.
We provide a sufficient condition to identify a specific subclass of erasure patterns
as correctable, as well as a necessary condition to determine another subclass of

erasure patterns as non-correctable.



— Additionally, a bipartite graph construction is introduced in this thesis to estab-
lish relationships between erasures and non-erasures within an erasure pattern for
Tinn(a,b). This construction enables the identification of matching conditions ap-
plicable to regular erasure patterns (a class of ersure patterns which satisfies the
regularity condition), leading to the detection of a subset of recoverable erasure
patterns for a = 2. The thesis also explores the relationship between projective ge-
ometries over finite fields and higher-order MDS codes, establishing a correspon-
dence between (1, 3)-MDS(3) codes and PG(2, q) to facilitate the construction of
MRPCs for a = 1.

» Sparse and Balanced (SB) generator matrix of maximally recoverable LRCs: Spar-
sity refers to the property of having a significant number of zero entries, specifically
n — d, in every row of the generator matrix, which can lead to more efficient encod-
ing and decoding algorithms. A balanced generator matrix ensures that the number of
ones and zeros in each row and column is approximately equal. The balanced property
guarantees an almost uniform load distribution on each node. One of our objectives is
to provide SB generator matrix for maximally recoverable LRCs. In this aspect, our

contributions are as follows:

— This thesis discusses the existence of sparse generator matrices and under certain
conditions, balanced generator matrices for Local MRCs with single erasures for

r=2.

* LRCs with availability: The inclusion of multiple repair sets for LRCs offers advan-
tages by enabling the distribution of repair tasks across different nodes. This distribution
aims to prevent overburdening specific nodes and promote a balanced workload distribu-
tion within the system. This class of codes is called LRCs with availability. One of our
objectives is to find the upper bound on the minimum distance for Hierarchical LRCs

with availability.



— This thesis provides an upper bound of the minimum distance for the specific case

of LRCs with the hierarchical locality and availability.

1.5 Organization of Thesis
Rest of the thesis is organized as follows:

 In Chapter 2, we provide a comprehensive review of LRCs and MRCs for both inde-
pendent and correlated failures. It covers the evolution of LRCs from single erasure to

multiple erasures, as well as the concept of MRCs.

 In Chapter 3 we present our constructions of maximally recoverable codes with hierar-
chical locality, specifically focusing on the Hierarchical Local Code known as Hierarchi-
cal Local MRC (HL-MRC). The chapter includes the field sizes required for these con-
structions, a comparison between the HL-MRC constructions found in previous works

and those introduced in this thesis, and a lower bound on the field size for HL-MRC.

e In Chapter 4, we explore Maximally Recoverable Product Codes (MRPCs). It delves
into our research on the properties of MRPCs, the characterization of recoverable and
non-recoverable erasure patterns, and the investigation of the relationship between pro-

jective geometries over finite fields and higher-order MDS codes.

* In Chapter 5, we focus on constructing sparse and balanced (SB) generator matrices for

Local MRCs in the case of single erasure.

* In Chapter 6, we review various upper bounds on the minimum distance of LRCs with
availability and then present a new upper bound on the minimum distance of Hierarchical

Locally Recoverable Codes (H-LRCs) with availability for specific condition.

* In Chapter 7, we summarize the main findings of the thesis and discuss the scope of

future work.



Chapter 2

Background and Literature Review

In this chapter, an extensive review of the existing literature on LRCs and MRCs is pre-
sented. Firstly, a thorough analysis is conducted on the literature concerning independent fail-
ures, encompassing single erasures as well. This includes significant optimal code construc-
tions, field sizes, and various bounds, including alphabet-dependent bounds. Following that,
an overview of the literature on correlated failures is provided, which includes discussions on

suitable topologies, code definitions, and field size bounds.

2.1 Organization of the Chapter

The chapter is organized as follows: Section 2.2 provides a review of the existing literature
on LRCs and MRC:s for independent failures, while Subsection 2.3 focuses on correlated fail-
ures. Specifically, Subsection 2.2.1 introduces the formal definition and upper bound on the
minimum distance for LRCs for single erasure, as well as for LRCs with multiple recovery sets
for single erasure. Subsection 2.2.2 examines MRCs for single erasure, and Subection 2.2.3
explores LRCs and MRCs for multiple erasures. Section 2.4 presents the conclusion of the

chapter.
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2.2 LRCs and MRC:s for Independent Failures

In general, single node failures occur more frequently. Therefore, considering network
bandwidth, it is essential to minimize the repair degree. However, in MDS codes, even for a
single node recovery, the repair degree is k. As a result, MDS codes are inefficient for repair
operations.

To address this issue and reduce the repair degree for single node failures, a type of erasure
codes called ”Locally Recoverable Codes” (LRCs)were developed and deployed by companies
like Facebook [1] and Microsoft [2]. These codes have later been extended to handle multiple

erasures.

2.2.1 LRC:s for Single Erasure

A code C|n, k, d] is said to have the locally recoverable property of single erasure if each
code symbol ¢; € C can be uniquely determined by at most (< k) other code symbols of C.
The parameter 7 is called the locality of the code.

A code Cn, k,d,r] LRC with locality r for single erasures are formally defined in [3] by

defining code symbol locality, information symbol locality and all symbol locality as follows:

Definition 1. Code Symbol Locality (Loc(c;)): For ¢; € C to be the smallest integer r for which

there exists S; C [n] of cardinality r such that
C;, = Z /\jcj-
JES;

Further Loc(C) = max {Loc(c;)}, here Loc(C) is called locality of the code.

i€[n)

Definition 2. Information Locality: A code C has information locality r if there exists I C [n]
with cardinality k and G|y is full rank such that Loc(c;) < r for all i € 1. Here G| denotes

the restriction of G to the set of columns indexed by the set I.

If further | J S; = [n], then the code is said to have an all-symbol locality.
i€l
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An LRC code consists of global and local parities. Each local parity symbol is the function
of a few specific data symbols, while each global parity symbol is the function of all data
symbols. A local group, also known as a local code, consists of a group of data symbols
and their corresponding local parity. For instance, as illustrated in Fig. 2.1, the data symbols
X1, X5 and X3 form a local group along with local parity Py, which is a function of all the
X;’s. Similarly, another local group is formed with data symbols Y;’s and parity symbol Py-.

The global parities of the code, P, and P, are functions of all the data symbols X;’s and Y;’s.

Data Symbols

X4 X5 | X3 Yi||Ya|Y3 Py

Two global parities

Figure 2.1: LRC Example:(n = 10,k = 6,7 = 3) Source [2].

Local groups
With single local
parity in each

For LRC with a locality parameter 7, specifically for single erasure scenarios, the Singleton-
like bound is obtained by utilizing the following Lemma, which provides the fact about the

minimum distance of the code.

Lemma 1. Let S C [n] is the largest cardinality, such that rank(G|g) = k—1then d = n—|S]|.

Here rank(G|s) is rank of the matrix G|s.

In [3], an algorithm is provided to calculate the lower bound on the cardinality of such set
S for the code C[n, k, d, r]. Using this algorithm, the upper bound on the minimum distance of

the code (Eq. (2.1)) is determined in [3].

dgn—kﬂ—(m—Q. @2.1)

The bound says that as the code’s locality parameter r decreases, the optimal minimum

distance of the code also decreases, and (2.1) becomes (1.1) for » = k. However, in practical
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applications, the reduction of reconstruction cost takes priority of importance over storage

overhead, leading to the preference for selecting a lower value of locality.

In [4], a specific type of LRCs with information locality known as Pyramid ocdes were intro-
duced and these codes were found to be optimal later in [3]. In [5], Tamo and Barg constructed
optimal codes with all-symbol locality for any value of » (1 < r < k) and n | (r + 1). Each
codeword is generated through the evaluation of specially constructed polynomials known as
good polynomials over a finite field. This particular encoding scheme enables the recovery of
lost symbol through polynomial interpolation at r points. The construction method for codes
with multiple disjoint recovery sets for each symbol is also provided, allowing for enhanced
availability of frequently accessed data, commonly referred to as hot data. Furthermore, in
[6], a construction for LRCs with locality » and 7 distinct recovery sets (referred to as "LRCs
with (r,7) - Availability”) for each information symbol is presented using Gabidulin codes.
Additionally, the paper introduces an upper bound, as given in equation (2.2), on the minimum
distance for this specific class of codes, assuming each repair group consists of only one parity

symbol.

dgn—k+1—<[ﬁ-‘—r). 2.2)

r

Also, the more general bound for LRCs with (r, 7) - Availability (6.1) is given in [6].

dg(n—k+1)—<r(k‘_—i;j:ﬂ—l>. 2.3)

The paper [7] presents the construction of LRCs that are optimal and almost optimal in
terms of all-symbol locality. Here, ”almost optimal” refers to codes whose minimum distance
differs by at most one from the optimal value derived from the Singleton-like bound for LRCs
(2.1). For locality » = 2 and d = 2, 6, 10, the construction of binary LRCs that are optimal in
dimension is given in [8]. Optimal ternary locally repairable codes for all possible 8 classes,
where the minimum distance can only be 2, 3, 4, 5, or 6, are constructed in [9]. In [10], for

small locality » = 2 and minimum distance 6, optimal constructions are obtained using a parity
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check matrix and the sunflower construction. Additionally, optimal cyclic LRCs are given for

distances 3 and 4 in the same paper.

2.2.2 MRC:s for Single Erasures

Definition 3. Maximally Recoverable Code (MRC): A code is said to be maximally recoverable
if it can recover from all the information-theoretically recoverable erasure patterns given the

locality constraints of the code.

In [11], MRCs for data-local codes and local codes were introduced by considering the

systematic code C[n, k, d,r, h], as follows.

Definition 4. Data Local Code: Let C be a linear systematic [n, k| code. C is a [n, k,d,r, h],

data-local code if it satisfies the following conditions:
. r|k:andn:k+§+h,

» The data symbols are divided into é groups of size r. Each group has a corresponding

(local) parity symbol that stores the XOR of the respective data symbols,

» The remaining h global parity symbols can depend on all k data symbols.

A group of r data symbols and their local parity is referred to as a local group.

Definition 5. A data-local code is said to be maximally recoverable if, for any set E C [n]
obtained by selecting one coordinate from each of the k/r local groups, puncturing the code C

at the coordinates in E results in an [k + h, k] MDS code.

Definition 6. Local Code: Let C be a linear systematic [n, k| code. C is a [n, k,d,r, h], local

code if the following conditions are satisfied:

e r|(k+h)andn =k + &R 4p,

r

o There are k data symbols and h global parity symbols, where each global parity may

depend on all data symbols.
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* These k + h symbols are divided into @ groups of size r. Each group has a corre-

sponding (local) parity symbol that stores the XOR of the respective data symbols.

A group of r symbols and their local parity is referred to as a local group.

Definition 7. The local code is called Maximally recoverable if, for any set E C [n| obtained
by selecting one coordinate from each of the (k + h)/r local groups, puncturing the code C at

the coordinates in E results in an [k + h, k| MDS code.

The advantages of codes with specific parameters [n, k,d, r, h|, are as follows: i) Local
parities expedite the recovery process for single node failures by utilizing corresponding local
groups. 1i) Global parities enable the recovery of additional node failures. iii)) MRCs can

recover the maximum number of erasures beyond the minimum distance of the code.

For instance, let’s consider the maximal erasure pattern £ in the local code, which con-
sists of erasures from each local group (one per group) and an additional / erasures from any
location within the code. The size of E is (® + h). It is important to note that E sat-
isfies the recovery condition as defined in Definition 7. Moreover, we observe that |E| >
1= 0 (] = o) (1] 1)

Table 2.1 tabulates various bounds for LRCs for single erasures, mainly the upper bound on
the minimum distance, alphabet dependent bounds, and field size for certain optimal LRC and
MRC constructions. Cadambe-Mazumdar bound [12] is an alphabet dependent bound derived
using the quantity (i.e., the largest possible minimum distance of the code [n, k| over a given
alphabet size) as a parameter under locality constraints. A similar kind of technique has been
applied using generalized hamming weights (d;") and gaps (g;-) of dual code C* [13] to derive
the alphabet dependent bound. A study is done on the upper bound on the maximal length of
optimal LRC for the given ¢ [14]. In [11], the authors presented constructions of data-local
and local MRC for all values of k,r and h and also studied improved field size constructions

forh >2"+4+1,h=3and h = 4.
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Table 2.1: Bounds and Constructions for Single Erasures

LRC Type of bf)und / Bound / Size of n or ¢ Reference
construction
[n,k,d,r], | Upper bound on d d<n—k+1-([5]-1) [3]
Alphabet-Dependent | k < tfggj [tr + kc(;;)t(” —t(r+1),d)] 2]
bound on d kéﬁ(n, d) is largest possible dimension
k< min [k%(n—db,d)—i+df] | [13]
1<i<gl —k
n<q+k+I[k/r] -2,
ifr>2andr |k
n<qg+k+I[k/r] -2,
Upper bound on ifr>2and &k > 2 mod r, 4]
n for the given ¢ n<2q+k+I[k/r] -2,
ifr>2andk =1 mod 7,
n<2q+k+[k/r] -2,
ifr=1
Length of the ford > 5,n = O(dq3+ﬁ) (5]
optimal LRC ford = 5,n = O(q?)

Field Size q of existing
MRC construction

for data-local & loca MRC:

q=0 (k")

g = O (KO=00=2T) for > 27 + 1
local MRC:

q=0(k?),if h=3
q=O0("3),if h =4

[11]

2.2.3 LRCs and MRC:s for Multiple Erasures

Multiple erasures can be distinguished as independent and correlated failures based on the

type of failures in DSS. Individual failures are always independent, and correlated failures

in distributed storage systems refer to a situation where multiple components or nodes fail

simultaneously within a short period due to a common cause. For example, it can be caused by

the outage of a power source shared by multiple nodes in the network. In general, correlated

failures occur as the length of the code increases [16].

(1) LRC:s for Independent Failures:
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Independent node failures are common in DSS over different networks. For such multiple

failures, Codes with (r,0) Locality are defined in [17] and [18] as follows:

Definition 8. (r, §) Code Symbol Locality: The it" code symbol, c;, i € [n), of C is said to have

(r,0) locality, § > 2, if there exists a subset S; C [n| such that

e i€ S5,|S|<r+d6—1and
 minimum distance of C|s, > 6, where C|s, denotes the code obtained when C is punctured

to the set of co-ordinates corresponding to S;.

Definition 9. (r, &) Information Locality: The code C is said to have (r, ) information locality
if C has a set of punctured codes {C;}ic with supports {S;}ic, respectively, such that, for all
1 € L, we have
o |5 <r+d6-1
* dmin(C;) > 6 and
 rank(G|y,..S:)=k
Here L denotes the index set for the local codes, and we denote the restriction of G to the
set of columns indexed by the set S by G|s.
If further |J S; = [n], then the code is said to have (r, ) all-symbol locality. An example
is shown in léiegure 2.2. In this example, the number of erasures less than or equal to 3 can be

recovered by contacting 6 other symbols instead of 18.
[27,16,8]

I I
| 1964 || 1964 || [9.641 |

Figure 2.2: Example:[27, 16, 8]-code having (r = 6, = 4) locality.

In [17], the upper bound on minimum distance is derived as given in (2.4) and also provided

construction for optimal code.
k
dgn—k+1—<H—1)(5—1). 2.4)
r
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Such a code can tolerate the (6 — 2) additional failures for any given node failure. The
upper bound on d is further reduced as the code is conditioned to offer the locality for multiple
erasures and for 9 = 2, (2.4) becomes (2.1). These codes consist of multiple overlapped local
parities through which multiple recovery sets are available for the set of node failures.

Some important bounds pertaining to the above discussed (7, 0) locality codes are tabulated
in Table 2.2, which includes the upper bound and alphabet-dependent upper bound on the
minimum distance and upper bound on the length of the optimal code for the given q. As
an extension of the Cadambe-Mazumdar bound for the (r,d) code, the alphabet-dependent
bound is derived using the Griesmer bound on the length of the code by recursively taking the
residual codes, in [19]. For the linear code, C[n, k,d|, the Griesmer bound (G(k,d)) is the

lower bound on the length of the code for the given code dimension k£ and minimum distance
d
d,ie. n> Z {—W = G(k,d). In [20], derived the upper bound on the length of the optimal

{2
i=0
code, which is super-linear in the field size and given a general construction.

Table 2.2: Bounds for multiple erasures

T fb d/
LRC ypeo f)un Bound Reference
construction
k.d,r,d h U b d
[n’ ) ,’f’, ) ]q pper oun dgn_k_}_l_(l'é‘l_l)(é_l) [17]

where § > 2 ond

replaced r with x

x = maximum dimension of all local groups

Alphabet- k < min{\ + s}, here,
Dependent AEZ [19]

bound on d §= k:f,g%(n = (r+1)G(k,0) +G(k —b,9),d)

where a, b € Z such that
A=ak+b0<b<k

Forn=m(r+46—1),k =ur + v,

Boundonn for | ¢ >2(r —v+1)orv=0:
sy [20]
5

the optimal code
n<o0 (@qm@%% - 1)

Optimal codes with all-symbol locality for 6 = 2 has been constructed in [21] with the field

size O(n*) for r+1 | n. In [22], optimal codes with all-symbol locality for § > 2 is constructed
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forn f (r+ 6 — 1) and r { k with the field size greater than or equal to (}_) (Algorithm 2,
Theorem 16). Additionally, in the same paper for n | (r + § — 1) proved that the construction
(Algorithm 1) with the field size greater than or equal to (Zj) (Theorem 15), which is lower
than the construction given by [21]. However, the construction provided in [21] is easy to
implement because the codes are based on Reed-Solomon coded blocks that are re-encoded in
a way that provides low repair locality. The authors constructed the optimal codes using the
rank metric and subspace metric in [23] and using matrix product codes in [24]. Optimal cyclic

LRCs are introduced in [25], and a class of such codes is given in [26].

Algebraic curves are used in many applications of coding theory. LRCs on algebraic curves
have been extensively studied in recent years, as they offer good trade-offs between minimum
distance and rate of the code. An algebraic curve is a geometric object defined by a polynomial
equation in two variables, denoted by x and y. An algebraic curve in the Cartesian plane is
represented by the set of points (x, y) that satisfy the polynomial equation f(x,y) = 0., where
f 1s a polynomial with coefficients in a given field. The degree of the polynomial f determines
the degree of the algebraic curve. Reed-Solomon (RS) codes connected to algebraic curves.
RS codes use encoding and decoding mechanisms that involve the polynomial evaluation and
interpolation techniques associated with algebraic curves. The codeword is essentially the
polynomial evaluated at specific points on the curve. Several families of LRCs on algebraic
curves have been proposed in the literature, including LRCs on Hermitian curves, LRCs on
hyperelliptic curves, and LRCs on the projective line. Hermitian curve is more specific. The
Hermitian curve takes the form of 29! = y¢ + y considered over the field F 2, where ¢ is any
prime power. The RS-like codes given in [5] are extended to multiple recovering sets using
Hermitian curves [27]. LRCs on elliptic curves in [28], and LRCs in Hermitian function fields

with certain type of divisors in [29] are studied.

The concept of locality has been extended to the hierarchical locality in [30]. In the case
of (r,9) locality, the code offers no locality if there are more than § erasures. In the case of
codes with hierarchical locality, the locality constraints are such that with the increase in the
number of erasures, the locality increases in steps. The following is the definition of code with

a 2-level hierarchical locality.
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Definition 10. 2-level Hierarchical Locality: A [n, k,d| linear code C is a code with hierar-
chical locality having locality parameters [(11,01), (12, 02)] if for every symbol ¢;,1 < i < n,
there exists a punctured code C; such that ¢; € Supp(C;) and the following conditions hold:
1) dim(Cy) <711, 2) dmin(C;) > 01, 3) C; is a code with (s, d2) locality.

An example of code with 2-level hierarchical locality is shown in Fig. 2.3. In this example,

the code offers locality 3 for a single erasure and 8(< 14) for 2 erasures.

[24,14,6]
] [2531]
[ I I I
[ 4320 || 1432 || 432 | | 832 || 432 || 432 |

Figure 2.3: Example:[24, 14, 6]-code having 2-level hierarchical locality [30].

The upper bound on minimum distance is derived as

dgn—kﬂ—gg—1>(52—1)—(I%Iﬂ)(él—@). 2.5)

Constructions of optimal codes with hierarchical locality based on optimal (7, §) LRCs have
been done via generalized Reed-Solomon in [31], through matrix product codes in [32] and
from covering maps of curves in [33]. Cyclic codes with hierarchical locality, which are opti-
mal with respect to minimum distance bound, have been constructed in [34]. Constructions of
codes with hierarchical locality based on maps between algebraic curves have been presented
in [35]. In [36], alphabet-dependent bounds for codes with hierarchical locality have been de-
rived (equation (2.6)), and also punctured simplex codes have been shown to be optimal w.r.t.

the upper bound on the minimum distance (2.5).

k< min A+ k9 (n — v, d)] (2.6)

NeZs opt

here, v = \ + I%j (03 — 1) + L%J (03 — d7).
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Till now, we have studied codes with locality for single erasure, codes with locality for mul-
tiple erasures, codes with 2—level hierarchical locality, and codes with locality and availability
for single erasure. The comparison between the upper bounds on the minimum distances of
all the topologies discussed above is shown in figure (Fig. 2.4). In this, we considered fixed
values for (n = 60,7, = 9,70 = 5,01 = 4,02 = 2,7 = 4). We took 10 samples by decreasing

the values of & from 30 to 21. Plotted the graph code rate (k/n) versus relative distance (d/n).

Plots of upper bounds on minimum distances

0.45 |
—@— codes with hierarchical locality
—@— (r,delta>2) locality
047 (r,delta=2)locality
—0— (r,delta=2,tau=4)locality and avilability

037}

raltive distance (d/n)

0.2r

0.1 . . . . . . .
0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66

Code rate (k/n)

Figure 2.4: Comparison of upper bounds on d

(2) MRC:s for Independent Failures:

In [37], data-local MRC and local code MRC are defined for data-local, and local codes for

codes with (r, ) locality as follows:

Definition 11. Data Local MRC: Let C be a systematic [n,k,d] code. We say that C is a

[k, 7, h, 0] data-local maximally recoverable code if the following conditions are satisfied:

er|kandn="k+ %5+ h
* Data symbols are partitioned into % groups of sizer r. For each such group, there are ¢

local parity symbols.
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» For any set E C |n| where E is obtained by picking § coordinates from each é local

groups, restricting C to coordinates in [n] \ E yields an [k + h, k| MDS code.

[k, 7, h, 0] data-local MRC is optimum with respect to the minimum distance bound given in

(2.4). The minimum distance of a data-local code MRC is d = h + 0 + 1.

Definition 12. Local MRC: Let C be a systematic [n, k, d] code. We say that C is a [k, r, h, ]

local maximally recoverable code if the following conditions are satisfied:

e 7| (k+h)andn =k + "5+ h.

» There are k data symbols and h global parity symbols, where each global parity may
depend on all data symbols.

These k + h symbols are partitioned into kjf—h groups of size r. For each group, there are

0 local parity symbols.

k+h
r

 For any set E C [n] where E is obtained by picking 6 coordinates from each local

groups, restricting C to coordinates in [n] \ E yields an [k + h, k]| MDS code.

A group of r data symbols and their § local parities is referred to as a local group. Local
MRC Clk,r, h, d] is optimum with respect to the minimum distance bound given in (2.4). The

minimum distance of a [k, r, h, ] local MRC is as given below:
h
d=h+é+1+ |26 @.7)
r

The lower bound on the field size for local MRC and the required field size of a general
construction of local MRC codes are tabulated in Table 2.3. In [38], by exploiting the MRC
property on the parity check matrix 4 derived the lower bound on the field size, and thus,
the lower bound shows that one needs super linear size fields to instantiate // to make all
non-trivial minors nonzero. Local MRCs are also known in the literature as Partial-MDS codes
(PMDS) codes [39]. We interchange PMDS codes and Local MRCs with the context of interest.
Let’s describe the Gabidulin code before introducing the general construction of PMDS codes

citecalis2017general.
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Gabidulin code 6 [ny, k, dy = ny — k + 1] over F» is Maximum Rank Distance (MRD)
code. In this code, the codeword is obtained by evaluating the linearized polynomial f(z) =
f;ol ;27 with the set of n; linearly independent elements from F» over Fy, here the coeffi-
cients a; € F,n are information symbols. Suppose {a, o, ... oy, } C F,u is linear indepen-

.. 725:_01 CliOégjl) € (ggc.

MRD codes are optimal with respect to the rank distance metric, and a brief explanation of

12
Y

o k—1 q* k—1 q
dent set over Fj then the codeword ¢ = (3>, a;,af , >~ a;of

them follows below:

Rank distance metric between two vectors X, X, € FqM *" is defined by dr(Xi, Xs) =
rank(X; — X») over Fy. Minimum rank distance of any code C[n, k] over I}, (= FM>m) with
rank distance metric is dr(C) = min{dg(c1,c2) | V1 # ca € C}. The code is called MRD
ifdr(C) =n—k+ 1.

A general construction of PMDS codes ( Local MRCs) which is obtained by using the
Gabidulin code and MDS codes as described in [40]. The MRD property of Gabidulin code is

used to construct the generator matrix of a PMDS code, which has the following structure:

Gups 0 0
0 Gups | -+ 0
G = Gac (2.8)
0 | 0 || Gups |

Here, G is the generator matrix of Gabidulin code ¢¢c[ny = Ir, k,dy = ny — k + 1] over
the field F,» and G/ pg is the generator matrix of MDS code €y ps([ne = r+m,r, dy = m+1]

over the field F;. Field size for the construction of PMDS code is tabulated in Table 2.3.

Constructions of PMDS codes with two and three global parities have been discussed in
[41, 42]. Improved construction of PMDS codes for all parameters over small field sizes has
been presented in [43]. Construction of MRCs over small field sizes have been investigated
in [44, 45]. Recently, the construction of MRCs based on linearized Reed Solomon codes
via generator matrix approach is presented in [46]. The construction is given for nonuniform

local codes(i.e., the size of the local code and locality are unequal). The required field size
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Table 2.3: Bounds for Maximally Recoverable Codes of multiple erasures

Type of bound/
construction

Local MRC Bound / Field size Reference

q> QU 5-1) (n(r +6 —1)%), where
[n, k,d,r,0,h], | Lower bound

[38]
where § > 2 on q min{((g_l),(h_ 2] )}
- B and t = 5
: : n=m(r+d—1)&k=mr—nh
Field size for o
q = (¢')™", where ¢’ is prime power [40]

PMDS Code

and¢g > (r+d—1)

is O ((#)T), where r is the maximum locality among all localities of local codes. In [47],
MRC is constructed through the parity check matrix approach using skew polynomials only
for uniform local codes. For this construction, the field size is O ((@)mm(hm)). The field
size of the construction given in [47] is lower than the construction given in [46] for h < r.
Both the codes exploit the sum rank property to get an MRC, which is explained in detail in
Subsection 3.3.3. In [48], linearized Reed-Solomon codes are used to construct MR codes

with field size O(max { 40— 1}h). The field size is equal to the construction in [47].

-1
Whereas construction in [46] outperforms when £ is relatively larger than 7.

In [49], authors proved a new lower bound on the field size of LRCs. Additionally, Maxi-
mally Recoverable codes are constructed, which are cyclic. They have shown that these cyclic
MRCs have optimal field size in certain cases. The connection between MRCs and matroids
has been established in [50] and subsequently minors of MRCs were studied in [51].

For the 2-level hierarchical locality, data-local code, local code, and their corresponding

MRC s are defined in [37], which are aligned with our work. So we discuss these codes in

detail in Section 3.2.

2.3 LRCs and MRC:s for Correlated Failures

In practice, correlated failures may take place due to rack failure, a data center failure, or

the failure of a power source shared by multiple machines. To deal with these types of failures,
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a different kind of topology called grid-like topologies 1}, ,,(a, b, h) are proposed in [16]. In
these topologies, each codeword is an array of size m X n, where a, b and h are the number of
parities per column, per row, and global, respectively. In this code, each codeword is like an
array with multiple rows and columns, in which each row is a codeword of a certain row code
and similarly each column is the codeword of a certain column code (see Fig. 2.5). In addition,

there are global parities anywhere in the grid.

C11 C1o Ve Clj e Cin

€21 | Co2 |-+ | C2j |-+ ]| Con
. : : = . : Eachrowis the code

vector belongs to the
_",\,
“code C,,,(n,n — D)

generated by G,.,,,

Cir | G2 | «--| Cij | --+| Cin

Cm1 | Cm2 |+ | Cmj |+ | Cmn

|

Each column is the code

vector belongs to the
code C,,;(m,m— a)
generated by G,

Figure 2.5: Structure of the codeword in grid-like topologies.

Definition 1 (Code Instantiating a Topology 7}, »(a, b, h)). Consider a code C in which each
codeword is a matrix C of size m x n, with c;; denoting the (i, 7)™ coordinate of the codeword.
The code C of length mn is said to instantiate a topology T,, »(a, b, h) if for some b x n matrix

H,p, a X m matrix H., and h x n matrix Hyg,y, it satisfies the following conditions:

1. C punctured to a row 1 satisfies a set of ‘b’ parity equations given by
t .
Hr()w [Cilu Ci2, .- 7Ci’n] - 07 v 1€ [m]

The b parity equations given by H,,, need not be linearly independent and hence the

code whose parity-check matrix is H,,, has parameters [n, > n — b] code and is denoted

by Crow-
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2. C punctured to a column j satisfies a set of ‘a’ parity equations given by

H_ o [Cljac2j7 cee 7ij]t =0, Vje [”]

Similar to the first condition, the code whose parity-check matrix is H,,, has parameters

[m, > m — a] code and is denoted by C.,.

3. In addition, every codeword in C satisfies a set of ‘h’ parity equations (referred to as
global parities) given by
Hglob Vec(C) = 0,

where Vec(C') is obtained by vectorizing the codeword C (matrix of size m X n) by

reading row after row.

A topology T, ,(a, b, h) with h = 0 will be referred to as product topology.
MRGC:s for Correlated failures:

Let’s begin by examining the definition of recoverable erasure patterns, which will allow us

to define MRCs for the code instantiating a topology 75, ,.(a, b, h).

Definition 13. Recoverable Erasure Pattern [16]: An erasure pattern E C [m] X [n] is a set
of symbols that are erased. The pattern E is recoverable for the topology T, (a, b, h) if there
exists a code instantiating the topology where the variables {x;;} j)cr can be recovered from

the parity check equations.

Definition 14. [16]: A code C that instantiates the topology T, ,(a, b, h) is Maximally Recov-

erable (MR) if it recovers every failure pattern that is recoverable for the topology.

Proposition 1. [16]: Let C be an MR instantiation of the topology T, . (a,b, h). We have
(a) the dimension of C is given by
dim(C) = (m —a)(n —b) — h. (2.9)
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Moreover,

dim(Ceo) = (m — a) and dim(C,ow) = (n — b). (2.10)

(b) Let U C [m], |U| = m —aand V C [n],
an [(m —a)(n —b),(m — a)(n — b) — h,h + 1] MDS code. Any subset S C U x V,

V| = n — b be arbitrary. Then C|yxy is

|S| = (m — a)(n — b) — h is an information set.

(c) Assume h < (m — a)(n — b) — max(m — a), (n — b), then the code C., is an [m, m —
a,a+ 1] MDS code and the code C.y is an [n,n — b,b+ 1] MDS code. Moreover, for all
j € [n], C restricted to column j is the code C., and for all i € [m)], C restricted to row i

is the code C,,

In order to find such MR code for 7}, ,(a, b, h), finding an MR code for product topology
Tinn(a,b,h = 0) is itself crucial. As a result, knowing the set of recoverable erasure patterns

for the given topology T, »(a, b, h = 0) is an intriguing question to resolve.
Characterization of recoverable erasure patterns for the 7, ,,(a,b, h = 0)

Definition 15. Irreducible Erasure Pattern (IEP): An erasure pattern is an IEP, in which the
number of erasures in any row is either O or greater than or equal to b + 1 and in any column

is 0 or greater than or equal to a + 1.

An Example of IEP is given in Figure 2.6 for the topology 7§ 10(1, 2,0). In which the first
5 rows have at least 3 erasures in each, and the last row has no erasure. Also, the first two

columns have zero erasure and the remaining ones have at least 2 erasures.

Note 1. Suppose some column has a or fewer erasures, or some row has b for fewer erasures.
Those erasures can be decoded by using iterative row-column decoding. This is because row

code and column code are MDS codes (see Proposition 1(c)).

The characterization of recoverable erasure patterns is to see which IEPs are recoverable.
To address this problem, the authors presented a necessary condition for a pattern to be recov-
erable. Also, conjecture (Conjecture 1) that this condition is also sufficient, and proved this

conjecture for a = 1.
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Figure 2.6: An example of IEP for (m,n) = (6, 10) and (a,b, h) = (1,2,0).

Definition 16 (Regular Erasure Pattern (REP) for Topology 7., ,(a,b)). An erasure pattern
E C [m] x [n] is said to be regular for topology T, (a,b) if

|[EN (U x V)| <uv—max(u — a,0) max(v — b, 0), (2.11)

forallU C m], V C [n]and |U| = u, |V| = v.

We can check an Example of IEP given in Figure 2.6 satisfies the regularity condition given

in (2.11) for every U C [6], V C [10] as shown in Figure 2.7. Therefore, it is REP.

1 23 4 5 6 7 8 9 10

1 x| x| x| x| mU={45}LV={345}

2 X | X | X 5 =3%x14+2%2—-2=5

3 X X | x

3 T mU = (2,3,4,5),V = {3,4,5,6)
e va Ve 8§ <4x1+4+2—2=10
6

Figure 2.7: An example of REP for (m,n) = (6,10) and (a,b, h) = (1,2,0).

Conjecture 1. An erasure pattern E is recoverable for T,, ,(a,b,h = 0) if and only if it is

regular.

However, this conjecture is disproved by providing the counter example in [52]. So for

a > 1, the characterization of recoverable erasure patterns needs to be addressed.
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MRC for grid-like topologies have been studied in [16] and a super-polynomial lower bound
on the field size of these MRCs has been derived. MRC for grid-like topologies which can
recover from all bounded erasures (bounded by a constant) have been investigated in [53].
Constructions of MRPCs for topologies T} ,,(1,2) and 73 ,,(1, 3) and lower bounds on the field
size for these specific topologies have been presented in [54]. In [55], higher order MDS codes
have been introduced (denoted by MDS(/) and will be defined in a later chapter). It has been
shown that it is necessary and sufficient for the row codes to be higher order MDS codes for
MRPCs of topology T, ,(a = 1,b). This has been in turn used to derive a lower bound on the
field size of MRPC for T, ,(a, b), given as ¢ > ((nmin{m-atLbn=b}—-1)

2.4 Conclusion

In this chapter, an introduction to the concepts of LRCs and MRCs in the context of inde-
pendent failures and correlated failures is provided as the foundation for the thesis. A summary
of the bounds and constructions of codes for independent failures is presented for LRCs with
single parity and (r,d) locality. As an extension to (r,d) locality codes, we also introduced
2-level hierarchical locality codes. Based on this, we are going to discuss our work on MRCs
for 2-level hierarchical locality codes in Chapter 3. Furthermore, literature pertaining to codes
with grid-like topologies and product topologies, which are specifically defined to handle cor-
related failures, has been discussed. Chapter 4 will discuss our work specifically related to

product topologies.
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Chapter 3

Hierarchical Local Maximally Recoverable Codes

In this chapter, we explore the concept of maximally recoverable codes with hierarchical
locality. In Section 2.2.3, we have seen that codes with hierarchical locality have been proposed
to provide multiple levels of locality as the number of erasures increases. The presence of
multiple levels of locality enables faster data recovery as the number of erasures increases.
Maximally recoverable codes (MRCs) tolerate the maximum number of erasures given the
locality constraints. The primary objective of this chapter is to investigate the design and
properties of HL-MRC, which combine the benefits of hierarchical locality and maximally
recoverable codes.

Within the scope of our thesis, we assume that hierarchical locality implies a 2-level hi-
erarchical locality. We know that the construction of the code can be obtained through the
generator matrix or the parity check matrix. We define the topology (support constraints) that
determine the structure of the parity check matrix and define as Hierarchical Local Maximally
Recoverable Codes (HL-MRCs). Using this structure, we characterize the correctable erasure
patterns set, establishing conditions the parity check matrix must satisfy to obtain HL-MRC.
We derive the lower bound on the field size of HL-MRC. We give constructions of MRC with
hierarchical locality for certain parameter values whose field size is smaller than earlier known
constructions. We also present a general construction via parity check matrix, for which we
use generator matrices of linearized Reed-Solomon (LRS) codes, and the field size is better
than the earlier known construction under certain parameter regimes. In addition, we give a

random construction of MRC with hierarchical locality through the generator matrix approach

30



and characterize the field size required. For a few cases, we also provided lower bounds on the

field sizes for HL-MRC.

3.1 Organization of the Chapter

This chapter is organized as follows: Section 3.2 provides an in-depth explanation of hierar-
chical local codes, their topology, and the conditions that the parity check matrix of hierarchical
local codes must satisfy to obtain HL-MRC. Section 3.3 provides constructions of HL-MRC,
along with the corresponding required field size, for the following scenarios: i) For hy = 1
and hy = 1, ii) For h; = 2 and hy, = 1, general constructions iii) Based on Linearized Reed-
Solomon Codes via parity check matrix, and iv) Random Construction via generator matrix.
Section 3.4 presents lower bounds on the field size of HL-MRC. Finally, conclusion of this

chapter are presented in Section 3.5.

3.2 Maximally Recoverable Codes with Hierarchical Local-
ity

In this section, we recall the definitions of hierarchical data-local and local MRCs and il-
lustrate the definitions through an example [37]. First, we define the topology corresponding
to hierarchical data local code by specifying the number and kind of parities the code must

satisfy. Then, we will define hierarchical data local MRC.

Definition 2 (Hierarchical Data Local Code). We define a [k, 11,19, h1, ho, 0] hierarchical data
local (HDL) code of length

k
n=k+ hy+ —(hy + —15)
™ T2

as follows:

e The code symbols c1, . .., c, satisfy hy global parities given by > " u@cj =0, 1<

Jj=17"7
{ < hy.
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e The first n—h code symbols are partitioned into t; = % groups A; = {(i—1)n1+j|j €
[na]}, 1 < i <ty such that | A;] = r1+hg + 120 = ny. The code symbols in the i group,
1 <1 < ty satisfy the following hy mid-level parities Z v, )c(l D4 =0, 1 <0<

=1 “1,7
ho.

o The first n, — hy code symbols of the i group, 1 < i < t, are partitioned into t, = :—;
groups B; 5,1 < i < t1,1 < s <ty such that |B; | = ro + § = ny. The code symbols
in the (i,s)™ group, 1 < i < t1,1 < s < ty satisfy the following § local parities

n J4
Zfl wf 5),] Clim)ni+(s—natj = 0, 1 <L <06,

Definition 3 (Hierarchical Data Local MRC). Let C be an [k, 11,12, hi, he,d| HDL code. Then

C'is maximally recoverable if for any set E C [n| such that |E| = k + hy and
1. ENBis <ryVi,s,
2. ENA = Vi,

the punctured code C|g is an [k + hy, k, hy + 1] MDS code.

The above definition characterizes the set of all erasure patterns which are information-
theoretically correctable by any hierarchical data local code. Justification for this is similar to
one provided for Definition 5 below, and hence omitted. Replacing the information locality
with all-symbol locality, we have the following definition of the topology of hierarchical local

codes and their corresponding MRCs.

Definition 4 (Hierarchical Local Code). We define a [k, 11,79, h1, ha, 0] hierarchical local (HL)
code of lengthn = k + hy + kjf—lhl(hg + %5) as follows:

* The code symbols c, ..., c, satisfy hy global parities given by > "
< hy.

Jljcj:O, 1<

th groups A;,1 < i < ty such that

* The n code symbols are partitioned into t, =
|Ail =71 + ho + mé = ny. The code symbols in the i" group, 1 < i < t, satisfy the

following hy mid-level parities Z Clieym+j = 0, 1 <4 < h.

=1 zg
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e The ny code symbols of the i"* group, 1 < i < t, are partitioned into t, = % groups
Bis,1 < i < 11,1 < s < ty such that |B;s| = ro + 0 = na. The code symbols
in the (i,s)™ group, 1 < i < t1,1 < s < ty satisfy the following § local parities

n J4
Zjil wz(,g,jc(ifl)n1+(sfl)n2+j =0, 1<£<0.

From the definition of HL code (Definition 4), supports of local parities are disjoint for any
two different groups of (i,s) (1 < i < t;,1 < s < t,) as well as supports of hy mid-level
parities for any two different groups of 7 (1 < ¢ < ¢; ) are disjoint. Therefore, the parity check
matrix of the code follows a certain type of structure, which is illustrated with the following

example (Example 1).

Example 1. We demonstrate the structure of the parity check matrix for an [k = 5,11 = 3,19 =
2,h1 = 1,hy = 1,0 = 2| HL code. The length of the code isn = k+ hy + k’;—lhl(hg + %5) =
16. The parity check matrix of the code is given below. In H, M, ;’s are the parity check
constraints of 6 = 2 local parities of (i,7)"™ group, N;’s are the parity check constraints of
hy = 1 mid-level parities of i*" group and O is parity check constraints of global parities of

the code.

M, 4
M, 5

Ny

where,

1 1 1 1
0 wz(,j),2 wz(,j),i’) wz(,j)A

(2) (2) (2) (2)
gl Wige Wijz Wija
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M=o o o]

0= |t o) .. uly]
Definition 5 (Hierarchical Local MRC). Let C be an |k, ry,72, hy, he, 8] HL code. Then C' is
maximally recoverable if for any set E C [n] such that |E| = k + hy and
1. ENBis <ryVi,s,
2. ENA =r Vi,
the punctured code C|g is an [k + hy, k, hy + 1] MDS code.

We will prove in the following that the above definition gives the set of all erasure patterns
which are information-theoretically correctable. To characterize the set of all erasure patterns
which can be corrected by any hierarchical local code, it is enough to consider maximal erasure

patterns, i.e., erasure patterns of size n — k.

Lemma 3.2.1. Suppose E C [n] be the subset of any maximal erasure pattern (as mentioned

above) of size |E| = tity0 + t1hy . If E violates any of the following conditions,
1) ENBis <mVi,s,
2) ENAi=n Vi,
then E is not correctable.

Proof. Since h, parities are global, these erasures can be placed anywhere in the code, we
will look at the subset of maximal erasure patterns £ (£ in Definition 5 refers to non-erased
locations) of size |E| = t1t56 + t1hs.

First, we will show that Condition 2) is necessary. Suppose for some i, ENA; > r; and E is
a subset of correctable maximal erasure pattern say EU{ey,, } (here {ey, } is the set of additional
hy number of erasures). Since dim(C|a,) < r1, we can add extra (|E N A;| — r1) erasures in
A;, and let the extended erasure pattern be denoted by E.IfEU {en, } is correctable, then so

isE U {en, }. However, |E'| + hy is greater than the number of parities of the code (n — k) and
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hence we demonstrated a correctable erasure pattern of size greater than the number of parities
of the code. This is a contradiction and F is not correctable. Using similar steps, we can also

prove that condition 1) is necessary. L

The Lemma 3.2.1 characterizes the set of erasure patterns which are not correctable. The
fact that all other maximal erasure patterns are correctable. To summarize, any correctable
maximal erasure pattern can have ¢ erasures anywhere in every local code B, ;, additional h,

erasures anywhere in each middle code A; and remaining other h; erasures anywhere in the

code C.

In [37], derived the properties that the middle codes of an HDL/HL-MRC have to be data-
local and local MRC respectively. Also given a method to derive any HDL-MRC from an
HL-MRC. Hence, we will discuss the constructions of HL-MRC.

In an independent parallel work [46], a class of MRCs known as multi-layer MRCs have
been introduced. We would like to note that hierarchical local MRCs (given in Definition 5)
form a subclass of these multi-layer MRCs. One key difference between the codes constructed
in [46] and our work is that the authors in [46] take the generator matrix based approach, and we
take the parity-check matrix based approach. The constructions in [46] are based on maximum
sum-rank distance codes. Also, in [46], a generalized framework of hierarchical LRCs with
unequal locality parameters is considered. We believe that our framework of HL-MRC and the
subsequent constructions can be extended to the case of unequal locality parameters as well,
but we leave it for future work.

A comparison of the HL-MRC constructions known from earlier works and those in this
thesis is given in Table 3.1. In the following, we provide parameter regimes where the field

size of Construction 1 in [46] is lower than that of Construction IV.2 in [37] and vice versa.

» Forr; < hy, we have ((6 + 1)(hy + 1)hy — 1) > ry. Since n > k;f—lhl Construction 1 in

[46] has a lower field size than that of Construction IV.2 in [37].

* For the fixed values of 0, hy, ho, if asymptotically £ = ©(n) and r; = /n, then the field

size required for Construction 1 in [46] is ¢ = @(n‘/ﬁ/ 2). Construction IV.2 in [37] has a
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field size given by ¢ = ©(n°) (here c is constant, since J, b, and hy are O(1)). Hence, in

this parameter regime, Construction IV.2 in [37] has a lower field size.

Under certain parameter regimes, if r; > hihs and t; > max(ts + 1, ny), the field size of
Construction 3.3.7 is lower than the Construction 1 given in [46]. The random construction
provided in Section 3.3.4 can be constructed if the field size is > 3(n — k)(} ;). When the

field size is exactly 3(n — k) (Zj), it is O(n*), which is higher than any other construction.

Reference Parameters of HL-MRC Field Size
Construction 1 in [46] [k, 71,79, h1, ha, d] @) ((kj—lhl>h>
Construction IV.2 [k, 71,72, h1, ho, ] O(ngn{" T2~ pG+ 1) (hat Dha—1)
in [37]
Construction V.1 [k, 71,79, h1 = 1, ha, ] O(n2n§§+1)(h2+1)_1)
in [37]
Construction 3.3.1 [k,r1,79,h1 = 1,hy = 1,0] O(nq)
in the current thesis
Construction 3.3.4 [k,r1,m9,hy = 2,ho = 1, 0] O(n?)
in the current thesis
Construction 3.3.7 [k, 71,79, N1, ho, 0] O((max(ty + 1,ny))t2R1)
LRS based (parity check)
Construction [k, 71,79, hi, ho, d] >3(n—k)(7-})
given in Section 3.3.4
Randomized

Table 3.1: Summary of HL-MRC constructions. Recall that no = r9 + 9, ny = r, + hy +
Lt §n =k + hy + B (hy + Dth2g),

3.3 Constructions of HLL.-MRCs and its Field Size

In this section, we discuss the constructions of HL-MRC for h; = 1& hy = 1, that are
constructed using Vandermode matrices and for h; = 2& hy, = 1 using Cauchy matrices.

Additionally, we present two more general constructions: one through the parity check ma-
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trix approach using the generator matrix of the Linearized Reed-Solomon code and the other

involving a Random Construction approach through the generator matrix.

3.3.1 HL-MRCfor hy =1and hy =1

Now we will describe the construction for the case when there is one mid-level parity per
mid-level code (ho = 1) and one global parity (h; = 1). This construction is based on the

construction of local MRC with 2 global parities in [56].

Construction 3.3.1. We give a construction of the code C, which is specified by the following

matrix H: _ _ _ _
HO MO
H(] MO
H = H, =
Hy Mo
H, Hy ... Hy M, My, ... M,
a1 Oy ... Op,
2 2 2
a) g oy,
My = M= {Ai by Al}
of o ... al,
Hi = |:Hi,1 Hi72 e Hi,t2:|
H;s= {0/1”1 adtt o Ozfgl}

is a parity check matrix for an [k,r1,7r9,1,1,0] HL-MRC if the following conditions are

satisfied:

* q is a prime power such that there exists a subgroup G of ¥ of size at least ny and with

at least ty cosets.
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* oy, ,...0p, € Gand o; # .
* A1, A2, .o Ay, € F be elements from distinct cosets of G.

We make use of the following determinantal identity to show that the matrix formed by the
columns of the parity check matrix corresponding to the erased positions are invertible and

hence can be recovered.

Lemma 3.3.2 ([56]). Let Cy,--- ,C}, be a X (a+ 1) dimensional matrices and D1, - - - , D}, be

h x (a + 1) dimensional matrices over a field and let DY be the 3" row of D;. Then,

i

clol---]0
0 [Cyl---]0
det
010 Ch
D, | D, Dy,
4 Ch,
det - det
D§1) D}(zl)
= (—1)" 5 det
C, Ch,
det -+ det
Dgh) D}(lh)

Theorem 3.3.3. The code C' given by Construction 3.3.1 is a [k,ri,r2,hy = 1,hy = 1,0]
HL-MRC. The field size required for the Construction 3.3.1 is O(ny).

Proof. To show that the code is a [k,7,79,1,1,0] HL-MRC, we consider erasure patterns
where there are ¢ erasures per local code, one erasure per mid-level code ! and one more erasure

anywhere in the global code. We will show that any such erasure pattern is recoverable. Since

IThis terminology is somewhat non-standard but convenient for description. ¢ erasures per local code refers
to erasures whose coordinates fall within the support of parities corresponding to a local and similar is the case
for mid-level code.
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there is only one global erasure and it can be in one mid-level code, we consider that the mid-
level code which has additional global erasure has index [ and for all j # [, there are no global
erasures associated with these mid-level codes. We will show that erasures in each mid-level
code can be recovered.

Case 1: Consider the j** mid-level code (j # [). Let the local code within the mid-level
code where the erasure occurs be j'. The submatrix B; of the parity-check matrix which is

used to recover the erasures within the j** mid-level code is given by,

Oéji Oéjé e Oéj(/s Oéjz/SJrl
2 2 2 2
Bj -
4 4 4 4
(0% o [ 6 % o
i Js Js 541
PV VR VD ¥

where {j1, ... j5,,} denote the 641 erased coordinates in the local group j'. We can clearly see

that this matrix is a Vandermonde matrix after scaling and permuting rows. Hence det(B;) # 0.
Case 2: After all the erasures corresponding to j # [ mid-level codes are recovered, for the

[ mid-level code, we will also involve the global parity. This case can again be divided into

two sub cases depending on the local group where the extra erasure happens.

Case 2a: Both the mid-level erasure and the global erasure occur in the same local code, .

The matrix B; which multiplies the erased symbols in the /"™ mid-level code is given by

oy oy, Qg Uiy Oéz;m
a2 ol a2 a2 a?
1 2 ) 5+1 5+2
B, =

ol ol od ol ab
1 2 ) 5+1 5+2
)\l/ )\l/ )\l/ )\l/ )\l/

a5,+1 046,+1 a6,+1 O/S,H a5,+1
l l l l l

! 2 5 5+1 542
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This is similar to above where B; after scaling and permuting the rows is also a Vandermonde

matrix. Hence det(B;) # 0.

Case 2b: The mid-level and global erasure occur in different local codes. Let those local

codes be !’ and [”. The matrix B, has the determinant as follows,

det(Bl) =
an U1
oA
1 5+1
of ... af
1 5+1
O(lflf N O./lgH
det
Oél2// Oél2//
1 5+1
O(?// c. OZ?//
1 5+1
)\l’ R )\l’ )\l” R )\l”
5+1 6+1 d+1 5+1
Oél/+ Ce Oél/+ Ozl/j_ Ce Oél,;‘_
L ‘541 5+1 5+1 5+1

det V] det Vs
= det , Where

det V3 detVy
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ag Uy Q. Ozlg+1
o % O oAy,
1 S+1 1 5+1
‘/1 = : ) ‘/2 = : Y
o, o, s ...oad
1 S+1 1 541
D Y V7 A oo A
Vi(l:9,:) Vo(1:4,:)
“/73 = 7.V4 = )
0+1 0+1 0+1 0+1
at Ayt att Ay

5+1 6+1

where V; (1 : 0,:) and V5(1 : 0, :) are the first 6 rows of matrices V; and V5 respectively.

Based on the above equations, det(B;) = 0 if and only if

where we factored out the non-zero Vandermonde determinants from each column. Since
ap,aqp € G and Ay, A\ are in different cosets of G, the last determinant cannot be zero.
Hence, we proved that the code can recover from all possible erasure patterns specified by the
definition of HL MRC and hence it is an HL MRC with the corresponding parameters.

In Construction 3.3.1, we require to consider a finite field F,, such that there exists a sub-
group G of F} of size at least ny and with at least ¢, cosets. Based on Lemma 4 in [56], there

exists a finite field F, of size O(nats) = O(nq). O

3.3.2 HL-MRCfor hy =2and hy =1

Now, we will provide the construction of a HL-MRC with 2 global parities (h; = 2) and 1

mid-level parity per mid-level code (hy = 1).
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Construction 3.3.4. We give a construction of code C, which is specified by the following

parity-check matrix H:

H, M,
HO MO
H= Hy =
HO MO
H He ... H, M, M, ... M,
1 1 1
a1—p1 az—p angy—B1
1 1 1
MO — a1—fB2  az—P2 gy —B2
1 1 1
a1—PBs  az—Ls angy—Bs |
M, = 1 1 1
a1—Bsy1 az—Bsi1 Qny —Bst1
Hi=\H,, H;, Hi,t2:|
Ast(i=1)tg  Ast(i=1)tg Ast(i—1)ty
a— ag— Cimoy —
Hi,s _ 1—Bs+2 2—Bs+2 52— Bs+2
Hs+(i—1)to Hs+(i—1)to Hs+(i—1)to
| c1—Bs543 a2—PBs+3 any—Bs+3

The parameters described in the above parity-check matrix are picked as follows:
* qo > 2(ng + 0) + 3 is a prime power.

* There exists a subgroup G of F of size at least ny + 2 with atleast t,ty cosets, where
F, is the multiplicative group of the field F,.

* F, is an extension field of F.

., [y ¢, are picked from distinct cosets of G.

¢ M, -
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* Choose distinct Bsi1, Bst2, Bs+3 € Fq-

. ai—Bs+2 ®i—PBst1
* Pick oy, ...y, € Fy, such that, oA e By € G

Pick distinct ﬁb s 765 S qu \ {a17 ceey Oy, /854-17 55—&-27 /854-3}-

A1, A2, .o, Ay, € Fy are picked 4 wise-independent over F.

Theorem 3.3.5. The code C' given by Construction 3.3.4 is a [k,ri,r2,hy = 2,hy = 1,0]
HL-MRC. The field size required for the Construction 3.3.4 is O(n?).

Proof. Similar to the previous proof, we consider the case when there are ) erasures per local
code, one erasure per mid-level code and two more global erasures anywhere in the code. We
again look at the erasure patterns within each mid-level code. The following distinct patterns

are possible with respect to the mid-level codes.
1. No global erasures occur in that mid-level code.
2. Either one or both of the global erasures occur in the mid-level code.

We prove that all the above erasure patterns are recoverable.

Case 1: When no global erasures occur in the mid-level code, there are  erasures per local
code and one more erasure per mid-level code. In this scenario, we involve the mid-level
parities. Let [ be the affected mid-level code and I’ be the local code within the mid-level code

where the erasure occurs. Let v; ; = +B For this case based on erased coordinates, The
K2

27]

matrix B; is defined as follows:

Y11, AN 4 W/
Yaur o Y2, - V20,
Bl = ’
S (N (/o
| Vorray VoL e Vorlig, |
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where {l1,15,...,l5,,} are the erased coordinates in local code {'. This is a Cauchy matrix and
hence det(B;) # 0.

Case 2: For this case, we assume that all the erasures corresponding to mid-level codes
where no global parities are involved are recovered. Then, we can have either one or two mid-
level codes to be considered which can have global erasures. When there are global erasures,
there are o erasures per local code, one erasure per mid-level code and two more erasures
anywhere in the code. We will only list the cases (6 in total) of erasure patterns here. We refer
the reader to Appendix A for details of the proof, where we derive that in each of the following

cases, the parity-check matrix restricted to the erased columns is full rank.

p—

. Two global erasures are in the same local code as the mid-level erasure.

2. Two global erasures are in one local code and the mid-level erasure is in a different local

code for that mid-level code.

3. Two global and the one mid-level erasure are all in three different local codes within the

same mid-level code.

4. Two global erasures are in different mid-level codes. In both the mid-level codes, the

mid-level erasure is in the same local code as the global erasure.

5. Two global erasures are in two different mid-level codes and in each mid-level code, they

are in a different local code as compared to the mid-level erasure for that mid-level code.

6. Two global erasures are in two different mid-level codes. In one of the mid-level code,
the mid-level erasure is in the same local code as the global erasure, while in the other

they are in different local codes.

In Construction 3.3.4, we require to consider a finite field F,,, such that there exists a sub-
group GG of FZO of size at least n, and with at least ¢1¢5 cosets. Based on Lemma 4 in [56],
there exists a finite field F,, of size O(nat1t3) = O(n). Consider a field F, which is a degree
4 extension of F,, and let vy, vy, v2, v3 form a basis of F, over F . Consider A\i, A, ..., A4,

such that \; = vg + vipu; + vguf + vgu?, where p; are all picked from distinct cosets of GG in
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F4- Then, we can easily prove that A\, s, ..., A\, are all 4-wise independent over F,,. Thus,

the required field size is g5 = O(n?). For detailed proof, please refer to Appendix A.1. O

3.3.3 HL-MRC based on Linearized Reed-Solomon Codes

There were two approaches considered to construct MRCs based on generator matrices of
linearized Reed-Solomon codes - the first is generator matrix based [46] and the second is
parity check matrix based [48], [47]. We give the construction of an HL-MRC based on the
generator matrices of linearized Reed-Solomon codes via parity check matrix. The field size
of this construction is better than that of previously known construction.

We will briefly describe the constructions of linearized Reed-Solomon codes and a certain
sum rank property of these codes [57], which facilitates the construction of MRCs with locality.

Consider a finite field F,» and the following field automorphism given by o : Fym — Fym,
where o(a) = a?, a € F;m. An F, linear operator D : F;m — Fm is given by

i—1

Di(B) ='(B) [[ o (a). 3.1

J=0

Using the above linearized operator, we define Vandermonde-like matrices as follows:

ﬁl ﬁ2 v Bl
D! D! ... D}
Dq(O(, B, k, l) _ a(Bl) a(62) a(ﬂl) 7 3.2)
_Dg_l(ﬁl) Di ' (Ba) - Dloi_l(ﬁl)_

where B = {/Bl,ﬁg, ... 75l} C F;n

Definition 6 (Linearized Reed-Solomon Code). Consider a code of length N, dimension k and
N =1, + ... + 1, Consider a finite field F, and its extension Fu. Let B = {f1,...,Bu}
be the basis of Fu over F,. Also let «y denote the primitive element of F . Let B; denote

the subset {1, ..., [, }. Now, a linearized Reed-Solomon code has the following generator
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matrix:

GLRS = [Dq(70a817 k7l1)’Dq(")/1782, k>l2)| s ’
Dq(Vg_laBmkvlg)} :

The linearized Reed-Solomon code defined above is a maximum sum-rank distance code,
i.e., it achieves the equivalent of Singleton bound in the sum-rank metric. We will now state a

property satisfied by these linearized Reed-Solomon codes.

Theorem 3.3.6. Consider a linearized Reed-Solomon code with parameters (n,k,ly, ... 1;)
with generator matrix G s as given in the above definition. Consider matrices W1, W5, ..., W,

where W is of size l; X n;, then we have that

rank(G rs diag(Wy, W, ..., Wy)) (3.3)

g
— min <k > mnk(Wj)> . (3.4)
j=1

There were two approaches considered to construct MRCs based on generator matrices of
linearized Reed-Solomon codes - the first is generator matrix based [46] and the second is

parity check matrix based [48].

Construction 3.3.7. We give a construction of the code C, which is specified by the following

matrix H:
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a1 Qg ... QOp,
2 2
o« a
1 2 no
MO -
50 5
o) oy .oy,
My = Vandermonde(ay, aa, . . ., 0y, 0: 5 — 1), (3.5)

where My is a matrix of size 0 X no. We used the terminology Vandermonde(.) to denote a
matrix whose columns are identified by o, oo, ..., o,, and starting and ending powers are

indicated as the last two entries.
A = Vandermonde(ay, g, . .., iy, 0 2 0 + hy — 1), (3.6)

where A is a matrix of size hy X ny. Let I' = (71,79, . . ., Yn,) denote the basis of th2 over F,.
0

Define a set of vectors B as follows:

B = [617B27"'75n2] :[71”72""’7%2]‘/\'

Consider ~y to be a primitive element of th2. For 0 < j < ty — 1, let ¥/ denote elements
0

belonging to distinct conjugacy classes, which requires that qy > to + 1. The matrices M; are
defined as follows:
Mi = Dq0<")/i,8, hg,ng). (37)

Consider another matrix of size hy X ny given by the following, where we assume that hy <
T2 — ho

Q = Vandermonde(c, v, ..., Qyy, 0 + ho 1 6 + hy + hy — 1) (3.8)

Let W = (Y1,4s,...,0p,) denote the basis of th1 over F,,. Define a set of vectors ® as
1
Jollows:

o = [¢17¢27'--7¢n2] = [¢17¢2v~'7¢h1m'
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Consider )\ to be a primitive element of th1~ For 0 < j < toty, let N denote elements
1
belonging to distinct conjugacy classes, which requires that q; > tity + 1. The matrices H; ;

are defined as follows:

HiJ = Dq1()\(i7j)7 (I)v hl) TLQ), (39)

where (i,j) = (i — 1)ty + j.

Theorem 3.3.8. Let gy > max(ty + 1, n2) be any prime power and qg2 = q1 > tito + 1 where

t, = (kt—lhl) is the number of middle codes and t5 = % is the number of local codes in

each middle code. Then there exists an explicit [n, k,r1,72, hq, he, ] HL-MRC over a field of
size O((max(ty + 1,ny))2M).

Proof. Let the erasure pattern £ be of size |E| = t1t20 + t1ho + hy composed of § erasures in
each local code, h, additional erasures in each middle code and s, additional erasures in the
global code. We have to prove that H | is full rank, in order to prove that we can recover the
erasure pattern /. WLOG assume that h; additional erasures occur in middle codes indexed by
1,2,...,t1, where t7 < hy. In each i"™ middle code, the additional erasures occur in local codes
indexed by 1,2,.. ., j;, where j; < ho. Let E; ; be the set of erasures in the 5™ local code of the
i™ middle code. Let A; ; C E; ; be an arbitrary subset of size |A; ;| = dand A; ; = E;; \ A, ;.
Note that M,

A2 Vi€ [t7],5 € [ji] are all § x & matrices of full rank. Applying Mo|,  to

column reduce the rest of the columns in F; ;, we have

My|a,, 0

M.

J

Hi;

A, Ay =M, — M

Ai,j M0|Z},j M0|Ai,j

A

A,; Bij=Hi

_ —1

0,7

Note that all the entries in Mg|£ll_jM0| A, are in the base field F,,. Hence, the column oper-
ations on the M; and H; ; with F,; coefficients results in the same structure with 5’s and ¢’s

replaced by their corresponding F,, linear combinations and are denoted by 5 and ¢'. Consider
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the following matrix obtained by stacking A; ; and B, ;.

A171 e Ale S At“{,l s Atfajz*
c = 1
B, Bl,jl Bt’Ll Btlvjt*
~— N
hax (h2+hi,1) h2><(h2+h1’q)
= )
Bl . Bt’l‘ )
~— ~
hax (ha+h1,1) ha X (hathy px

where Zflzl hi; = h;. In every i" middle code, pick h, number of columns say Y; as follows
from Uiﬁ;lﬁi’j such that |T;| = hy and T; = U;f;lﬁi’j \ T;. WLOG, we pick first hy columns

from U;:;IAZ-J. Here, we just state two quick properties:

My Agj M0|T¢ My T,
P1: We note that the matrix | B A Blr,  Bly, is of Vandermonde structure of size
(I)|Ai,j (I)|T1 P T,
(6 + he + hq) X ng and hence full rank. i
.. . My AV My Tij| . . ..
P2: Similarly, the matrix is also full rank, since it is also a Vandermonde
Bla,, Blr,,

matrix of size (6 + h2) X (0 + Y, ;), where T, ; are the column indices of Y restricted to the
5™ local code.

We know that in each A;, there are hy columns which are linearly independent. So, the column
indices of T; can be either of the following two cases: (a) All 57 < j; columns, i.e., T;; =

A;j, V5 < jf. (b) All columns upto j < j and some columns of j = j’. In this case,

;=0 V) <5, Ty CAy,j=jrand T;; = A\ Yij,j = ji. Let the first row of
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[A;1]Aia] ... ’Ai,j;] be denoted by D;. Then, D; can be written as follows:

=

A, —B

Ai,jMoygijMoyﬁi,A cee |
i,ji:| '

where B = [y, B2, . . . , Bn,] matrix over Fy,. So column operations on the , D; = [D; 1| D;of . .. |D; j+],

0la,,)

-1
Ay Mol ] M

since each D; ; in D; is full rank from P2. It follows that each matrix A; ; T is full rank

Vj < j*. Applying Theorem 3.3.6, we have that rank(A4;|y,) = 11rank(A 1,,) = ha.
Ailr,  Ailx,

Now, we can write C' = . We can use the columns of A, |y, to reduce the other
Bily, Bilx,

columns and after column reduction, we get the following matrix:

A

T, 0 A 0

B;

B; F;

T, Bi

v, — Bilr, Aily,

Let F' = [F1|Fy| ... |Fi:]. Recall that the first row of elements in B; |y, as follows:
(01, = @la,,. Mozl Mols, . ) I,

i Mola, M ]
ijrail - 10i5] =0

Dla,,, — Pla

=[Oy

T;

From the above, we can calculate that the first row of elements of F; are given by G; =
O]y, — ©lv,Ail¥ Ailr,]. Recall that ¢'’s retains its structure as ¢. Let ¢ are the elements
obtained after column operations correspond to the ¢, which are also retains the same structure.
Therefore each G is full rank from P1. It follows that each matrix F; is full rank Vi < ¢7.
Applying Theorem 3.3.6, we have that rank(F') = Z§=1 rank(F;) = hy. Hence, the erasure

pattern £ can be recovered and the theorem follows. ]

Note 2. The field size of HL-MRC required for the above construction given by O((max(ty +

1,n9))"2") is lower than the field size required for the construction in [58] (> n°™"2). This is
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because the construction in [58] is based on the generator matrices of the Gabidulin codes as

opposed to those of linearized Reed-Solomon codes used.

3.3.4 Random Construction of HL-MRC

In this section, we redefine HL-MRC in terms of the generator matrix and identify the
standard form of the generator matrix. We use this notion for the random construction of

HL-MRC and subsequently we provide a lower bound on the field size.

Theorem 3.3.9 (HL-MRC standard form). Let €[n, k,r1,rs, hy, he,d] HL-MRC over a finite

field q. Then € has a generator matrix of the form
G = [Bi|Bs|...|B,]eF™™, (3.10)

where B; = |:B11|Bﬂ| . |Bit2:| Gfonl, Vi € [tl] Here Bij = [EZ]|E]] S FqunQ, E;, =
[E11| e |Eit2] € F‘qut?r2 and Fl = [Ell Ce |Et2] € Fqutzé and El = [CZ|DZ], Cz € FquTl and
D; € F*" and the submatrix G = [Cy]...|Cy] is of the form Go = [I,|A], with Agyp,

being superregular.

Proof. The proof technique is similar to the Theorem 15 in [59]. Let G be the generator matrix

of any HL-MRC in the form of equation (3.10)
é — [Blyéﬂ e ‘Btl]EFqun,

where B; = [Bi1|Bis| . .. |Bz-t2]€Fq’””1, Vi € [t], Bl-j = [EU|FZ]] € Fq’“X”Q, E;=[Ey|...|Ey,] €
Fq’“m” and F, = [Fyy|...|Fy,] € Fq’”tz‘s. Here E; = [C;|D;], C; € Ff”l and D, € Ff”‘?.
By puncturing the last 6 columns of each Bij and last hy columns of each E;, we obtain
Ge = [C4]...|C.,]. Suppose the obtained matrix G is not in the systematic form. Given the
definition of HL-MRG, it is evident that G is the generator matrix of [k + hy, k] MDS code.
Therefore, there exists an invertible matrix P such that P@c will be in systematic form. Thus,

the matrix G = PG is the generator matrix in the required systematic form for the code .

]

51



Proposition 3.3.1. A matrixG € F q’”” generates €'[n, k,ry,rs, hy, he, 0| HL-MRC code if and

only if the determinant of matrices belongs to T}, ,, ,, are non-zero, here

S'is a submatrix of G with

i | Gt most ry columns per B
Tk,m,rz - S € Fq

block and at most ry columns

per B block,.

\ /

We now consider the entries a, ., for v = [k],w = [hy]. We know that the column space
of D; is inside the column space of C; by the parameters of the block MDS code and column
space of Fj; is inside the column space of £;;, by the parameters of the block Local MRC.
If we denote by C’i(l), DZ@, El(]l) and Fi(jl) the I'" column of C;, D;, F;; and Fj; respectively,

71 72 /
then DY = 3 y,..,C" and Fi(jl) = > zt/vijleg ), for some y,,;; and zy ;;, Which we also
t=1 t'=1

consider variables. This way we can consider a k£ X n generator matrix in the variable form by
G(x,y, z) as a matrix in Fy[zy ., e 20 55,
By imposing the condition of HL-MRC using 3.3.1 on the variable form G(x,y, z), we

obtain the polynomial

p(x,y,z) =lem{det S | S € Ty (G2, y,2))} (3.11)

which belongs to F},[%y, v, Yt.i.1, Zt',z‘j,l]’ then we have that G(x, y, z) generates €' [n, k, ry, 2, hy, ha, ]
HL-MRC over F, if and only if p(z, y, z) is non zero. By selecting random vector o« € F"'*,
BeF qR”’l and~v € F qu’ we can obtain the generator matrix G (e, (3,) as described above,

here Ry = t1hy and Ry = t1t50. If the corresponding polynomial p(c, 3, 7y), defined in (3.11),

is non-zero, then the row space of G(a, 3, ) is a €[n, k, 1,72, hq, he, §] HL-MRC.

Note 3. Existence of such (o, 8,7) € F)"F x Ffm x FEF2r sych that p(ex, 8,7) # 0 can be

verified using Proposition 3.3.1 as done in [59].

Lower bound on the field size of Random HL-MRC:
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We now derive the lower bound on the field size using the Schwartz-Zippel Lemma, for

which we need to find the upper bound on the degree of p(x, y, z).

Lemma 3.3.10. The total degree of the polynomial p(x,y, z), defined as in (3.11), satisfies the
inequality

degp(w,y, z Z ( ) 3.12)

Jo=0

where, j, = k — jo — j1 andjs = k — jo — j1 — jo in the following equation

h1 .72

> X G2 +37) () () () ifds < Ry
L= 71=0 72=0

0 otherwise

Proof. Let My(x,y, z) is the set of all possible & x k submatrices of G(x,y, z). Hence
Tr o (G(x,y, 2)) is a subset of My (x,y, z), the polynomial p(x, y, z) divides the polyno-

mial

q(x,y,z) =lem{det S | S € My(x,y,2).}

Therefore deg p(x, y, z) < degq(x,y, z). Now, consider the generator matrix G(x,y, z) as
defined in Theorem 3.3.9. Observe that the entries of the first k£ columns of the submatrix G¢
have degree 0, h; columns of the matrix A have degree atmost 1, h, columns of the F; for
every ¢ have degree atmost 2 and ¢ columns of the matrix F;; for every ¢ and j has degree at
most 3. So, we can partition n columns of the generator matrix in to four groups of degree

atmost 0,1,2 and 3. Therefore

k
k
degq(x,y,z) < Z degdet S < Z (j())L

The last inequality holds depending upon the number of ways of selecting k columns from the

different partitions of n columns.

53



]

Theorem 3.3.11. Let the entries of o, 3 and ~y be uniformly and independently chosen at

random in Fy. Then

k

> (5L
. 6=0 Jo
Pr{ row space (G(e, 3,7)) is HL-MRC} > 1 — 0T
Proof.
d
LHS = 1— Pe{p(a, §,7) — 0} > 1 — J8P@:9:2)
q

where the last two inequalities follow from Schwartz-Zippel Lemma and Lemma 3.3.10.

]

k

Corollary 1. If ¢ > > (;Z)L then there exists an € [n, k,r1,72, hy, ha, 8] HL-MRC over the
Jjo=0

Sfinite field I,

This bound is quantitatively similar to the known existence result of MRC of any locality
configuration given in [60] Theorem 1, i.e. ¢ > (Zj), and also random construction of Local
MRC given in [59] Corollary 25, i.e. ¢ > 2(n — k) (7_}).

However, considering step-by-step construction as done for Local MRC in [59] can be ex-

tended to HL-MRC to obtain the better result.

Example 2. Construction of [n = 18,k = 5,r; = 3,10 = 2,h; = 1,hy = 1,0 = 1] HL-MRC
code and determine the required field size in the process of step by step construction.

We start with [6,1] MDS code with all ones parity column, let G* is the corresponding
generator matrix. We divide the columns of the generator matrix G* in to two groups of each

r1 = 3 columns.

* By adding parity column (hy = 1) in variable form, we get set of determinant polyno-
mials with all possible k X k submatrix of the obtained generator matrix in variable

form.
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* By imposing the condition on lcm of set of polynomials not equal to zero, we can find the

values for the variables.

We will repeat this process step by set to obtain the generator matrix G' for the code C’ [n/ =
8,k ="5hy = 1,7 = 3,hy = 1]. Again we divide the columns of G in to 4 groups of each
r9 = 2 columns. By repeating the same process we can obtain the local parity (0 = 1) of the

four local codes one by one.

Table 3.2: Lcm of determinant polynomials of parity columns and field size

parity LCM of set of det Values of
column | polynomials variables q
(Y1,.1) (Y2, 1, 1)(y3,1,1) _1
(1) (Y111 — Y2,11) s
Dj v T Yoi1 =2 |5
(y1,1,1 - ?/3,1,1)
Ysi1 =3
(y2,1,1 - ?/3,171)
6(y1,2,1) (Y2.2,1) (Y3,2,1) _y
(1) (?JQ 2,1 — Y12 1) ot =
D, o o Y21 =3 |
(Y121 + Y3.2.1) y 1
321 =
(Y121 + Y3.21)
36(2171171)(22, 11, ].) . _
1,111 =
F1(11) (22,11,1 - 22’1,11,1) . _ 4 5
2,111 =
(229111 — 21.11.1)
48(21 12 1)(22 12 1)
r (22,12,1 + 21,12,1) 21120 = 1 7
12 (729121 + 321.12.1) 29121 = 1
(329121 + 21.12.1)
(2 )( )(21 21 1)(22,21,1)
F(1) (21 21,1 — 2221 1) 21,211 = 71
2 (322 21,1 — 4z 21 1) 22211 = 2
(222 21,1 — 321 ,21 1)
(240)(7)(2122,1)(22.22.1)
(21221 + 22.221) ; _q
1,221 =
F2(21) (21201 +422921) B _ 11
2,221 =
(z122.1 + 32222.1)
(21,221 + 222921)
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Table 3.2 consists of set of lcm of polynomials obtained while computing the generator

matrix G = [By1|B12| B21| Baz| of the code for the given example. We Obtained

Bli=1o01000,.B=1[1230 0f,

Bi=100001|,Bp=1[111 3 4|,

0001 2 2 2 2 3 4

which generates an [n = 18,k = 5,r; = 3,79 = 2,hy = 1, hy = 1,0 = 1] HL-MRC code over
Fiq.
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3.4 Lower Bound on the Field Size of HL-MRC

In this section, we will derive lower bounds on the field size of HL-MRC. The proof tech-
nique is similar to the one developed in [56], with the difference being that in this case, there
are mid-level codes as well and hence while performing shortening in the parity check ma-
trix, this has to be taken into account. The following Lemma derived in [56] will be useful in

deriving the lower bounds on field size.

Lemma 3.4.1 ([56]). Let X, Xs,..., X, € Pd(Fq) be mutually disjoint subsets each of size

t with g > d + 1 of the projective space P4(F,) %. If ¢ < (% — 1) t — 4, then there exists a

hyperplane which intersects d + 1 distinct subsets among X, Xo, ..., X,.

Theorem 3.4.2. Consider an [k,ry,r2, hy, he, 6] HL-MRC. If (0 +2) < hy + hg, hy < - and

hy < 7% — 1, then the field size q is lower bounded as follows:

ns Ty +0
S m 4 3.13
q_(h1h2+h1—1 )(5+1> (3.13)

Proof. Consider an arbitrary [k, 11,79, hy, ha, 0] HL-MRC with ¢; = - mid-level codes and

ty = ;‘—; local codes per mid-level code. The code has a parity-check matrix of the form

- ; M,

M,

1

P ... P,
- - Ni,l Ni,tg

where My, ..., M, are §' x (11 + ') matrices over F,, where §' = hy + <m> 0. P,...., P,

T2

are hy x (r; + ¢') matrices over F,. M;,,...,M;;, are § X (r2 + 0) matrices over F,.

Ni1,..., Ny, are hy X (1o + 6) matrices over F,. For every subset S;; C [ry + ] of size

2P4(F,) is the set of all one dimensional spaces in FI+?
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|Sij] =6 +1, M;;(S;;)isad x (6 + 1) full rank matrix. Let M; ;(S; ;)* € F2™ be a nonzero
vector orthogonal to the row space of M; ;(S; ;). We know that M; ;(S; ;)M ;(S:;)* = 0.
We denote g7 ;(.S; ;) = Ny ;(Si;)M; ;(S;,;) " where g7 ;(S; ;) is a hy x 1 vector and g; ;(S; ;) =
P; (i ;) M; ;(S; ;)" where g} ;(S; ;) is a hy x 1 vector.

We now consider the maximal erasure pattern, which has hy + t1hy + t1t26 erasures and is
correctable. We assume that there are h(hy + 1) local codes in which there are ¢ + 1 erasures
in each. WLOG, we assume that the indices of the local codes are given by (7,7),1 < i < hy,
1 <j<hy+1 Foreveryl <i < hy,1 < j < hy+1,consider S;; C [ry + 6] of size
|Si;] =04+ 1,let S; = U;‘f{lsi,j and S = UM S;. Since the code is HL-MRC, H| is full

rank.

M;(S;)* is defined as follows:

M;1(Siq)*t
M;5(S;0)*
Mi(S))* = 2%2)
I Miny (Sins)* |
where hy = hy + 1. Let
M;(5y)
M;(S5)
Hls=D =
Mhl(Shl)
Pl(Sl) P2(52) s Phl(Shl)

We form the matrix

Q =D diag<M1(Sl)J_7 M2(52)J_7 R Mt1(Sh1)l)'
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After removing the zero rows in the () matrix, the structure of the resulting matrix is Q' as

mentioned in (3.14):

Q" = [q11(S11) ©12(512) - -+ Gy by (Shihs)]
[q71(S11) - aip,(Sins)

= (3.14)

qzl,l(shhl) q}?Ll,hg(ShlJl.B)
(1.(S11) - @ (Sins) o @y 1 (Sha) o @y (Shihs) ]

Recall that D is full rank, and also notice that diag(M;(S;)*, Ma(S9)*, ..., My, (Sp,)7t) is
full rank (.- M;(S;)’s are full rank). Therefore, () is full rank. From this, we can state the

following Lemma, which is used to prove the current theorem (Theorem 3.4.2).

Lemma 3.4.3. In [kJ,Tl,Tg,hl,hQ,d] HL-MRC, fOl" any I C [tl], J C [tg] with |]| = hl,
|J| = he + 1 and subsets S;; C (ro + 6) of size 6 + 1 forall i € 1&Vj € J. Then
(hihg 4+ hy) X (hihg + hy) the matrix Q' is full rank.

From the Lemma 3.4.3, we can claim that q; ;(S; ;) and q; y (Ty ;) are not multiples of each

other unless either i = i and j = j. Now, we show that even within a local group, these

vectors are distinct.

[r2+0]
0+1

Lemma 3.4.4. For every i,j € [t1, 2], no two vectors in {¢; ;(S;;) : S C ("27")} are multi-

ples of each other.
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Proof. Suppose g; ;(S; ;) = Ag; j(T; ;) for some distinct S; ;, T; ; C [ry + &) of size 6 + 1 each

and some nonzero A € F,.

M; ;(Si;) M; ;(T; ;)

Nig(Sig) | Mig(Sia)™ = A | Nig(Tyy) | Mig(Tio)*

| Fii(Si5) | P(T)
0 0

a;;(Sig) | = M4 (Tig)| =0

_qil,j(si,j)_ _qzl,j(Ti,j)

Note that every coordinate of M; ; (Sm)L is nonzero. Otherwise, it implies a linear dependence
M;;(Si; U T )
among ¢ columns of M, ;(S; ;). Thus, we have a linear combination of Nij(Si; UT;)

P j(Si; UT, ;)

Howeve_r, S; g Ti,j| <26+ 2 <9+ hy + hy. By the MR property, any set of columns of the
MZ,]

matrix Ni; of size § + h; + ho has to be full rank. Thus, we arrive at a contradiction. Thus,
B

no two vectors in {Gi;(Sij) : Sij C ([?:15])} are multiples of each other. O

We utilize Lemma 3.4.3 and Lemma 3.4.4 to complete our proof of the current theorem
(Theorem 3.4.2). Now, define set X, ; as follows: X;; = {¢;;(Si;) : Si; C ([rfjf])}. The
sets {X;; : ¢ € [t1],j € [t2]} are all mutually disjoint (from Lemma 3.4.3) and | X, ;| =
("21]) (from Lemma 3.4.4). we can think of {g; ;(S:;) : Si; C ("z?))} as distinct points in
phiha+hi=1)(F ). Since t; > hy and t, > hy + 1, it follows that ¢, > hihy + hy. Based on
Lemma 3.4.4, there is no hyperplane in P("1h2+h1=1)(F ) which contains h1hg + hy points from
distinct subsets of { X, ; : i € [t1],j € [t2]}. By Lemma 3.4.1, we have a lower bound on the

field size.
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Theorem 3.4.5. Consider an [k, 11,79, hi, ha, 0] HL-MRC.

(a) If4 < h;+hy < (042), hy < nﬂl and hy < Z—; — 1, then the field size q is lower bounded

ni T2+h1+h2—2
S m _4 1
q_<h1h2+h1—1 )( hy+ hy — 1 ) (3.13)

as follows:

(b) If (6+2) < hy+ hg, hy > nﬂl and hy < ™ — HL—H, then the field size q is lower bounded

n2

nl ro 40
>(om 4 3.16
q—<%h2+h1—1 )(5+1) (3.16)

Proof. We will give the proof sketch by highlighting the differences between the proof of The-

as follows:

orem 3.4.2 and these cases.

* For proving part (a) of the theorem, we do not take arbitrary S and 7" as in the case of
proof of Theorem 3.4.2 but consider subsets S that have size 0 + 1 but constrained to
contain the subset {1,2,..., (0 +2 — h; — hy)}. By picking the sets in this way, we still

ensure that the pairwise unions have size at most 6 + h; + ho. The total number of such

ro+hi+ho—2

sets is given by ( I tho—1

). Based on this counting, the field size bound in (a) follows.

* For proving part (b) of the theorem, let f; > fo > ... > f;, be such that f; = HL_H or
L’Z—llj and Y"1 f; = hy. From each " middle code, pick &y + f; local codes and § + 1
columns from every local code. By applying the row reduction similar to the proof of
Theorem 3.4.2 and applying appropriately modified versions of Lemmas 3.4.3 and 3.4.4,

the result follows.
O

Note 4. Please note that we derive the field size bounds for the cases when (i) (0+2) < hy+ha,
hi < Eandhy < 72 —1(ii))4 < hy+hy < (0+2), iy < -and hy < 72 —1(ii)
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(0+2) < hy+hy, hy > - and hy < Z—; - [?—ﬂ There are other cases of parameters 9, hy, ho
for which field-size bounds need to be derived and their proofs are similar to those discussed

above.

Comparative Analysis of Field Size Bounds of LRCs, MRCs and HL-MRCs We will com-
pare the techniques used for deriving field size bounds in the papers mentioned below with

those in the present thesis.

* In [19], dimensional locality is defined for (r,d) locality and is the dimension of the
repair set. The dimension locality differs from the conventional notion of locality when
the repair sets are non-MDS. Alphabet-dependent bounds for codes with dimension lo-
cality have been derived in [37]. These bounds are obtained on the maximum possible
dimension of the code, given the length, field size and dimension locality. The bound it-
self is derived by puncturing an LRC based on the repair sets and applying the Singleton
bound to the shortened code which remained after few iterations of puncturing codes.
The dimensional locality is used to find the Griesmer bound in order to find length of
the shortened code. Note that the bounds is derived assuming general repair sets, which
could be potentially intersecting too. In our case of MRCs and HL-MRCs, we have dis-
joint repair sets and also local codes are MDS. Thus, the notion of dimension locality
reduces to that of conventional locality. Also the derivation of field size for an MRC has
to take into account the condition that there are many ways of puncturing the code to
result in an MDS code. For an LRC, only the puncturing patterns defined by the repair
sets can be applied. Thus, the lower bound on field size for an MRC is in general much

higher than that for an LRC.

 In [36], upper bound on the dimension of codes with hierarchical locality have been
derived (dimensional locality is not considered here). We would like to note that in hier-
archical local codes, only a limited number of repair sets are present to ensure locality of
the code. Whereas in the case of HL-MRC:s, all the erasure patterns have to be corrected,

which is a much stronger condition. Thus, the lower bound on field size for a HL-MRC

62



is in general much higher than that for a hierarchical local code.

* To make the field size comparison with [19] and [36] more concrete, we would like to
note that alphabet-dependent bounds in [19] and [36] are tighter than the Singleton-like
bound. The field size required to construct codes which are optimal with respect to
Singleton-like bound is ©(n). Hence, the lower bound on the field size resulting from
the alphabet-dependent bound will be less than ©(n). The field size lower bound on the
HL-MRC is given by ¢ > Q(;Zry n(@+Lhth=1)) ©Thig is polynomial in n, if 7o also

increases as n¢ for some c.

e In [51], MRCs for 6 = 2 are considered and by using matroid theory, the list of all
possible minors have been derived. These minors have been in turn used to derive non-
asymptotic lower bound on the field size of MRC, better than the naive bound known
earlier. Using similar arguments, we believe that we can derive the list of all possible
minors of HL-MRCs too (since all the correctable erasure patterns are precisely charac-
terized). This can give improved non-asymptotic bounds for HL-MRCs. We leave it for

future work.

* In [15], under the assumptions of disjoint repair sets for LRCs and for d,,;, > 5 upper
bound on the length of the code for an optimal LRCs of sufficiently large length n over
an alphabet size ¢ is given by when 4 { d, n < O(dg?®). Note that this bound is also
applicable only for LRCs and loose for MRCs.

3.5 Conclusion

In this chapter, we have presented explicit constructions of HL-MRCs: i) For h; = 1, hy =1
with the field size is O(ny) and ii) For hy = 2, hy = 1 with the field size is O(n?). We have
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also provided the construction of HL-MRC:s using the parity check matrix approach, employing
Linearized Reed-Solomon Codes with the field size equal to O((max(t,+1,n5))"2"1). The ran-
dom construction approach utilizing the generator matrix is obtained with ¢ > Z ( )L Fur-
thermore, we have provided lower bounds on the field size required for HL- MRCs to achieve
the desired properties of maximum recoverability and hierarchical locality. We have also com-

pared these bounds with those derived from other papers.
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Chapter 4

Maximally Recoverable Product Codes

In this chapter, we study Maximally Recoverable Product Codes (MRPCs) that are explicitly
designed for product topologies 7}, ,(a, b,0). Product codes are a class of codes which have
generator matrices as the tensor product of the component codes and the codeword itself can
be represented as an (m x n) array, where the component codes themselves are referred to as
the row and column codes. MRPC:s are a class of codes which can recover from all information
theoretically recoverable erasure patterns, given the a column and b row constraints imposed

by the code.

In this work, we derive puncturing and shortening properties of maximally recoverable prod-
uct codes. We give a sufficient condition to characterize a certain subclass of erasure patterns as
correctable and another necessary condition to characterize another subclass of erasure patterns

as not correctable.

We construct a certain bipartite graph based on the erasure pattern satisfying the regular-
ity condition for product topology (any a,b, h = 0) and show that there exists a complete
matching in this graph. We then present an alternate direct proof of the sufficient condition for
recoverability of an erasure pattern when a = 1. We later extend our technique to study the
topology for a = 2, and characterize a subset of recoverable erasure patterns in that case. For
both a = 1, 2, our method of proof is uniform, i.e., by constructing tensor product G¢o; @ Grow
of generator matrices of column and row codes such that certain square sub-matrices retain full

rank. The full-rank condition is proved by resorting to the matching identified earlier.
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In an earlier work, higher order MDS codes denoted by MDS(/) have been defined in terms
of generic matrices and these codes have been shown to be constituent row codes for maximally
recoverable product codes for the case of @ = 1. We derive a certain inclusion-exclusion type
principle for characterizing the dimension of intersection spaces of generic matrices. Applying
this, we formally derive a relation between MDS(3) codes and points/lines of the associated

projective space.

4.1 Organization of the Chapter

The rest of the chapter is organized as follows: Section 4.2 presents the derivation of several
properties related to MRPCs. Section 4.3 focuses on providing a certain class of correctable
and non-correctable erasure patterns. Additionally, it presents a subclass of recoverable erasure
patterns specifically for the case when a = 2. Section 4.4 introduces generic matrices and
higher-order MDS codes, along with discussing certain properties associated with them. Lastly,

Section 4.5 concludes the chapter

4.2 Properties of MRPCs

In this section, we show that puncturing on the rows of an MRPC results in an MRPC. We
also prove that shortening on the rows of an MRPC also results in an MRPC. Finally, we derive
that transpose of an MRPC is also an MRPC. We would like to note that though the shortening
and puncturing have been discussed in [52], the results are about incorrectable erasure patterns

and not MRPCs.

Definition 7 (Punctured code). Let J C [n]|. The punctured code C|; of the code C|n, k] is the

linear code generated by the rows of the k x |J| submatrix of G, i.e. G|.

Definition 8 (Shortened Code). The shortened code C’ of the linear code C is obtained by

puncturing the set of codewords that have zeros in the J-locations,

C’ ={c|;:c € Candc| o}
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The generator matrix G of the shortened code C”/[n — |J|, k — |J|] is obtained from the

generator matrix G of the code C[n, k] as follows:

e Forall j € J, find a unique row in which the j* column is non zero.

* Delete those rows and all columns belong to J in the matrix G. Then such matrix ob-

tained from G generates the shortened code.

It can be easily verify that shortened code and punctured code of MDS code is MDS.

Claim 1. For any my < m (sayl = m —my), if E € &y, n(a,b) then E € &,,,,(a,b) and
EUEWY € &, ,.(a+1,b), where EV is an erasure pattern of size m x n with In number of

erasures which are located in last | rows.

Proof. For any E € &, ,(a,b), there exist a code say C = C.o ® Crow Which corrects E. Let
G = Geol ® Ghoy is the corresponding generator matrix, which implies G| is full rank (i.e.,
(my —a)(n —0b)).

Now, we can construct the code C' = C.; ® Cyoy for the topology T, .(a,b,0) with the

generator matrix G = G, ; ® Grow. Where

Gcol 0
~—~ ~
G:/:ol _ (m1—a)x(mq) | (m1—a)x(l)
0 1
~— ~~
()x(m1) (x(1)

Therefore, G = diag(G i @ Grow, [;@Grow ). Clearly, rank(G' |5) = (my—a)(n—b)+1(n—b) =
(m —a)(n—10). Hence, E € &,,,(a,b).
Similarly, we can prove £ U EY) € &,,.,.(a + [, b) by constructing the code C' = C.; @ Crow

!
col —

for the topology 7}, ,(a + [, b, 0) with the generator matrix G = G ® Grow. Where G
[Geol| P], here P is the the matrix of size (m; — a) X [ in which columns are belong to the
column space of G. Therefore, G' = [Geol @ Grow|P ® Grow]. Hence, rank(G'|m) =
rank(G|g) = (m1 —a)(n —b) = (m —a —1)(n —b).

67



Lemma4.2.1. IfC = C.,;®C,, is an MR code for the topology T, ,,(a, b, 0), then for any M; C
[m] and |M,| = my < m, by removing the coordinates M, = [m] \ M, of column code C,,; (

say Ceol|p1,) and with the same row code C,,, we get the MR code for T,,, ,(a —m + my,b,0).

Proof. Suppose G = (o @ Gioy is the generator matrix for the code C of particular form,
where G, is systematic. WLOG, assume that M, = [m;]. The punctured code C’ is obtained
from the code C by puncturing all the coordinates belong to last [ = m — m; rows of every
codeword. The corresponding generator matrix G = Geol| My ® Grow, notice that G =G |[m1n}
(i.e. last In columns are punctured).

From claim 1, for every erasure pattern £ € &, ,(a — [, b) there exist an erasure pattern
EUE®L ¢ Emnla,b). Since C' is an MR code, it can correct the £ U E®. Therefore,
rank(G|zza) = (m — a)(n — b) and rank(G|z0) = rank(G'|). Hence, the punctured
code C" is an MR code for T},,, ,,(a — m + my, b, 0).

[

Lemma 4.2.2. [fC = C.p ® Cpy is an MR code for the topology T, ,(a,b,0), then for any
M, C [m] and |M,| = my < m, by shortening the column code at M, = [m] \ M, locations
of column code C., (say ij,l ) and with the same row code C,,, we get the MR code for the

topology Tpn, n(a,b,0).

Proof. Suppose G = G/ QG oy 1S the generator matrix for the code C of particular form, where
Gl is systematic. WLOG, assume that M, = [1 : my—a, (m—a+1) : m]. Set of all codewords

belong to C which are having zeros in the rows M; = [m; —a+ 1 : m — a] is the subcode of C
My
sub *

. ]\7[1
inC, .

say C,'. Let CM:1 s the shortened code obtained by removing the coordinates belong to zeros

Le., CM = CCAZ; ® Crow and corresponding generator matrix GMi = Gé\gf ® Grow. NOW,
we need to prove that CM is the MR code for the topology Ty, »(a,b,0). From claim 1, for
every erasure pattern belong to &,,, »(a, b) there exists exactly same kind of erasure pattern in
Emm(a,b)|ar, -

Any correctable erasure pattern £ € &,,, ,(a, b) is correctable for all the codewords belong
to CM

i Since C is MR code. In fact, all the coordinates belong to M; in cfg are zeros and are

not useful to correct the erasures in . Therefore, the shortened code CMi corrects E.
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Lemma 4.2.3. For the topology T, ,(a,b,0) the code C = C.py @ Cypyy is an MR code if and
only if C* = Cypy @ Cep is an MR code for T, ,,,(b, a, 0).

Proof. Firstly, we prove that for every code C = C.o ® Cyoy for the topology 15, .. (a, b, 0) there
is an equivalent code C* = Croy ® Ceo1 With T}, ,,,(b, @, 0).

Suppose G = G ® Grow 18 the generator matrix for the code C. Consequently, G* =
Grow ® Geo 18 the generator matrix for the code C*. From the tensor product of two matrices,
We can see that G* can be obtained from G by few row and column permutations. Therefore,
the codes C and C* are equivalent. But in the view of topologies, codewords of two codes are
differ in its array structure and row code becomes column code and column code becomes row
code. Thus, If the code C corrects an erasure pattern say £ then C* corrects ET. Hence, there
exist a bijective map ¢ : &,,..(a,b) — E,.m(b, a), such that p(E) = ET.

Now we prove one direction of the lemma and the other direction can also be done similarly.
suppose the code C is MR code then it corrects every E € &, ,(a,b). So, it’s equivalent code
C* can correct corresponding erasure pattern E7 which is belong to &, ,,(b,a). Since ¢ is
bijective, C* correct all the erasure patterns belong to &, ,,(b, a). Hence C* is MR Code for the

topology T}, (b, @, 0). O

Corollary 4.2.4. If an erasure pattern is correctable in square product topology T,, ,,(a, a,0),

then its transpose is also correctable in T, ,(a, a,0).

4.3 Characterization of Recoverable Erasure Patterns

In this section, we discuss the characterization of correctable and non-correctable erasure
patterns, the construction of bipartite graphs for Regular Erasure Patterns (REPs), the recover-
ability of REPs for the case when a = 1, and a subset of recoverable erasure patterns specifi-

cally when a = 2.
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4.3.1 Correctable and Incorrectable Erasure Patterns

In this section, we first prove an independent claim which shows that for the case of a = 1,
if a code can correct an erasure pattern, it can also correct a row permutation of the erasure pat-
tern. Then, we go on to show that unions of regular erasure patterns are regular and correctable
in a higher topology. Finally, we identify a class of erasure patterns based on unions of tensor
products which are not correctable. This class is a generalization of the counter example of

regular, incorrectable erasure pattern provided in [52].

Claim 2. If the code C for T, ,(a = 1,b,0) is constructed over the finite field of characteristic
two and can recover from an erasure pattern I, then it can also recover from another erasure

pattern E' which is obtained by permuting the rows of E.

Proof. Suppose G = G0 @Grow is the generator matrix for the code C, where Goop = [, | 1].
Let £ be an erasure pattern in [m] x [n]. Let E; C [n],i € [m] denote the i™ row of erasures of
F andlet L; = [n]\ E;. Note that F; = ¢, if i row has no erasures. An erasure pattern is recov-
erable if and only if the residual generator matrix after removing the columns corresponding to

the erasures has full row rank.

Grow | Ly Grow | L

Gl = ] 4.1)

Grow | Lym—1 Grow | L

Wolog, we will consider the permutation which involves interchanging of just two coordinates.
If it is interchanging within the rows u, us € [m — 1], the full row rank property of the residual
generator matrix is clear. Now, consider the case when u; = 1, us = m rows are interchanged.
The residual generator matrix 7|1/ is obtained by interchanging Gow|r, and Grow|r,, in (4.1).
ooy,

By premultiplying G| with A1) (n—t)x (m—1)(n-b) = : , we have a ma-
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trix equivalent (upto row and column permutations) to G|, (finite field is of characteristic 2).

Hence rank(G|/) = rank(G/|,) and the claim follows. O

Though the above claim is an independent statement, we believe that it sheds some light on

the reason behind a = 1 case being easier to characterize than the general a case.

Definition 9 (I-partitioned REP (I-REP) for T}, ,(a,b,0)). An Irreducible Regular Erasure
Pattern (IREP) say E, and supports of E is enclosed by U x V' C [m] x [n] is I-REP if there
exists By, Es, ..., B € &,,(a,b) and supp(E;) is enclosed by U; x V; C [m] x [n], Vi € [I]
such that U;NU; = 0, Vi # j and ‘Lljl U, =U.

Lemma 4.3.1. Any [-REP for topology T,,,(a,b,0) is a REP with respect to the topology
Tinn(al,b,0).

Proof. Let E is any [-REP for T,,, ,(a, b). Suppose supp(E) is enclosed by U x V' C [m] x [n],
where |U| = u, |V| = v.

l
|E|=|EN (U x V)| =>_|E;N(U; x V;)| (- Eisl-REP)

i=1

I
< Z(via + u;b — ab) (. E;isIREP)

i=1

= v(al) + ub — (al)b.

]

In Lemma 4.2.2, we have shown that the shortening of an MR code is also an MR code.
Utilizing this property, we now prove that an [-REP for 7}, ,,(a, b, 0) is correctable in a different

topology with the same array size (m X n), but with the number of parities set to al (i.e.,

Trnn(al,b,0)).

Theorem 4.3.2. Any l-partitioned REP for the topology T, ,(a,b,0) is correctable with the
topology T, »(al, b, 0).
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Proof. Suppose E is any [-partitioned REP in which supp(E) are enclosed by U x V C
[m] x [n] with |U| = u, |V| = v. Therefore, there exists Ey, Es, ..., E; € &, .,(a,b) such that
U,NU; =0, Vi # jand Llj U; = U. Where supp(FE;) is enclosed by U; x V; C [m]|x[n] Vi € [[]
with |U;| = u; and |V}] Z: v;. Let C = Ceo ® Crow is the MR code with the generator matrix
G = Geo ® Grow. From Lemma 4.2.2, each E; correctable by the corresponding shortened

code ¢V = Ui

oy @ Crow for the topology 7T, »(a, b, 0) and corresponding generator matrices are

GU: = GCU;] ® Grow Vi € [I]. Then E is correctable by the following generator matrix (G') for
the topology 7, »(al, b, 0):

_ G0 010 _
0 | Gv 010
G=| | |~ |:]:], (4.2)
0] 0 G0
0|0 0 |G |

where G* = I,,,_,, @ Grow.

The sufficient condition of the Conjecture 1 given in [16] (i.e., every regular erasure pattern

is correctable) is disproved by providing the following counter example in [52].

Example 3 ([52]). An example of the REP, which is not correctable. Let E be the maximal era-
sure pattern for Ty 5(2,2,0) and let the complement of erasure pattern be E = {(1,1), (2,2),
(2,3),(3,2), (3,3), (4,4), (4,5), (5,4), (5,5)} (see Fig. 4.1).

Alternatively, the given example of REP (Example 3) is demonstrated to be not correctable

through the following lemma in [55].
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[ Indicates erased locations
0 Indicates non erased locations

Figure 4.1: Example for a maximal erasure pattern in 75 5(2, 2, 0)

Lemma 4.3.3 (Lemma 5.3 in [55]). If Uy, Us are subspaces of U and V', V5 are subspaces of
V, then

dim(U,@Vi+Us@Va) = dim(Uy).dim(Vy)+dim(Us).dim(Va) —dim (U, NUs).dim (Vi NV3).
4.3)

In the Example 3, we can find U; = {2,3},V} = {2,3},Us = {4,5}, V> = {4,5}. We get,
dim(U; ® Vi + Uy ® Va) = 7 which is less than the |(U; ® V1) U (Us ® V3)| = 8. Therefore,
from Eq. (4.3), the erasure pattern F is not correctable.

From Eq. (4.3), we can observe that an erasure pattern F is not correctable whenever there
exists Uy, V4, Uy and V5 in E such that dim(U; N Uy).dim(Vy N Vy) > 0. The collection
of all such erasure patterns are not correctable REPs. Building upon this condition, we have
characterized a class of erasure patterns that are not correctable, as clarified in the following

theorem.

Theorem 4.3.4. Suppose E is the maximal erasure pattern for T,, ,(a,b,0), i.e., E = (m —

a)(n — b). For any such E, If there exist (U, x V1) & (Uy x V3) C [m] x [n] in E such that
i) U] < (m—a),|Vi] <(n—>b)Vi=1{1,2} and
ii) Uy, Usy, Vi and V; satisfies any of the following conditions:
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a) |Uy UUs| > (m —a)and |Vy, UV, > (n—0).

b) |U1 U U2| > (m — CL),

ViUV, < (n—b)and|VyNVy| #0.

c) Uy UUs| < (m—a), ViUV, > (n—0b)and Uy NUs| # 0.

then E is not correctable.

Proof. We use the same notation to represent subspaces of column code Uy, U, with respect
to the column indices Uy, Us of it’s generator matrix interchangeably and also for V7, V5. Now

using Lemma 4.3.3, we get

dim(Uy @ Vi + Us @ Vo) = |Uy||Vi| + |Us||Va|
— dim(U; N Us).dim(Vy N V3)

In above, equality holds from the condition 1) of the theorem. Now, for every case of condition
ii), we can verify dim(Uy N Us).dim(Vy N V) > |Up N Usl.|Vi N V3|, Therefore, dim(U; &
Vi+U,@Vy) < |(Up @ Vi) U (U ® V3)|. Hence, E is not correctable. O

Note that the erasure pattern given as Example 3 falls under the case of i)a) of the theorem

4.3.4. Another example is illustrated in the following.

Example 4. Let E is the maximal erasure pattern for Ty 7(3,3,0) and E = {(1,1),(1,2),
(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3),(3,4), (4,2), (4,3), (4,4), (5,2), (5,3), (5,4) }.
In this E we can find Uy = {1,2,3}, Vi = {1,2,3},U, = {3,4,5}, Vo = {2,3,4} and are
satisfies the conditions i) and ii)b) of the theorem 4.3.4. We get dim(U; @ Vi + U, @ V5) = 15
which is less than the |(U; @ V1) U (Us @ Va)| = 16. Therefore, E is not correctable. Without
checking the regularity condition we can find it is not correctable. We would like to note
here that these patterns are incorrectable irrespective of if these patterns are regular and not.

Hence, there is no need to check for the regularity condition.
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4.3.2 Bipartite Graphs for Regular, Irreducible Erasure Patterns

In this section, we construct two bipartite graphs based on an erasure pattern and derive

some properties of these graphs.

Construction 4.3.5 (Bipartite Graph between erasures and non-erasures for general a > 1).
Consider a row-wise irreducible erasure pattern E with enclosing grid U x V' C [m] X
], [U| = u, |V| = v, where enclosing grid is used to refer to the smallest grid containing
the erasure pattern E. Assuming that the elements of U are sorted, let the erasure pattern be
such that each row has b+r;,i € U erasures. Let Uy, C U be arbitrary subset of u— a elements

and Ug = U \ Ur. We construct a bipartite graph as follows:

» For each i € Uy, we create r; vertices on the left. The r; left vertices corresponding to

i € Up, are denoted by e(i, 1),e(i,2),...,e(i,r;). Hence, the total number of vertices on

the leftare Y, i, Ti.

» Each vertex on the right corresponds to one non-erasure in the rows Ug. Let there be w

non-erasures in the rows Ug. The vertices on the right are denoted by d;, ds, . . ., d,,.

» We place an edge between a left vertex e(i,j) and a right vertex d if there exists an
erasure in the position (s,t) € [m| X [n] where s is the row number of the erasure e(i, j)

and t is the column number of the non-erasure d.

Lemma 4.3.6. If an erasure pattern is regular and row-wise irreducible for topology T, »(a, b, 0),
then there exists a complete matching' in the bipartite graph (for the erasure pattern) resulting

from Construction 4.3.5.

Proof of Lemma 4.3.6. We will prove that there exists a matching by verifying the Hall’s con-
dition. To do so, we consider all the left vertices corresponding to Us C U}, where |Ug| = s.
The number of such vertices on the left are given by ZieUS r;. Let Ug x Vp denote the en-

closing grid of all the erasures in the rows Us. Denote |V| = t. Consider the erasures in the

'By complete matching in a bipartite graph, we refer to a matching in which all the left vertices are included.
In this paper, whenever we refer to matching in a bipartite graph, we mean complete matching.
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| O | W~
X

Figure 4.2: Example of a regular erasure pattern, (m,n) = (6, 10), (a,b) = (1,2). Enclosing
grid of the erasure pattern is [1 : 5] x [3 : 10].

1 X |1 Q| & X
2 X | ® | X
3 X X | &
4 &

5 X 010|000
6

Figure 4.3: The matching in construction II.1.

grid (Us U Ug) x Vr of s + a rows and ¢ columns. Let = denote the number of erasures in the
subgrid Ur x Vp. Since the erasure pattern is regular and irreducible, we apply the condition

in (2.11) to the grid (Us U Ug) x Vp. Then, we have

sb—l—Zn—l—xgtanL(SnLa)b—ab. (4.4)
i€Ug
Thus, we have an upper bound on x as x < at — ZiGUS r;. Thus, the number of non-erasures

in these ¢t columns is lower bounded by p = at — z > > r;. This proves that the neigh-

i€Ug
bourhood of a set of size » _;, r;isatleast ), ,; r;. Hence, for any set A where we consider

all the vertices corresponding to any s rows in the bipartite graph, we have that [N (A)| > |A|.
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Now, consider the case when we take sets A such that A partially intersects s rows. Since the
neighbourhood N (A) in this case is the same as that we would have obtained when we consider

all the vertices corresponding to these s rows, it is true that [N (A)| > | A even in this case.

O

Construction 4.3.7 (Bipartite Graph between rows and columns for a = 1). Consider a row-
wise irreducible erasure pattern E with enclosing grid U x V C [m] x [n],|U| = u, |V| = v.
Let ¢ denote an arbitrary element of U and the support of b + r, erasures in the row given by
the set V;. Consider the erasures in the grid (U \ {) x (V' \ V,). We construct a bipartite graph

as follows:
* The vertices on the left correspond to the elements of the set (U \ ().
* The vertices on the right correspond to the elements of the set (V \ V)
o We place an edge between two vertices i and j if the array element (i, j) is erased in F.

Lemma 4.3.8. Consider an erasure pattern which is regular and row-wise irreducible for
topology Ty, »(a = 1,b,0). Consider the bipartite graph (for the erasure pattern) resulting
from Construction 4.3.7. The following property holds for this bipartite graph: If A C U \ {
(left vertices), then the neighbourhood of A, N(A) satisfies |[N(A)| > >, . 474

Proof of Lemma 4.3.8. Consider the left vertices corresponding to Us C (U \ £), where |Ug| =
s. Let (Us U ¢) x Vr denote the enclosing grid of all the erasures in the rows Us U {. We
note that |V;| = b+ r,. Also we denote |V \ V;| = t. Since the erasure pattern is regular and

irreducible, we apply the condition in (2.11) to the grid (Us U ¢) x Vp. Then, we have

(s+1b+ > ri<(t+b+re)+(s+1)b—b. (4.5)
1€(UsUP)
The above equation implies that ¢ > ZieUS r; > S. [

We would like to note that for the case of @ = 1, both the above constructions result in the

same bipartite graph.
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Rows Columns

31415 10
1 X | X
3| X X | X
4 X | X
O X | X | X

Figure 4.4: Continuing from previous example in Fig. 4.2, we have { = 2,V, = {6,7,8},
ry = 2,r3 = 1,74, = 1,75 = 1. Note that the neighbourhoods of subsets of left vertices satisfy
the condition in Lemma 4.3.8.

4.3.3 Recoverability of Regular Erasure Patterns for o = 1

In this section, we give an alternate proof for the Theorem 4.3.11 which is the Conjecture 1

for a = 1 [16]. The following two lemmas would be useful in the proving the theorem.

Lemma 4.3.9. Consider a square matrix B of size n X n. The matrix consists of zeros at
some positions and distinct variables (indeterminates) in the rest of the positions. Consider a

bipartite graph constructed based on this matrix as follows:

* The left vertices correspond to rows.
» The right vertices correspond to columns.

* We place an edge between two vertices i, j, whenever there is a variable in the position
(i, 5)-
If there is a matching in the bipartite graph thus constructed, then det(B) is a non-zero (mul-

tivariate) polynomial and the variables can be assigned values from a large enough finite field

F, such that the matrix is full rank.

Proof. If a variable is present in position (7,7), then we denote the variable by z; ;. Let
Tiy j1s Tiojos - - - Tinj, DE the variables involved in the matching. The determinant of the ma-

trix is a multi-variate polynomial and due to the matching, [],_, z;,;, is one of the monomials
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adding to the determinant polynomial. [[;_, z;, ;, has a nonzero coefficient as no other term
in the determinant would give the same monomial. This is due to the fact that all the variables
in the matrix are distinct. Hence, the determinant polynomial is a non-zero polynomial. It fol-
lows by Schwartz-Zippel Lemma that the indeterminates can be assigned values from a large
enough finite field such that the determinant of the matrix is nonzero and hence the matrix is

full rank. ]

Lemma 4.3.10 ([16]). Consider an erasure pattern E C [m| x [n]. Let E' C E be a row-wise
irreducible erasure pattern obtained as follows: If i row (1 < i < m) of E has > b+ 1
erasures, then i'" row of E' is identical to i" row of E. All the rest of the rows are non erasures

in E'. Then E is recoverable if and only if E' is recoverable.

Theorem 4.3.11 ([16]). For the topology T, ,(a = 1,b,0), if an erasure pattern is regular,

then it is recoverable.

Proof. Based on the above lemma, in order to prove Theorem 4.3.11, it is enough to consider
row-wise irreducible, regular erasure patterns. In [16], the proof of Theorem 4.3.11 considered

the following two cases:

* Case 1: E have exactly b + 1 erasures in each row (which has nonzero erasures). This

can be considered as the base case.

e Case2: Fhave b+ r;,r; > 1,7 € U erasures in each row (where U x V is the enclosing

grid of ).

We will give an alternate proof which unifies both the cases. This proof will be generalized
later to the case of a = 2 for some erasure patterns.

Consider a row-wise irreducible, regular erasure pattern £ which has an enclosing grid of
U x V and has b+ r;,7; > 1,7 € U erasures in each row. If |U| = 1, a simple parity check
code as the column code will suffice to correct the erasure pattern. So, we assume that |U| > 2.
To prove that £ is recoverable, we need to construct a code C which is an instantiation of
topology T, ,(a = 1,b,0) such that dim(C|p\g) = dim(C), where D = [m] x [n]. Since C is

an instantiation of topology 7, ,(a = 1,b,0) and Definition 1 for » = 0 case is precisely the
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definition of product of codes [61], we have C = C.,; ® C,ow- To construct C, we construct the
generator matrices of C.o and C,oy [16], denoted by G, and G, respectively.
For correcting any row-wise irreducible, regular erasure pattern £, the column code C is

a simple parity check code, the generator matrix of which is given by
Gcol = [l Imfl] 5 (46)

where G is a (m — 1) X m matrix.
The row code C,oy is constructed based on the erasure pattern £. The generator matrix of
the row code Gy is of the size (n — b) x n and the entries of the generator matrix are either

variables(indeterminates) or zeros. A variable present at position (7, j) is denoted by x; ;.

* For j € [n]\V, which has no erasures, a row is added in the generator matrix Gyo, Which

has a variable in the j® position and zeros in all the other positions.

* Consider a row of the erasure pattern £/ which has b 4 r;,¢2 € U erasures and let i x V;
denote the enclosing grid of the row of erasures. Let V7 denote a b element subset of
Vi. r; rows are added in the generator matrix corresponding to this row of the erasure
pattern. Each of the r; rows of the generator matrix is formed by placing variables in

columns V7 and at one additional column in V; \ V. All the rest of the entries are zeros.

* Until now, the number of rows of generator matrix which have already been filled are

n — v+ Y.y 1i- Since the erasure pattern in regular, we have that

ub+Zri§v+ub—b.

icU

Hence, to complete the n — b rows of the generator matrix, we have to add n — b — (n —
U+ Y epti) =V —b—> ., = trows. Each of these rows is formed by placing

variables in the V' columns and zeros in the other [n] \ V' columns.

Combining all the above, G, (upto permutation of columns) can be written as
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Grow =

&
)

o 0O o0 o o oW

N

o O O O

0

Z6,3

0

xg.3

O O O O O O o~

Gr
~—
(n—v)x(n—v)
0
0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 w56
0 0 0

Tra T7s5 T76
rga Igs 0

0 0
0 0
T37 38
La,7 T4,8
Ts7 Tpg
0 0
0 0
0 0

0
0
3,9
0
0
Te9
0
0

0
0
0

Z4,10
0
Z6,10
0
0

Figure 4.5: G,y for the erasure pattern in the earlier example. Rows 1 and 2 in the above matrix
correspond to the first two non-erasure columns. Rows 3 and 4 correspond to the first row of the
erasure pattern. Note that V; = {7,8,9,10} and Vi = {7,8}. Rows 5,6, 7 and 8 correspond

to the next four rows of the erasure pattern. In this matrix, there is no G component.

The generator matrix G of the product code [61] in terms of the generator matrices of the

row and column codes is given by

G:

G’col ® Grow

Grow G(I”OW
GI‘OW

G(l”OW

GTOW

4.7)

Now, we have to prove that the erasure pattern FE is recoverable by the code C. It is enough

to show that there exists an assignment of the variables in G,oy such that rank(G|p\g) =
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(n — b)(m — 1). Without loss of generality, we assume that the parity block column (the one
which has m copies of Gy, ) is always included in . Otherwise, the columns of G, can be

permuted so that it is included.

To examine the structure of G|p\ g, we will first consider the systematic part (last m — 1
block columns in (4.7)). Gyow corresponding to @ € U has erasures and the submatrix which

remains after deleting the columns corresponding to the erasures has the structure?

G 0
~~
(n—v)x(n—v)
Grow | n\V; — 0 GSi
(D sey rixXv—b—r;)
0 e
~~~
L (txv—b—r;)

It can be observed based on the construction of G, that G, has r; zero rows. Let Gz,
denote the matrix which remains after removing the r; zero rows from G'g,. Gy corresponding
to ¢ € [m]\ U remains unchanged, since there are no erasures in these rows. For consistency of
notation, we have V; = ¢, Gg, = Gz, = Gg, G1, = Gr fori € [m] \ U. For ease of notation,

Gz,
we denote .1 € [m] by Gy;.

Gr,

7

By rearranging the rows of G|p\ g so that all the zero rows in Gg,,Vi € U are shuffled to

the top, the resulting matrix GG; has the following structure:

>The matrices G's,, Gr,, Gz, and Gy, are used to denote particular sub matrices of Goy. Note that
S;, T;, Z;, Y; by themselves do not refer to anything.
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Gi
Gy,

Gr

where Gp is of size (3 ;o 75) X (n —b—r1).

Claim 3. Consider the matrix Gy,,i € [m]. There exists a complete matching in the bipartite

graph constructed based on this matrix as in Lemma 4.3.9.

Proof. First, we will consider the case when : € U. We will show that there is a matching
in Gz, and since G/, contains rows completely filled with variables, the matching in Gz, can
be easily extended to a matching in G'y,. In order to show that there is a matching in G z,, we
will verify the Hall’s condition. Consider a subset A formed by including all the > jeus Ti
vertices associated with rows Ug C U. The mapping between rows Ug and left vertices of
the bipartite graph can be done since the rows of G, (and hence (Gz,) are constructed based
on the rows U. Applying Lemma 4.3.8 (since Gz, is obtained by removing columns V; from
Grow), We have that |[N(A)| > > jcus Ti- Now, we consider the case when the subset A is
formed by t; of r; vertices corresponding to rows Ug in U, where t; < r;,j € Ug. Note that
|A|l = >_,cu, tj- Based on the construction of matrix (s, we have that by removing r; — t;
vertices corresponding to j™ row, the neighbourhood can reduce almost by r; — ¢;. Hence, it
follows that [N (A)| > >y 75 — D icus (1 — ) = D cpq ti-

Now, consider the case when i € [m]\ U. Since |U| > 2, there is at least some i such that
bipartite graph of Gy, has a matching (say A/;). The r; rows and the b + r; columns indexed by

V;, which have been erased to obtain G'y;, have a matching within themselves (say M/5), since

83



the neighbourhood of any one of the r; rows has exactly one column unique to itself. Then,

Gs
My U M, is a matching in . ]

Gr

Let Gy, i € [m] denote the square submatrix of Gy, which is associated with the matching

in Claim 3. Applying Lemma 4.3.9, we have that det(GyZ/) is a non-zero polynomial.

Now consider the matching which results by applying Lemma 4.3.6 to the erasure pattern
E with Ug = {1}. Let Vj; C [n] denote the columns (right vertices) in the matching. In the
example in Fig. 4.3, V; = {6,7,8,9, 10}. Let Gp be square submatrix of G p by restricting to
Vs columns. It can seen that the all the variables in G are all distinct, and by Lemma 4.3.6,

there exists a matching between the ) . ., r; rows and the columns that are retained in G .

JEU
Hence, applying Lemma 4.3.9, we have that det(Gp/) is also a non-zero polynomial.

Consider the following square submatrix of G:

Gp

G

G = !

G

Gy _,

m—1

det(Gr) = det(Gpr)det(Gy)™ " [ det(Gyy).
=1

It follows that det(G,) is a non-zero multivariate polynomial, since each of the factors
in the product are non-zero. Hence, the variables can be assigned values from a sufficiently
large finite field F, such that G is a full rank matrix. Hence, rank(G|p\g) = rank(G) =

(n — b)(m — 1). Thus, we have proved that the erasure pattern F is recoverable.
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4.3.4 Partial Characterization of Recoverable Erasure Patterns for ¢ = 2

In this section, we define an extended erasure pattern £’ of F where E is an erasure pattern
for topology T, ,(a = 1,0,0), E' is for T}, 1y n(a = 2,b,0) and E’ is obtained from E by
replicating some rows of erasures in F. If I is row-wise irreducible and regular, we prove that

/.
E is also regular and recoverable.

Definition 10 (Extended Erasure Pattern). Consider an erasure pattern E C [m] x [n] which
is row-wise irreducible and regular for the topology T, ,(a = 1,b,0). Let U x V denote the
enclosing grid of E in [m] x [n]. Let i X V; denote the enclosing grid for the erasures in i™ row
i € U. Consider an erasure pattern E' for the topology T,/ n(a = 2,0,0), m" < m formed

by extending I as follows:

* Rows of the erasure pattern are replicated i.e., Vg =V;, 1 <L <m/;1 <j<m.

* The replication factor of any row of the erasure pattern is atmost two, i.e., V1o # Ve

when { #£ .

The erasure pattern E' will be referred to as extended erasure pattern.

Lemma 4.3.12. Any extended erasure pattern resulting from Definition 10 is row-wise irre-

ducible and regular for the topology T,y n(a = 2,b,0).

Proof. Let E’ be an extended erasure pattern of E. It is clear that £’ is row-wise irreducible.
Consider a sub grid U x V' C [m + m/] x [n]. It is enough to consider |U| > a + 1 = 3 and

|[V| > b+ 1 to verify the regularity condition.

Let Uy = UN[mjand Uy = UN{m + 1,...,m + m'}. By the definition of extended

erasure pattern, corresponding to Uy, there is a set U € [m] such that the structure of erasures
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in Uy x V is the same as that in U x V.

IE'N(Ux V)| = |[E'n(UUls) x V)|
= |[E'n(Uy x V)| +|E'Nn(Uy x V)]

|EN(Uy x V)| + |[EN(Uy x V)|

—
S
Nl

< (v+uh—b) + (v+uxb —b)

20 + ub — 2b,

where (a) follows since E is regular for topology T, ,(a = 1,b,0).

O

Theorem 4.3.13. Any extended erasure pattern resulting from Definition 10 is recoverable for

the topology Ty ym n(a = 2,0,0).

Proof. Let E’ be the extended erasure pattern of E, where F is row-wise irreducible and
regular for the topology 7, ,(a = 1,0,0). Let U x V denote the enclosing grid of £’ in
[m 4+ m/] x [n]. To recover E’, we employ the same row code as the one used for recovering
E inT,, ,(a = 1,b,0), the construction of which is described in the proof of Theorem 4.3.11.

The generator matrix of the column code G is given by

GCO] = E(m—l—m'—2)><2 A(m+m'—2)><(m+m/—2)]7 (48)

where > = [am], 1<i<m+m'—2,1<j <2and all the entries in X are indeterminates,
A is a diagonal matrix with entries \;; as indeterminates. The product code has the following

generator matrix

G = Gcol ® Grow - [E ® Grow A ® Grow]

Ul,lGrow Ul,QGrow >\1,1Grow

0¢1 Grow 04,2 Czrow )\Z,EGrow
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where { = m +m/ — 2.

Similar to the a = 1 case, after rearranging the zero rows of G| p\g'» the resulting matrix G

has the following structure.

Gp

AGr
M1Gy;
G,

M 1Gr

)‘371GY2 |

where Gp is of size (3, 75) X (2n — 2b — ry — 73). Note that Gp and G, are obtained by
combining the first two block columns in G|, /. The matching in Gy;, i € { follows from the

a = 1 case since the row code is the same.

Now consider the matching which results by applying Lemma 4.3.6 to the erasure pattern £’
with Ur = {1, 2}. Let V), denote the right vertices in the matching. Let G p be square subma-
trix of G'p by restricting to V), columns. By Lemma 4.3.6, there exists a matching between the
> jcy T Tows and the columns that are retained in G/pr. However, note that unlike the a = 1
case, each non-zero entry in this case is a product of variables o,, 3 and x; . Also, note that the
product of variables given by the matching is a monomial which cannot be cancelled by any
other term in det(Gp/). To show this, assume that one of the entry in the matching is oy gz, k.
We would like to note that there can be atmost one more variable in G;» containing x;;, and
if it is present, then necessarily it must be multiplied by o3 g. Hence, the monomial formed by
the matching is unique, following which det(Gp/) is a non-zero polynomial. Rest of the proof

is exactly same as the a = 1 case.
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4.4 Generic Matrices and Higher Order MDS Codes

In this section, we will introduce generic matrices and higher order MDS codes which have
been shown in [55], that these are constituent row codes for the case of @ = 1 case. We prove
a certain inclusion-exclusion type principle relating to the dimension of intersection spaces of
generic matrices. We will use this result to derive a correspondence between (n, 3)-MDS(3)

code and its associated projective space.

Definition 11 (Generic Matrix). A matrix W € R¥*" (i.e., taking values from real numbers) is
said to be a generic matrix, if the set of columns of W avoid a fixed low-dimensional algebraic

variety with probability one.

We can interpret the genericity of a matrix as follows:

* If we pick all the elements from a large finite field, the probability that the vectors are

from low dimensional algebraic variety is close to zero.

* This also means that the sum space of column spaces in general have maximum rank
possible and the intersection of column spaces have minimum rank possible with high

probability.

We will now prove an inclusion-exclusion principle type result related to the dimension of

generic matrices.

Theorem 4.4.1. Consider a generic matrix W of size k x n over F. Consider pair-wise disjoint

subsets Ay ..., A; of [n], then we have that

l
dim(Wa, N...0Wa,) =) min(|A,], k)

= > min(|A] + 4] k)

1<i<j<l

+ > min(|A| + |4;] + A, k)

1<i<y<it<d
o (D) min (A 4 | Ag| L A K.
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Proof. We will prove this result by induction. For the case of [ = 2, we have that

dim(WAl N WAQ)
= dim(Wy,) + dim(Wy,) — dim(Wa, + Wy,)
= min(|A], k) + min(|Az|, k) — min(|Ay| + | A2|, k)

Assuming that the induction hypothesis is true [ — 1, we will prove it for the case of (.

dim(WAl Nn...N WAl) =
dim(Wa, 0...Wy,_,) + dim(Wy,)
—dim((Wa, 0.0 Wy, )+ Wy,)

Since Ay, As, ..., A are disjoint, we have that dim ((Wa,N. .. Wa, | )+Wa,) = min(dim (W4, N
.. Wy, ) +dim(Wy,), k). Applying this and the induction hypothesis, the statement of the

theorem follows. L]

Note that such inclusion-exclusion type principle is in general not true for the dimensions
of vector spaces. However, it is interesting that for the case of generic matrices with column

subspaces picked based on disjoint matrices, such a relation holds.

Definition 12 (Higher order MDS code (MDS(()). Let C' be an (n, k) code with generator
matrix Vi, Forl > 2, we say that C'is an MDS(1) code if for all A, ..., A; C [n],

dim(VAl N...N VAl) = dz’m(WAl N...N WA1)7

where W is a k X n generic matrix.

Theorem 4.4.2 (Equivalent definition of MDS(0)). Let V is the generator matrix for the (n, k)
MDS code. Then the code generated by V is MDS(1) if and only if for all A,, ..., A; C [n]
!
such that |A;] <k, > |4l = (I — 1)k and Ay N ...N Ay = (), we have that
i=1

dim(VAl N...N VAl) = O<:>dz'm(WAl n...N WAZ) =0.
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Theorem 4.4.3 ([55]). Let C = Cep; @ Cypyy be product code for the topology T, »(1,b,0). Then
C is MR code if and only if C,,,, is an MDS(m) code. Here C.,; can be any single parity check
MDS code.

Proof. In [55] the above theorem is been proved by assuming C,, as simple parity check code.

We can easily verify that it can be extended to any general single parity check MDS code. [

Theorem 4.4.4. For the topology T, ,(a,b,0) if the code C = C.p; @ Cypyy is MR then C,., is an
MDS(m — a + 1) code and C.,; is MDS(n — b + 1) code.

Proof. Suppose C = Ceo1 ® Crow is MR code for 1}, ,,(a, b, 0). Then from lemma 4.2.1 the code
C' = Ceot|ar, @ Crow is MR code for Tin—a+1n(1,0,0), here My C [m],|M;| = m —a+ 1 and
Ceol| a1, 1s the punctured code of C. So, from the corollary 4.4.3 it is clear that C,,, should be
MDS(m — a + 1) code.
Now by using lemma 4.2.3 we can say that C* = C,oy ® Ceor is MR code for 75, ,,,(b, a, 0).
Similarly, we can prove that C,, is MDS(n — b + 1) code.
O

Definition 13 (Projective Space (PG(k — 1,q)) [62]). The (k — 1)-dimensional projective
space over F, is a set of points in which a point corresponds to a 1-dimensional subspace of

k-dimensional vector space over F, (say V S(k, q)). It is denoted by PG (k — 1, q).

In canonical form PG(2,q) = {(1, z1, z2)| x1, 22 € F,}U{(0,1,25)| 22 € F,}U{(0,0,1)},
every point is the representative of a 1-dimensional subspace in V' .S(3, ¢), i.e. set of all scalar
multiples of the point. And line joining of any two points in PG(2,q), corresponds to 2-
dimensional subspace in V'S(3, ¢). So, line contains the representatives of each 1-dimensional
subspace of 2-dimensional subspace. The projective space PG(2, q) has ¢> + ¢ + 1 points and
q* + q + 1 lines with each line containing ¢ + 1 points and each point lying on ¢ + 1 lines. In

this view point we can state:

* Any three points are collinear in PG(2, ¢) implies linear dependency among three vec-

tors in V.S(2, q).
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* Any three lines in PG(2, q) are concurrent implies three 2-dimensional subspaces meets
in V'S(2, q), which gives a 1-dimensional subspace. The concurrent point is the repre-

sentative of that 1-dimensional subspace.

Theorem 4.4.5. A code C with a generator matrix V' is an (n,3)-MDS(3) code if and only if
the columns of V' satisfy the following conditions in PG (2, q):

i) No three points are collinear.

ii) Take any three lines which are formed by distinct pair of points. Such three lines are non

concurrent.

Proof. Suppose the columns of V' are the points in PG(2, ¢) and holds the properties ) and
i1). Now to prove that the code generated by V' is (n, 3)-MDS(3) code, we show that V" fulfills
the conditions given in the Theorem 4.4.2. Particularly for [ = 3, we get three cases which we
prove one by one.

Case 1: |A;| = 3,|As] = 3 and |A3] = 0.
Since V4, = 0, it is obvious that dim(V4, NV, N'Vy4,) = 0.

Case 2: |A;| = 3,|As] =2 and |A3] = 1.
From property i), it is clear that V, = F) and V4,UVy, = F.. Therefore, dim(Va,NVa,) = 0
and dim(Vy, + (Va, N V4,)) = 3. Hence, dim(Va, N V4, N Va,) = dim(Va,) + dim(Va, N
Va,) — dim(Vy, + (Va, NVa4,)) = 0.

Case 3: |Ay| = 2,|As| = 2 and |A3] = 2.
From property i), it is clear that V4, N V4, N V4, = 0 for any pair-wise disjoint subsets A;’s.
Therefore, dim(Va, NV, NVy,) = 0.

Now we prove only if part. Assume V' is the generator matrix for the (n, 3)-MDS(3) code.
For all the above three cases, we can see dim (W, NW4, NWy,) = 0. For the case 1 and case
2 it is obvious. Now for the case 3, we use the formula given in the Theorem 4.4.1 to find the

dim (W, N Wa, N Wa,), which equals to
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3
> min(|4i,3) = > min(|A;] +]4;],3)

1<i<j<3

+min(|A;| + |As| + |45],3) =32 -33+3=0.

So from the theorem 4.4.2, for every case dim(V4, N'Vy, NVa,) = 0.

We prove the non collinear property i) by using the specific case 2. Since V is full rank,
We can pick A; with |A;| = 3 such that dim(Vy4,) = 3. Therefore, for any Ay, A3 we get
dim(Va, + (Va, N Va,)) = 3. Since dim(Va, N Va, N Va,) =0, we get dim(Va, N Va,) = 0.
Which implies dim(V4, UV,,) = 3. Therefore, Any three points in PG/(2, ¢) are non collinear.

Now we use case 3 to prove non concurrent property ). In this case all A;’s are pair-wise
disjoint with cardinality 2. Since dim(V, NV, NV4,) = 0, We can say Va, NV4, NVy, = 0.
Hence, there exist no point in PG(2,¢) which lies on all these three lines formed by points

with the corresponding columns of V.

]

Note 5. For the construction of (5,3)-MDS(3) code, the generator matrix which satisfies the
non-collinear property is sufficient. Since we have only 5 columns, the non-concurrent condi-

tion doesn’t arise. Therefore, for n = 5 any MDS code is MDS(3).

4.5 Conclusion

In this chapter, we have discussed shortening and puncturing properties of MRPCs. We
have expanded the class of correctable and incorrectable erasure patterns for general product
topologies. We also constructed a bipartite graph between a subset of rows of erasures and non-
erasures in a disjoint subset of rows. We proved that for a row-wise irreducible, regular erasure
pattern, there exists a complete matching in this graph. For the case of a« = 1, we constructed
another bipartite graph between rows and columns of erasure sub-patterns and proved a certain
matching condition property of this graph. We gave an alternate proof of the sufficiency of

regularity for a = 1 case. We considered the generator matrix GG of the product code and expand
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it as tensor product G, ® Goy Of generator matrices of column and row codes. We proved
that a certain square submatrix of this tensor product is full rank, by applying the properties of
bipartite graphs which we derived. We consider a subset of regular erasure patterns for the case
of a = 2, which are obtained by extending regular erasure patterns for a = 1. We prove that
these regular erasure patterns are also recoverable. Also, we have characterized (n, 3)-MDS(3)
codes in terms of the points/lines of the associated projective space. Its part of ongoing work

to use this characterization to construct (7, 3)-MDS(3) codes.
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Chapter 5

Sparse and Balanced Generator Matrix for the Local MRCs

In this chapter, we study sparse and balanced generator matrices of codes. A generator
matrix of a code is said to be sparse if each row of the generator matrix has minimal weight.
The advantage of sparse generator matrix is that in the event of a message symbol update,
the number of code symbols that need to be updated is minimum. A generator matrix is said
to be balanced if the weights of the columns of the generator matrix are all equal or differ
at most by one. A balanced generator matrix offers the benefit of approximately the same
computation time for all the code symbols. We present sparse generator matrices for MRC
with locality for single erasure and also sparse and balanced generator matrices for MRC with

locality parameter 2 for a large set of parameters.

Section 5.1 briefly reviews the Sparse and Balanced (SB) generator matrices of MDS codes
and LRCs. In Section 5.2, focuses on the construction of sparse matrix and balance matrix
of Local MRC:s for single erasure by using the generator matrix of well-known PMDS codes.

Lastly, Section 5.3 presents the conclusion of the chapter.

5.1 Review of SB Generator Matrix for MDS Codes and LRCs

In this section, we review the results of [63]. Firstly, we will define a sparse and balanced

MDS code and state a result about the existence of these codes over a sufficiently large field

(a> (320
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Definition 17 (Sparse and Balanced (SB) MDS code:). An [n, k, d], MDS code is called sparse

and balanced MDS code. If the generator matrix Gy, satisfies following two conditions:

(1) Sparse: each row of G has minimum Hamming weight d =n — k + 1.

(2) Balanced: Hamming weights of any two columns of G are equal or differ by one.

Codes with this structure minimize the maximal computation time of computing any code
symbol. Because, sparsity minimizes the no. of nodes required to update with respect to a
modified data symbol in the data. Balanced property assures almost uniform load distribution
on each node.

The following Theorem 5.1.1 states the necessary conditions regarding the support con-
straints on any set of rows of a generator matrix in order to generate MDS codes. Initially,
it was conjectured in [64] by Dau et al. and subsequently verified for all £ < 7. Later, the

conjecture was proven in [65].

Theorem 5.1.1. If the specified supports of the generator matrices (M) satisfy the so-called
MDS condition:
| Uier supp(M;)| > n — k + |1]. (5.1)

for all non empty subsets I C {1,2,... k}, where supp(M;) = {j|1 < j < n,my; # 0} is the
support of ith row of M. Then for every prime power ¢ > n+k — 1, there exists an [n, k], MDS

code whose generator matrix G fits with M.

A way of Explicit construction of SB Reed-Solomon codes from the cyclic RS code is shown
in [66] with the condition %(n — k + 1) is an integer and later provided the same by relaxing

the condition.

Definition 18. w— Balanced Matrix: A matrix By, is called w—balanced if the following

conditions hold:

» Every row of B has the same weight w.

 Every column is of weight P"?w-‘ or L%’”J
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In [67], the authors presented a method that produces a w-balanced generator matrix for a
given full-length cyclic RS code. In particular, each row is a codeword of weight w, such that
d < w < n — 1. Also provided a way of construction for a given full-length cyclic LRC with
locality r (given in [5], generally known as Tamo-Barg codes), where (-2 — £ —1)(r + 1) <

r+1
w < <7~+L1 —1(r+1).

5.2 Sparse Matrix and Balanced Matrix of Local MRCs

In this section, we discuss the properties of a balanced generator matrix and also provide
the construction of a sparse and balanced generator matrix for local MRC with » = 2 and
0 = 2. Before that, for readability, we recall the construction of Local MRCs, which is given
in Subsection 2.2.3 (see before Table 2.3). The MRD property of Gabidulin code is used to

construct the generator matrix of Local MRCs, which has the following structure:

Gups 0 0
0 Gups | -+ 0
G =Gae (5.2)
0 | 0 || Gups |

Here, G is the generator matrix of Gabidulin code ¢gc|ny = Ir, k,d; = ny — k + 1] over
the field F,» and G/ pg is the generator matrix of MDS code €y ps[ne = r+m,r, dy = m+1]

over the field Fj,.

5.2.1 Sparse and Balanced Local MRCs

To understand the construction of SB matrices, it needs to rewrite the necessary condition
on support constraints of the generator matrix to be MDS code given in (5.1) with respect to

zeros for G € Ffﬁ" as follows:
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kxn
M

Support Constraints of GG [68]: Support constraints of the generator matrix G € Fq

described through the subsets 71, Zs, . .., Z C [n] as follows:
Vie [k],Vje Z,Gi; =0 (5.3)
A necessary condition for a code to be MDS is
| NicaZi |+ | QIS EVQ#£DCk (5.4

Theorem 5.2.1 ([68]). For any M > max{n, k — 1+ log, k}, if (5.4) is satisfied, then there
exists a Gabidulin code in Fyu of length n and dimension k such that its generator matrix

satisfies the support constrains in (5.3).

Theorem 5.2.2. Suppose ¢cc[ni = k + h,k,dy = h + 1] Gabidulin code over F,u, where
M > {k+h,k —1+log, k} and Gyps[ne = v+ 1,7,dy = 2] is systematic MDS code and
the corresponding generator matrices are Ggo and Gyps. For any v > 2 which divides k., h
and (r + 1) divides n, there exists d = h + ';1 + 2-sparse generator matrix for the Local MRC
of length k + h + () and dimension k.

Proof. From the Theorem 5.2.1 provided there exist a Gabidulin code over Fj, if it satisfies
the MDS condition (5.4). So, it is possible to have d;-sparse generator matrix for Gabidulin
code say G'sgc which can have non zero entries in every ;% row with the column indices from

j—1toj — 1+ h. Now replace Ggo with Gsge in the equation (5.2), then it is clear that

weight of each row of Ggg¢ is distributed up to (%) number of G;pg’s in G. Therefore,
weight of every row in G is equal to (% +1)+h+1=d.

O

Now we discuss the construction of w—balanced mask matrix given in [69], which is used
to identify the locations of zeros to be placed in order to construct the w—balanced generator

matrix.

Construction 5.2.3 (w-Balanced Mask Matrix of size k X n). Let both k and w be strictly less

than n. Define the quantities g = ged(w,n), n = 5o = |£] and p = k — n¢. Define the
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index sets

Ti={jw+i:0<j<n—10<i<¢—1}

Ly={jw+¢:0<j<p—1}

and T = T, UZ,. The matrix A whose rows are given by {a, : | € Z}. Here a is the vector
of the length n which has consecutive ones at first w locations and rest of them are zeros, i.e.

a=(1,...,1,0,...0) and a; denote the right cyclic shift of a by | positions.

Lemma 5.2.4. Let A be any w- balanced mask matrix constructed from the procedure men-
tioned in construction 5.2.3 with the index set I. For any two consecutive columns of A say

A|z and A|i+170 S 1 S ny — 2,

lsupp(Al;) Nsupp(Afip1)| > -1 (5.5)

where { = max{|supp(A|;)|, [supp(Al;+1)[}

Proof. WLOG, assume & = |supp(A|;)|. Suppose |supp(Al;) Nsupp(Al;11)| = |[supp(Al;)| —
7, where v > 2. It indicates that there exists y number of rows say ji, jo, ..., jy in A, which

has v number of zeroes in A|; and v number of ones in Al;,;. Therefore, from construction

of A we can say there exists [y, ls,...,l, € Zsuchthatl; modn; =1; modn; =... =1,
mod n; = 4. So ji,J2,...,Jy tows of A are identical. This contradicts the property that the
rows of A are pairwise distinct. Similarly, we can prove for £ = max{|supp(A|i+1)|- O

Theorem 5.2.5. Suppose G pac is the wi-balanced generator matrix of Goe = T 'Gpace,
where T is the invertible square matrix of size k x k. Let Apgc € {0,1}F*™ is the corre-
sponding mask matrix. For any wy = h + 6 where 0 > 1 is an integer > 1, g1 = ged(wq,nqy =
k+h),m = % divides k and n,, k are even integers. If Gpg is the systematic generator

matrix of size 2 X 3 then

1. for any odd integer 9, the generator matrix of Local MRC G given in (5.2) can form

w =

3(h48)+1 .
% - balanced generator matrix.
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2. for any even integer 6 and ¢ = n% = 1 the Local MRC generator matrix G given in (5.2)

is wybalanced matrix.

1 0 1
Proof. Suppose Gpgc = { 9o 9 9, ] and with the given G ;pg = ,
0 1 1
the generator matrix G of Local MRC obtained from equation (5.2) can be viewed as [G1|G3] . . . |Gi_1].

Hence, G; = [ 9oi Goiey D= 9o+ Gnsis } foralli € {0,1,...,1—1}.
Proof of 1): Since, Ggpc is the wi-balanced matrix with the corresponding mask matrix,

weightofanyrowinGisw:w1+%+1:W'

To show G is w-balanced matrix, we need to show that the weight of the any column of G
is either [“*] or [“£]. Since, n1 = ged(wi,n1) | na, p = k — nlnﬁl = 0. i.e. weight of any
1k

column in Ggpe = 2,

supp(p,)| = |supp(g,,) Usupp(g,,, )|

2|supp(g,,)| — supp(g,,) Nsupp(g,,, )|

< [supp(g,,)| +1

Inequality in the above follows from the Lemma 5.2.4. Therefore, weight of any column in G

is either &k or @ik 4 1,
ni ny

Note 6. The difference D = w?k — wn_11k: € (0,1). It can be easily verified as follows:

3(h+68)+1
b [—2 }k_(th(S)k:_ E
B (kth)s (k+h)  3(k+h)

From the above note, it is clear that “28 — | ¥ | and & 4 1 — [“£]. Hence, the balanced
property of the G has been satisfied.
proof for 2: Since w; is even integer the difference D = (. Therefore (G is balanced only if

every column of G should have the weight ¥ Note that every column of Gpge = “&

ny ny ’
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because ¢, is integer. Forany 0 < <n; —1

[supp(p,)| = [supp(g,,) U supp(g%H)\
= 2|supp(£_]2i)| - |SUPP(2%) A SuPp(g2i+1)|

= |supp(g,,)|

In the above last equality holds because |supp(g,,)| = |supp( |. Since any even number

22i+1)

modulo with even number is even.

Note 7. We observed that for any even integer 6 and ¢ = nﬁl > 1 the Local MRC generator
matrix G given in (5.2) can’t be the balanced matrix through lot of examples and proof is left

as future work.

Now, we illustrate our construction in the proof of Theorem 5.2.5 through an example.

Example 5. Let Gabidulin code 6c[ni = 24,k = 16,d; = 9]. Suppose G g is the w; = 9-

balanced generator matrix of Ggc = T 'Gpgc, where T is the invertible square matrix of

size k x k. Let Apge € {0, 1}’“”1 is the corresponding mask matrix. w; = h+1 =8+ 1,

here § = 1 is an integer, g = ged(wi,ny =k + h) = (9,24) = 3,m = 7+ = 2 = 8 divides

k = 16 and ny, k are even integers. If Gyps is the systematic generator matrix of size 2 X 3

then for odd integer 0 = 1, the generator matrix of Local MRC G given in (5.2) can form
o 3(h+5)+1 28

w = =—3— = 3 = 14 - balanced generator matrix.

5.3 Conclusion

This chapter provided a study of sparse and balanced matrices and their properties, along
with a brief review of sparse and balanced matrices for MDS codes and Gabidulin codes. By
considering generator matrices of PMDS code, we proved that the sparse (d = h + % + 2)

generator matrices always exist for any » > 2, which divides k, h and (r + 1) divides n. We
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also proved forr = 2, if ), = % divides k and n;, k are even integers, there exist w; = (h+9)-
balanced generator matrix for Local MRC specific to the cases for any odd integer ¢ and for

any even integer o whenever k = 7).
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Chapter 6

H-LRC Codes with Availability

In this chapter, we explore the concept of locally recoverable codes with availability. The
concept of availability in LRCs refers to the ability to have multiple repair sets to repair a single
node. Having multiple repair sets in LRCs is advantageous because it allows for the distribution
of the repair load among different nodes. In other words, when a node in the storage system
fails or loses data, instead of burdening a subset of nodes with the repair process, the load can
be divided among several nodes. This helps in balancing the workload and avoiding excessive

download of repair data from the specific nodes that are accessed more frequently.

We begin the chapter with a brief literature review on the upper bound on the minimum
distance for both single and multiple erasures. We extend the concept of availability to LRCs
with hierarchical locality. We will refer to these codes as Hierarchical Locally Recoverable
Codes (H-LRCs) with availability. Our study investigates the upper bound on the minimum

distance for certain range of parameters of H-LRCs with availability.

Section 6.1 offers a concise review of LRCs with availability. Section 6.2 provides a defini-
tion of H-LRC code with availability and the Singleton-like bound for the code. Lastly, Section

6.3 presents the Conclusion of the chapter.
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6.1 Review of LRCs with Availability

The study by Pamies et al. [70] explores utilizing multiple repair sets to recover from a
single erasure. In this work, alternative repair options are possible by slightly increasing the

number of contacted nodes during the repair.

Additionally, the studies discussed in [71] and [72] explore the trade-offs between code
rate and minimum Hamming distance in relation to the desirable properties of locality and
availability in codes. The paper by Wang et al. [71] proposed the (7, d). -locality providing
0 — 1 non overlapping local repair groups of size no more than r for a coordinate (by modifying
the structure of (r, 0) LRCs) and derived the upper bound on the minimum distance. Later on,
The paper [6] presented the upper bound on the minimum distance d for locally recoverable

codes (LRCs) with (7, 7)-Availability. This bound is given as follows:
T(k—1)+1
d<(n—k+1)— {—W—l . 6.1
<k - ([TEE0E] 1) 6.1)

Note that the upper bound on the minimum distance obtained in [71] is similar to the (6.1)
withT =6 — 1.
LRCs with availability are also studied for non-uniform localities in [73] and the upper

bound on d is as follows:

d<(n—k+1)— {Z(k_l)HW—l . (6.2)
Yri—1)+1

=1

6.2 Singleton-like Bound for H-LRC Code with Availability

In the paper [35], the concept of availability has been extended to codes with (r, d) locality
and codes with hierarchical locality. However, the authors have introduced the aforementioned
definitions for non-uniform localities and constructed codes from curves strictly when the lo-

calities are non-uniform (their constructions are not applicable for uniform locality case). Now,
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we provide the formal definition for codes with (r, ) locality and availability and the upper

bound on the minimum distance given in [74].

Definition 14 (LRC code with (r,0) locality and availability [74]). A linear code C is an
LRC with (r,6) locality and availability T, if for any i € [n] there are T punctured codes
Cfi), Céi), -.,CY such that for all p € [7] the following conditions hold:
i) i € supp(Cy),
i) dim(C) <,
iii) dyim > 0 and

iv) RV N RY = {i} forall p # q. Here RY = supp(C,gi)) is called the repair set for the i

coordinate.

The upper bound on the minimum distance is provided as follows in equation (6.3) [74]:
T(k—1)+1
d<m-k+1)- (|| -1) @-1. 6.3
Let N;(,i) = Rgi) u...u R;(f), for any p € [7]. The union of all repair sets for the index i is

denoted by R then R®) = N and let C") be the code C restricted to R, i.e., C = C| ).

Let I be an information set if = € I, then
rank(N{") <14 p(ry — 1). (6.4)

Now, we extend the concept to codes with hierarchical locality.

Definition 15 (H-LRC code with availability). Let 7,7 > 1, d5 < 01 and ro < r1. A linear

code with hierarchical locality C[n, k,d, 1,19, 01, 02] is H-LRC with availability 1y, 75 if

* The code has locality (1, 01) and availability T,. Let C?), Céj), o ,Cg) be the punctured

codes for any j € [n] and corresponding repairs sets are denoted by jo ), jo ). Rg).

. . , A 71 . A
From Definition 14, Rz(f) N RI(JJ,) ={j}forallp #yp, RY = J RI(,J), and CY) = C| ).

p=1
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» Forany p € 1] the code ¢ is LRC code with (rq, 02) locality and availability 1. For
anyi € RY, let ngﬁi) ,Cg;) yeen ,C,(,ﬁ? be the punctured codes, and let R](j ’f), R](f; ), e R,(,{’T?
be their corresponding repair sets. From the definition 14, notice that ng{;,i ) HRS(’;,) = {i}
for all ¢ # ¢. Let Rfoj’i) is the union of all the repair sets of i'" coordinate, i.e.,

. T2 . o o . )
Ré“) = U1 R,(,J,ZIZ) and let C,(,“) be the code restricted to RI(,“), ie., Ci(,“) = C(J)|R§)j,i).
q:

We can also denote for any i € RY), CU?) = C(])|R<]~,¢), where RUA = U RI(D]’Z), which
p=1
we use in the Algorithm 1 to prove the following theorem.

Theorem 6.2.1. Let C|n, k,d,r1,72,01,02] be an H-LRC code with availability and if 7 =

Ty = T then

d< (n—k+1)— ([%W - 1) (6,—1)— U%] - 1) (61— 85). (6.5)

Proof. In order to prove the theorem, we identify a punctured code C, of C, which has dimen-
sion k — 1 with the largest support, by combining and developing the techniques used in [codes
with hierarchical locality] and [repair locality with multiple erasure tolerance]. Then we will
use the fact given in Lemma 1, i.e., d = n — |supp(Cs)]|.

The algorithm referred to as Algorithm 1 is utilized for the purpose of finding Cs;. During
each iteration 7, the algorithm detects a Middle Code with Availability (MCA), say M; = C ()
for some j € [n] in C with repair set R(j/), which gains additional rank to the rank of the
previous iteration j — 1. In step 3, Local Code with Availability (LCA) L, =C G i picked
up at each iteration indexed by ¢, within the specified MCA (identified in step 2) with repair
set RU /”'/), which gains additional rank to the rank of the previous iteration ¢ — 1. It is evident
that the algorithm’s termination becomes apparent when the overall rank is bounded by k. The
variables i.,4 and j.,q correspond to the final values of 7 and j, respectively. The support of
L; is denoted by S; and V; represents the column space of the matrix G/|g;. If no further LCA
is added from the MCA Mj;, the support of the last added LCA is removed, and an additional
support T; of M is included in %) (step 8).

The incremental rank is denoted by a; and the incremental support by s; while adding an

LCA L;. For all i € [icyg], it holds that s; > a; + 72(d2 — 1). Since,
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Algorithm 1 For the proof of Theorem 6.2.1
1 j=0,i=0,W=0,0=10
2: while 3 a middle code with availability M; (with repair set RU)) in C such that
Tcmk:(G|qu(jf>) > rank(G|y) do
while 7 a local code with availability L, in M; such that V; C W do
W=Ww+V
Y=y UL,
=141
end while
=\ Sim) UT;
J=7+1
10: end while

—

D A A

* q; is always greater than zero in each iteration (as per the condition given in step 3),

* Among all 7» local codes in L;, any two repair sets have only one element in common,

which is the coordinate of the specified LCA L;, say i € [n] and
» Each local code has minimum distance 6.

Let i(j) denote the index of the last LCA added from M. There are 7y number of middle
codes in MCA, and any two repair sets have only one common element for any M say j s [n].
Every rank accumulating local code brings at least one new information symbol. Thus, for all
J € lendls tj = |T5] = aigy + (01 — 1) = aiigy + 1[(62 — 1) + (61 — 62)].

iend—1

By observing the algorithm and from (6.4), it is evident that (k — 1) < > rank(G|;,) =
h=1
(tend — 1)(1 4+ m2(rg — 1)). Consequently, the inequality

k—1
end — 1) 2> {—W 6.6
(Z d ) T2(7’2-1>+1 ( )
jen -1
is established. Similarly, (k — 1) < Zd: rank(G|lgm) = (Jena — 1)(1 + 71(r1 — 1)).
h=1
Therefore,
k—1
.en _1 Z ’V—-‘ 67
(Jena — 1) A +1 (6.7)
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Since, after adding the LCA L;_ ,_;, we would have accumulated rank that is less than or
tend—1

equal to (k — 1). Hence, we can always pick s, = (k—1) — Z a; and note that s, > 0. The

resultant punctured code is identified as C,. Let £ = {i(j) | 1 < J < jena}- Then

fend—1 Jend—1
|Supp(Cy)| > Z 5; + ¢ + Z tj (6.8)
1¢FEi=1
Jend—1
In (6.8) the lastterm ) ¢; includes a sum of only (j.,q — 1) terms because we could have

j=1
possibly accumulated a rank of (k — 1) after adding L;_, — 1, i.e., s, = 0. Thus, we have,

iena—1 iona—1  Jena—1
|Supp(Cs)| = Z si+(k—1)— a; + t
i¢Ei=1 i1 =1
lend—1 fend—1 Jena—1
> Z (a; + 12(02 — 1)) + ai + Z (aiy +11(62 — 1) + 11 (dg — 1))
i¢B,i=1 i=1 j=1

lend—1

D DRI TSI Z M6-6)  m=m=r)

i=1

=(k—1)+ (iena — D)7(02 — 1) + (Jena — 1)7(01 — 02)
= 6=v+ ([ al) o+ ([l o

The last inequality is obtained by substituting the values of ¢.,; — 1 from (6.6) and j¢,,q — 1

from (6.7). We know that from Lemma 1,

d=n— ‘Supp(cs)‘

<—k+1)— ([ﬁ])ﬂ@—n— Uﬁ])ml—(sg)
<(n—k+1)— ([T(i__—”ﬁﬂ —1> (6, —1) — ([M] —1> (5 — 6s).

T(r T(r1—1)+1

where the last inequality is obtained by using the following inequalities:
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(i) = (o)

and (we can replace 7, with ;)

The following figure (Fig. 6.1) depicts the comparison between upper bounds on all mini-
mum distances of all the topologies discussed till now in this chapter. i.e., codes with locality
and availability for single erasure, multiple erasures, and hierarchical locality. In this, we con-
sidered fixed values for (n = 60,7y = 9,79 = 5,071 = 4,00 = 2,7 =

by decreasing the values of & from 30 to 21. Plotted the graph code rate (k/n) versus relative

distance (d/n).

raltive distance (d/n)

([il) = (=)

Plots of upper bounds on minimum distances

0.45 |
—@— (1 delta=2 tau) code
—@— (1 delta>2 tau) code
04r (r1.,r2,delta1>2,delta2=2 tau) | |

0.1 | I I | I | I
0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66

Code rate (k/n)

Figure 6.1: Comparison of upper bounds on d
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6.3 Conclusion

This chapter has focused on the definition of the H-LRC code with availability, incorporat-
ing uniform localities for both local codes and middle codes within the code structure. The
derived upper bound on the minimum distance of the H-LRC code with availability has been
determined for the case when 7 is equal to 7,. However, obtaining a closed form expression
for the case when 7 is not equal to 7, appears to be a challenging task and is left for future

work.
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Chapter 7

Conclusions and Future Directions

7.1 Summary and Conclusions

In this thesis, we have studied Distributed Storage Systems (DSS) and their importance.
Specifically focusing on the challenge of data recovery, we have looked into different types
of topologies that have evolved to address this challenge by providing low repair degrees for
different types of erasures, including single, multiple, and correlated failures. In the context
of these topologies, we have examined the properties, constructions and bounds of Maximally
Recoverable Codes (MRCs).

Our research has specifically focused on the challenges and problems associated with Lo-
cally Recoverable Codes (LRCs) for multiple erasures. Within the domain of LRCs, we have

addressed four key aspects.

* The first aspect of our work involves the construction of Hierarchical Local MRCs (HL-
MRCs) with improved field sizes compared to previously known constructions. We have

also determined the lower bound on the required field size for HL-MRCs.

* The second aspect of our research is related to Maximally Recoverable Product Codes
(MRPCs). We identifying the open problem of identifying the set of all erasure patterns
which can be recovered in MRPCs. To address this challenge, we have characterized cer-
tain classes of recoverable and non-recoverable erasure patterns by deriving properties

of MRPCs. Furthermore, we have delved into higher-order Maximum Distance Separa-
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7.2

ble (MDS) codes and their interpretation in projective spaces, specifically focusing on

MRPC construction for the case where a = 1.

The third aspect of our work was dedicated to finding sparse and balanced Local MRCs
for single erasure scenarios. The objective here is to reduce the encoding complexity
associated with these codes, thereby facilitating more efficient data storage and recovery

processes.

Finally, we extended the concept of availability in LRCs to codes with hierarchical local-
ity. By investigating Hierarchical Locally Recoverable Codes (H-LRC) with availability,

we provided an upper bound on the minimum distance for the case 71 = 7.

Future Scope

While this thesis has made progress in constructing Hierarchical Locally Repairable
MRCs (HL-MRCs) with improved field sizes, there is still room for further advance-
ments. Future research can focus on exploring alternative construction techniques and
algorithms to achieve even better field sizes, ultimately enhancing the efficiency and

performance of HL-MRCs.

This thesis evidently states that there are no clear conditions that guarantee the recov-
erability of erasures in product topologies. Future research can focus on investigating
this area further to determine the conditions expanding the set of recoverable erasure

patterns.

While sparse and balanced generator matrices for Local MRCs for single erasure have
been explored in this thesis, future investigations can focus on sparse and balanced gen-

erator matrices for Local MRCs for multiple erasures.

The extension of availability concept to LRCs with hierarchical locality is presented in
this thesis. The upper bound on the minimum distance of the H-LRC code with avail-

ability has been determined for the case when 7 is equal to 7. Future studies can further
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explore to find the upper bound on the minimum distance for the general case and also

investigate optimal code designs.
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Appendix A

Proofs for Chapter 3

A.1 Proof of Theorem 3.3.5

The following results related to the determinants of matrices will be useful in proving The-

orem 3.3.5.

Lemma A.1.1 ([56]). Let Cy be an a X (a + 1) matrix, Co be an a X (a + 2) matrix, Dy be a
3 X (a + 1) matrix and Dy be a 3 X (a + 2) matrix and let Di(j) be the j'" row of D;. Then,

Ci] 0O Cy Cy
7 Cl Cl
det | o |, | =(=1)*- | det -det | p | — det -det | p{V
i PO D
! 3) ' (3)
D, | D, DS DS
Co
Cy
+ det det Dél)
D(3)
1
DY

Lemma A.1.2 ([56]). Given C and C5 to be a X (a + 1) matrices and Cs to be an a X (a + 2)

matrix. Also, Dy and Dy are 4 x (a + 1) matrices while D3 is a 4 X (a + 2) matrix. It is also
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given that Dél), D%Q), DéQ) = [0]. Then,

Cil! 010
Cs
0 Cy| 0 4 Cy
det = (=1)*- (det -det ~det | p{¥
0] 0 |Cs DY DY
DY
Dy | Dy | Dy
Cs
4 Cy
+ det - det ~det | p@&
pW P ’
2 DB
3
Cs
C Cy
+ det - det ~det | p@
DB P ’
! 2 pDW
3
Cs
Ch Cs
— det ol det ol det D:(f) )
D! DS e
3
Proof: Follows as a result of Lemmas B.2 in [56]. O

Lemma A.1.3 (Cauchy Matrix [75]). Let ay,aq,...,a,,b1,bs,...,b, € F, be all distinct.

Then,
1 1 1
a1—by as—by T ap—by
1 1 1 o b . b
det a1—bs  az—ba " an—bs _ Hi>j(al aﬂ)( 4 J)
: : - : Hi,j(ai = b))
1 1 1
_al_bn az—bn o an—bn_

Such a matrix is called an Cauchy Matrix. Every minor of a Cauchy matrix is also an Cauchy

matrix.
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Again as in previous proof, we consider the case when there are 0 erasures per local code,
one erasure per mid-level code and two more global erasures anywhere in the code. We again
look at the erasure patterns within each mid-level codes. There are three distinct patterns

possible,
1. No global erasures occur in that mid-level code.
2. Either one or both of the global erasures occur in the mid-level code.

We show that all the above erasure patterns are correctable.

_ 1
Letvi; = =5
1. When no global erasures occur in the mid-level code, there are ¢ erasures per local code

and one more erasure per mid-level code.

In this scenario, we involve the mid-level parities. Let [ be the affected mid-level code

and [’ be the local code within the mid-level code where the erasure occurs. The matrix,

B _ _
T A W/
Va1 Yoy e V205,
Bl =
Vs, B N/
| Vorvy Vorvly - VokLip |
Where {l,05,...,15,,} are the erased coordinates in local code I’. This is a Cauchy

matrix and hence det(B;) # 0.

2. When there are global erasures, there are ¢ erasures per local code, one erasure per
mid-level code, and two more erasures anywhere in the code. Here we have a lot more

sub-cases.

(a) Two global erasures are in the same local code as the mid-level erasure. Let [ be

the affected mid-level code and I’ be the local code in the mid-level code where the
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erasure happens. The matrix B; in that case,

V1,1 AR/

V51,04 Vo+105 o

A+ Ysta, Av - Vo2,

K- Y5430

H = V5431 43 ]

This is also a Cauchy matrix with the last two rows scaled to Ay and y respectively.

Hence det(B;) # 0 and this erasure pattern is correctible.

(b) Two global erasures are in one local code and the mid-level erasure is in a different

local code for that mid-level code.

Assume that the [*" mid-level code is affected. Let I” be the local code with two

erasures while !’ be the other one within this mid-level code.

_ T RN/ _
Vsl Vo5,
Yy ML,
Bl =
Vo1 Vo4,
Vo+1,1 Vo105, Vo+1,1y Vo+1,1y
A+ Ysaa, Av Yooy, A Yoy v Vo2,
| Hr e Ys30; Foar = Vo305, M 3,0y Har = Vo437,
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Expanding this via the Lemma A.1.1,

det(B;) =det

— det

+ det

T,

Va1,

V41,14

T,

Vel

A - Y5214

Y1

Vel

= Ys+3,1

Y
RN/
- det Vo1
V15,
A C V42,1
Vo105,
M= Y43,y
VL5454
- det
U
5+1
A Vo+2,05,
AN/
- det
Vol
Hur = o435,
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T,

Vo1,
A - Yo+2,1

Har = Vo434,

Y11

Vs,
Vo+1.14

Hyr = Y5434

Y1y

Vs
Ys+1,1

A - Vo217

"
6+2

LI,

V514,
Vo104,

Hur s Ys+43,1

Ty,

Vo4,
Vo+11y

A - Vo2,




A S S W
& WA
det(B;) =y pu - det wdet |y L Vo,
Vou oo Vsl
Vo204 - Vo420,
76“1‘1,[/1 AR 76+17l£§+1
Vo+30y - Vo43iYL,
A S W
A s I
— >\l’/~bl” . det . det 75,[’1’ L. 757lg,+2
Vou o e Vsl
Vo+rgy e VoHLIYL,
Yo,y e Vo205,
Vo430 - Vo430,
AN e S W
A /A
+ >\l",ul’ - det - det "yd’llll Ce ")/511:5/_‘_2
Vou - Vels,
L B [ E S W
Vo430 e Vo315,
Vo208 - Vo420,

Each term in this determinant is \;u; multiplied by a Cauchy matrix € F, . The
determinant is again a linear combination of A\ and \;». Again, this determinant

cannot be zero because \’s are 4-wise independent.
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B

(c) Two global and the one mid-level erasure are all in three different local codes within

the same mid-level code. Let the affected mid-level code be [ and the local codes

within, where the erasure occurs, be [ (1), [ and {®, The matrix B,

1
Vug )

1
/757[(1 )

1
Vo1

A - 1
UORMPIOYIS

1) * 1
) " Vo300

(1)
717[54-1

(1)
’y‘ilaﬂ

M
To108,

1 - (1)
:ul ’Y‘S+37lé+1

T

2
vﬁ,lg )

Vo140
A - V512,02

Ha = Yy 30

(2)
71716+1

(2)
ry‘”éﬂ

2
Vo102,

(2) (2)
My 75+3715+1

)
QWA

3
75715 )

)4 3
5+l,l(1 )
)\ 3) ° 3

1(3) 75 2,l§ )

3) ° 3
i@ = Vs

®)
T8,

3)
75*164-1

®)
To108),

A@3) 3
18" Vg0

(3) ° (3)
Ml 75+37l(5+1

det(B;) can be expanded via Lemma 3.3.2. After doing that and setting the deter-

minant to zero,

det(Bl) = O,
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we get,

;1) i) (Bi—Bs+1) ¢, 2) @115 (Bi—Bs+1) ¢;3) 4 Lico)(Bi—Bs+1)
€,1) Hiel(l) (i —Bs+1) €,(2) Hi€l<2) (i —Bs+1) €,(3) Hiel<3> (i —Bs+1)
5 s 5
¢,1)d1 ;5 (Bi—Bs+2) ¢,2)d L;e5)(Bi—Bs+2) ¢,3)d] ;15 (Bi—Bs+2)
Mgy - L Aoy - L Aosy - L
det l(l) el(l) Hiel(l) (ai765+2) l(2) 6l(2) Higl(Q) (ai755+2) l(3) el<3) Hiel(g) (Cti*B(H,Q)
5 5 5
)4 lies (Bi—Ps+a) @ ligj5) (Bi—Ps+3) 3 igj5) (Bi—Ps+3)
Ha €,(1) Hiel(l)(ai_ﬂé-&%) i €,(2) Hiel(z) (@i—Bsrs) HI1® €,3) Hiel<3) (ai—PBs543)
| 5 s 5
1 1 1
det |\ b H b ai—Bs41 M2 H (2 i —Bs+1 s H 5 ai—Bs+1
A z'elfq a;—Bsy2 A Z‘Els> a;i—Bsy2 13 iels) a;i—Bsy3
ai—Bs41 ai—Bst1 ai—Bst1
_'ul(l) I_Iielé1> a;i—Bs+3 Fa2) Hielg) a;—Bs2 @ Hiel?) i —Ps+3 |
where,
(@ _ 709 (4)
o Iy —{ll ,...,l§+1 .
a0 =g peaplar = ).
cd= Hf>9,f,g€[5]<ﬂf = Bo)-
*ew = erlg)ge[ﬂ (ap — By).
ai—Bsq1

Now, by the choice of a’s, [ | € GG. And because p; belong to different

ielg“) o;—PBs543
cosets in G, the last row in the above matrix consists of distinct elements. This
determinant is a linear combination in the three \’s. Hence the determinant is non-

zero because the \’s are 4-wise independent.

(d) Two global erasures are in different mid-level codes. In both the mid-level codes,

the mid-level erasure is in the same local code as the global erasure.
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Assume k" and [*"

where the erasure occurs, are £’ and !’. The matrix By,

Tikp e VLES,
Vo+1,k] V1K,
By, =
Ak Vo2, At Vo2,
| Hk Vot g, [ * Vo35,

Therefore, for det(By;) = 0,

det(Bk,l) = det

Ak * Vo 2.k,

| Hker = Y6+3,k)

’Yl,k(’s“

V1K,

Ak Vo2 k! A -

Fokr = 7543,k

122

Y1,
Vo+1,1
A Va2,
- Ys+3.14

642

mid-level codes are affected. The local codes within them,

VL,

Vo105,
Av s Vo2,

Hr s Vo3, |

Har

Y11,

Vo1,
V542,14

Vo543,

71,[:”2

Yo+l ,
Av - Vst

Har = Vo305, |




= det

= det

= det

where ki = {k{, ..

det

det

_’uk, Hie’“% (i—Bs+3)

L. Hi€[§+1] (Bi—Bs+2)

Y1k QAN Y1
det
V5+1,k, V1K, Y5114
Ak Vo2, AR Vs2,8) A+ Ysaa,
Y1k, QAT YLy
det
Vo+1,k, Vo+1.kG,, Ys+1,1
Fok' = 7Y5+3,k) Hoker = o43,k5,, Har = Ys+3,14

/\l’ . Hie [6+1] (Bi—Bs+2)

.. Hie[5+1] (Bi—=Bs+3)

Hiek% (ai766+2) Higlls (ai75(5+2)

- [lics+1)(Bi—Bs+3)

=0

Hiek’s (ai—Bs+3) Hz’el’s (i —Bs+3)

A A
= ()’

(ai—Psy2) (ai—PBsy2)

H Hie['s (i—Bs+3)

ks oyand Uy = {1, ...,

factored out from the above determinant where,

*aw = Iy g (@ = ag).

cd= Hf>g,f,ge[5+1}(5f - 59)-

*am = erlg),ge[éﬂ}(af = By)-

By the choice of «;’s, ||

(oi—Bs42)
i€z (o;—Bs+3)

VL,

Vo105,
AU Yooy,

Vs,

Vo1l

Har = V43,05,

512}- The terms ¢, d and ;) were

€ G for x = ki, l. This yet again is a linear

combination of two \’s. Hence this determinant is non-zero and the erasure pattern

correctable.

(e) Two global erasures are in two different mid-level codes and in each mid-level

code, they are in a different local code as compared to the mid-level erasure for that

mid-level code.
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There are four local groups where the erasures occur, two in each mid-level code.
Let the affected mid-level codes be k£ and [ while the local codes within, where the
erasure occurs, be k") and k® and /") and I® respectively. The matrix By is

similar to that in Lemma A.1.1.
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det

det

TLkE

@)
Vo6,

Tor163, |

(2)
71’16+1

(2)
7671544

2)
76+1,lf;+1 ]

Ak@) " Vg g
M) '76+3,k§?21 Fi@ = Vs y3 5

OR V512,

- - A
A det
olt))
By, = = det(By,) = det
A
C D det
L _ c®
’YL,#) ’717k((sl+>1
,}/67]651) /yé’k((s}‘r)l
A= 2
712
2
Vo2
| Vo160 Tor1hlD Vo1 p®
717151) ,yl’lgizl
75,151) fy‘ilglﬁl
B= 2
T
2
Vo
| Vo100 Toa1D, Vop1a?
A 1 Ap) - L
- k) 75+27k§ ) kD 75+2,k§+)1
1) ° 1
| e V3,0
A - ) A - )
Do | Vo424 1O Vo2,
USSR E VIS Fa '76+3,l§1+)1 @ Vo2
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AL@) * @)

k 75+27k:5+

) ° 2)

/’Lk‘ ’Y§+37k6+
>\l<2)

: (2)
75+27la+1

(2) - (2)
2] 75+3’l6+1

1

1



To calculate the whole determinant, We consider the first element,

71D TRy,
1 1
Taa e Toad,
A (@) @)
det = det Lk T
oM
2 2
Tad e Toad,
1) (1) (2) 2
V51,5 Tor1,k, Vs1,k¢ To+1,682),
A1) - (1) A1) (1) AL * (2 AL@) - 2
| AR Vs gk RO Voo pll AR Toqp p( KO Tspak® |
V1 ® RWION 71k Tk,
det det
1
Vs k1) To k), Vs k> Tokl),
_ det V1,60 To+1,k80, V1,52 Vo162,
71 E® RO 71k Tk,
det det
Vs k0 Vo), Vo Vo2,
I Ak * Vs yo 40 AR " Vg kD) A * Vs o 12 Ak@ Vs g k3
¢ (1)@ 105 (Bi—Bs+1) ¢, 2) @115 (Bi—Bs+1)
— det €,(1) Hiekg) (ai—Psy1) €,(2) Hiek(;) (ai—PBs5+1)
A ¢, (1) @1 1;e15)(Bi—Bs+2) ¢,(2) @1 Lic(6)(Bi—Bst2)
b - )
k) €,(1) Hiek(l)(ai—ﬁ&ﬂ) k(2 €.(2) Hvek(Q)(ai_B6+2)
S ehg
1 1
2 1 1
Ck(1>Ck<2)d Hiek“) a;i—Psy1 Hz‘ek(2) ;=541
T e H(ﬁz — Bs+1)(Bi — Boy2) - det 5 s
EDEER@) 1 1
els ) —— o0 ——
i€[d] )\k(l) Hzek(Sl) o —Ps+2 )\k(2> Hzek(32> ;i —Bs42
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Where,
o kg =k R
® Cpy = Hf>g7f7gek(si)(05f — o).
* d - Hf>g7f,g€[§](/8f - 69)‘
® i = erkg{ge[é](af — ﬁg)_

Applying all this in the main determinant and setting,
det(Bk,l) =0

and factoring out the common multiples, we get

1 1 1 N S
det Hiek(sl) o;—Bsi1 Hiekg) ;i —Bs+1 det HiGlg) ;i —fBs+1 Hielff) ;i —PBsi1
1 . ) 1 . 1 . ) 1
det Mol s Mo e smas Ao e smg Mo Thiaw ags
S S N S N S S S
det Hiekg) a;—Bs+1 Hiek(sz) ;i —Bs+1 det Hiel(;) ;i —Bs+1 Hielff) a;i—Ps1
1 1 1 1
Jrr%es Hiekgn v vl 00 H,-Ekgn ;o Jres) Hia? vy vl 100 Hiag) ey Pree
by . ) ai—fBs+1 — A\ . ) ai—fBs+1 by . L ai—fBs+1 - . ) ai—fBs+1
det k() Hzek(;) ai—fBs12 K Hzek(sl) ai—Bsy2 P Hzeﬂ;) @i =542 1 Hzelg) @i—fBs42

ai—Bs+1

a;i—Bs+1

ai—PBst1

ai—fBs+1

(®)

M@ - Hiekgz) ai—Bsia HE) - Hiek(sl) a;—Bsy3 Ha2) - Hielgz) a;—Bsy3

Where similarly, lg) = {lgi), . ,l((;i)rQ}.

Now, since the );’s are 4-wise independent over F, the first row is never zero. Sim-

;=511

ilarly, all the ;s are in different cosets of G and by choice of a’s Hie 19 k9w Bsys

G. Hence the last row isn’t zero either. Then this determinant resolves into a linear
combination for 4 different values of )\;s. Hence, by linear independence rules of

A, this determinant is also non-zero.

Two global erasures are in two different mid-level codes. In one of the mid-level
code, the mid-level erasure is in the same local code as the global erasure, while
in the other they are in different local codes. Assume that the k£ and [*" mid-level
codes are affected. Let the local codes within, where the erasure occurs, be k:(l), )

and [V, The matrix By,
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710

1
’y(;ch )

Vo160

Ak " Vg 4V

P~ Vs 3 k(0

(1)
’YU%H

ok,

Vo160,

AR - W
KO " Voqok(),

- (1)
Mk 75+3’k6+1

Ak@)

P2

71k
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Now, after permuting one row, we can apply A.1.2 to expand the matrix for the

determinant,
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Now, in this massive expansion, we can take \; and y; out of the determinants.

What we will find is that each term is \;u; multiplied by the product of the deter-

minant of three Cauchy matrices. Each of those determinant € F,.
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Hence the final determinant is actually the linear combination of three A; in F.

Hence det(By,;) # 0.
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