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Abstract

Linear regression is a widely used technique to fit linear models and finds widespread applications across different
areas of natural sciences, as well as field such as machine learning and statistics. In most real-world scenarios,
however, linear regression problems are often ill-posed or the underlying model suffers from owverfitting, leading
to erroneous or trivial solutions. This is often dealt with by adding extra constraints, known as regularization.
For instance, suppose that we are given N data points {(a;,b;)}, where Vi : a; € R4 Vi : b; € R. The
assumption is that there is a vector = such that b; = 27 a; + e;, where e; is a random variable (noise) with mean
0. Suppose A is the data matrix of dimension N x d, such that its i*® row is the vector a; and b € RY such
that b = (by,--+ ,bx)?. Adding an fo-regularization, the objective is to obtain = that minimizes

| Az — b])2 + A|| Lz |3 (0.0.1)

where L is an appropriately chosen penalty matrix (or regularization matrix) of dimension N xd and A > 0 is the
regularization parameter, an appropriately chosen constant. This regularization technique is known as general
£o-reqularization in the literature. It is a generalization of the well known ridge regression which corresponds
to the case when L is the identity matrix. The closed-form solution of the general f-regularized ordinary least
squares problem is given by

v = (ATA+ALTL) " A", (0.0.2)

A straightforward observation is that even when AT A is singular, regularization ensures that the condition
number (ratio of the maximum and the minimum singular values) of the resulting matrix is finite and therefore
AT A + MLTL is invertible. Another observation is that when the condition number of A is arbitrarily large
(the minimum singular value of A is arbitrarily small), the condition number of the matrix to be inverted in
Equation 0.0.2 can be tamed significantly. Since the complexity of most quantum algorithms for the quantum
versions of these problems depend the condition number, the complexity reduces significantly. These models can
be generalized to situations where the data points are weighted or correlated which incorporate more realistic
scenarios.

Quantum linear systems solvers are possibly among the most studied quantum algorithms. In this work we
develop the first quantum algorithms for ordinary, weighted and generalized least squares with generalized fo-
regularization. We assume access to (approximate) block-encodings of the relevant matrices and develop robust
versions of quantum singular value transformations to implement linear transformations of these matrices. Our
goal is to output a quantum state that is d-close to |z), the state encoding the solution to the underlying
regularized least squares problem. Owing to the generality of the block-encoding framework, our algorithms are
applicable to a variety of input models. In order to obtain our results, we work with approximate block-encodings
of matrices and apply robust quantum singular value transformations (QSVT) to them. For most quantum
linear algebra applications using QSVT, access to perfect block-encoding is assumed, and the robustness of such
algorithms is left out.

We develop a space-efficient variable time amplitude amplification (VTAA) procedure, which we then use in
a variable-time matrix inversion algorithm. A crucial requirement for variable time matrix inversion algorithm
is the application of the inversion procedure to the portion of the input state that is spanned by singular values
larger than a certain threshold. In order to achieve this, prior results have made use of Gapped Phase Estimation
(GPE), which is a simple variant of the standard phase estimation procedure. However, GPE requires extra
registers that store the estimates of the phases, which are never used in the variable-time algorithm. In this
work, instead of GPE, we make use of a robust version of quantum eigenvalue discrimination (QEVD) using
QSVT, which decides whether the eigenvalue of a matrix is above or below a certain threshold without storing
the eigenvalue estimates. Given the block-encoding of a matrix A with condition number k, this procedure
for implementing AT reduces the number of additional qubits required for our variable time by a factor of
O(log?(k/9)) as compared to prior results, where ¢ is the desired accuracy. We show that in order to implement
AT, the precision required in the block-encoding of A is determined in turn by the precision in the QEVD
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procedure. Consequently, this improves both variable-time amplitude amplification and quantum linear systems
algorithm: we achieve optimal complexity (linear dependence in the condition number and polylogarithmic
dependence on inverse-accuracy) using far fewer ancilla qubits. We then use this to develop our algorithms
for ordinary, weighted and generalized least squares with general /3-regularization. The primitives we have
developed, and our approach to designing the algorithms might be of independent interest to the community,
specially in the domain of quantum machine learning (QML) and quantum algorithms for natural sciences,
where such quantum linear algebra subroutines (QLAS) are frequently used.
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Chapter 1

Overview and Motivation

1.1 Motivation

Physics and computation have been closely related since the conception of a computers. Computers of some
form have always been the tools that we use to assist the production of knowledge [1], giving rise to new
discoveries in natural sciences by simulating the physics of the universe, while on the other hand advances in
physics have made engineering of even more powerful computers possible, producing as a byproduct an insanely
high number of dressed up golden retrievers and arrogant cat memes.

Recent connections made in the field of black hole information paradox and holographic duality have high-
lighted the importance of theoretical computer science in theoretical physics [2]. In fact, what is and isn’t
computable depends on the underlying physics of the universe we live in [1]. Therefore at the height of the
quantum revolution in physical sciences, it was natural to look at what power a programmable, quantum me-
chanical device would give us. The vastness of the Hilbert space and the superposition principle are obvious
advantages that the quantum theory would bring to the table, and this has been provably demonstrated when
we care only about global properties ' of the underlying functions to be computed (e.g. Deutsch Jozsa algorithm,
Shor’s algorithm). But despite immense focus on the subject, a provable advantage to more practical problems
remains to be seen.

An important class of problems that shows up frequently in natural sciences is that of finding solutions
to linear systems. Given a matrix A € R™*™ and a vector b € R™, we have to find a vector x € R™ such
that Az = b, or find approximate solutions to the system, by minimizing a loss function in Az, b, and some
additional constraints. These are the class of problems that will be focused upon in this work. There has been
extensive work done in this domain, some of which will be introduced and improved upon in this work. We
shall begin this chapter by informally introducing linear systems and regularization, followed by an overview of
some applications. Then we shall briefly state the results derived in this manuscript.

1.2 Introduction

The problem of fitting a theoretical model to a large set of experimental data appears across various fields
ranging from the natural sciences to machine learning and statistics [3]. Linear regression is one of the most
widely used procedures for achieving this. By assuming that, for the underlying model, there exists a linear
relationship between a dependent variable and one or more explanatory variables, linear regression constructs
the best linear fit to the series of data points. Usually, it does so while minimizing the sum of squared errors -
known as the least squares method.

In other words, suppose that we are given N data points {(a;,b;)}Y; where Vi : a; € R?, Vi : b; € R. The
assumption is that there is a vector = such that b; = x” a; + e;, where e; is a random variable (noise) with mean
0. Suppose A is the data matrix of dimension N x d, such that its i*" row is the vector a; and b € RY such that
b= (b1, - ,by)T. Then the procedure, known as ordinary least squares, obtains a vector z € R? that minimizes
the objective function ||Az — bH; This problem has a closed-form solution given by z = (AT A)~tATb = A*b,
where AT denotes the Moore-Penrose inverse of the matrix A. Thus computationally, finding the best fit by
linear regression reduces to finding the pseudo-inverse of a matrix that represents the data, a task that is
expensive for classical machines for large data sets. Classically two of the most widely used algorithms are

iGlobal properties are those that are true for the whole input space. For example, the property of a function being constant or
balanced (as considered in the Deutsch-Jozsa problem.)
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steepest descent, and conjugate gradient descent. For a symmetric, positive-definite N x N matrix M with
condition number «, these algorithms run in time O (nnz(M)rlog (1)) and O (nnz(M)y/klog (1)) respectively,
where nnz(M) is the number of non-zero entries in M, and ¢ is the multiplicative error, relative to the error in
the choice of the initial point [4].

In practice, however, least squares regression runs into problems such as overfitting. For instance, the solution
might fit most data points, even those corresponding to random noise. Furthermore, the linear regression
problem may also be ill-posed, for instance, when the number of variables exceeds the number of data points
rendering it impossible to fit the data. These issues come up frequently with linear regression models and
result in erroneous or trivial solutions. Furthermore, another frequent occurrence is that the data matrix A has
linearly dependent columns. In this scenario, the matrix AT A is not full rank and therefore is not invertible.

Regularization is a widely used technique to remedy these problems, not just for linear regression but for
inverse problems in general [5]. In the context of linear regression, broadly, this involves adding a penalty term
to the objective function, which constrains the solution of the regression problem. For instance, in the case of
{y-regularization, the objective is to obtain z that minimizes

| Az — b||2 + A||Lz|)2 (1.2.1)

where L is an appropriately chosen penalty matrix (or regularization matrix) of dimension N x d and A > 0
is the regularization parameter, an appropriately chosen constant. This regularization technique is known as
general {g-regularization or Tikhonov regularization in the literature [6, 7, 8, 9, 10]. It is a generalization of
ridge regression which corresponds to the case when L is the identity matrix [11, 12, 13]. The closed-form
solution of the general £5-regularized ordinary least squares problem is given by

v = (ATA+ALTL) " A", (1.2.2)

A straightforward observation is that even when AT A is singular, regularization ensures that the condition
number (ratio of the maximum and the minimum singular values) of the resulting matrix is finite and therefore
AT A + M\LTL is invertible.

In this work, we develop quantum algorithms for linear regression with general /s-regularization. If the
optimal solution is x = (x1,--- ,24)7, then our quantum algorithm outputs a quantum state that is J-close to
|x) = Z;l:l z;|7) /|lz||, assuming access to the matrices A, L, and the quantum state |b) via general quantum
input models.

In several practical scenarios, depending on the underlying theoretical model, generalizations of the ordinary
least squares (OLS) technique are more useful to fit the data. For instance, certain samples may be of more
importance (and therefore have more weight) than the others, in which case weighted least squares (WLS)
is preferred. Generalized least squares (GLS) is used when the underlying samples obtained are correlated.
These techniques also suffer from the issues commonplace with OLS, warranting the need for regularization
[10]. Consequently, we also design algorithms for quantum WLS with general ¢5-regularization and quantum
GLS with general /s-regularization.

1.3 Applications of Quantum Linear Algebra

Quantum Linear Systems Solvers are one of the most important quantum algorithmic primitives that find
applications for solving problems in natural sciences, statistics and machine learning. Here we briefly mention
some common applications of these algorithms.

1.3.1 Simulating Quantum Systems

Simulation of quantum systems was the original motivation behind the conception of quantum computers [14].
A quantum state belonging to a d-dimensional Hilbert space requires 2¢ — 1 variables for a complete description,
exponential in the dimension. Any simulation of a quantum evolution would thus require manipulating proba-
bility amplitudes exponential in numbers in the dimension of the Hilbert space. This would allow us to compute
the complete description of the final state of the system. A quantum computer will be able to bypass this
requirement by encoding the description into a quantum state itself, thus exponentially reducing the compute
power required for the task since we would now need to perform quantum operations only on the d states (and
thus only d possible parallel operations). While this seems like a clear exponential advantage, the caveat is that
to extract the information out of the final quantum state, we would have to make a measurement. According to
the measurement postulate of quantum mechanics [15], the state would thus collapse to one of the eigenstates
of the system, thus possibly losing information (depending on the basis in which the measurement is made). We
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can only sample from the spectra of an observable according to the probability distribution corresponding to
the amplitudes of the final state of the system, but not get the complete description of the state. This limits the
possibilities, but when the task is to find certain global properties of the system, this can still be efficient. The
Deutsch-Jozsa algorithm is a good example of an algorithm that makes use of this phenomenon [16]. Despite
these limitations, there has been progress made towards this goal [17, 18, 19, 20].

1.3.2 Quantum Machine Learning

Machine learning is an important tool for finding patterns in data (samples from some probability distribution).
Quantum systems are known to produce samples that might be hard to sample from using classical algorithms.
The development of quantum algorithms gives the opportunity to use these techniques to train machine learning
models on quantum computers, which could allow for improvements in the training time (and other resources)
required, as well as performance [21]. A lot of problems while training ML models reduce to solving linear
systems.

Least squares fitting and data analysis is an important application of quantum linear systems algorithms
(QLSA). Wiebe et al. [22] used the HHL algorithm [23] to develop an algorithm that efficiently determines the
quality of least squares fit. This was followed by a plethora of work in quantum computing models such as
quantum principal component analysis [24] and quantum support vector machines [25]. There also has been
extensive work on quantum neural networks. The simplest model considers a Parameterized Quantum Circuit as
a machine learning model [26], which considers a quantum circuit with parameterized rotations, the parameters
to which are optimized by a classical computer based on the expectation value of certain measurements made
on the output qubits. Figure 1.1 from [20] is a schematic example of such a model.

Parameterized Quantum Circuit

My,
|0) on 3 U¢>(w) — =kepel Post-processing
Pre-processing Uy
om A K
Input: « ~ Pp |O> Q {<Hk>m’e}k:1
z —> ¢(x) =

f <{<Hk>m,0}kK_1>

Figure 1.1: Parameterized Quantum Circuit. The pre and post processing steps are performed on a classical
machine. The data vector x is fed to the quantum circuit via an encoder circuit Ug(,), which is parameterized
by the output of the preprocessing step ¢(z). Then a variational circuit U(6), parameterized by 6 acts on the
state, followed by a measurement. A classical computer then takes the measurement samples and updates the

parameter 0 for the next iteration over some objective which depends on the measurement outcomes.

1.3.3 Solving Linear Differential Equations

Mathematical descriptions of various physical systems are linear partial differential equations, in which the time
derivative depends linearly on spatial derivatives. Examples include Maxwell’s equation, the heat equation and
Stokes equation. Discretization of PDEs gives sparse ordinary differential equations of very high dimensions,
which can be converted to first order ODEs.

Berry [27] extended linear systems solvers to an algorithm for solving general inhomogeneous sparse linear
differential equations. For an equation of the form

#(t) = A(t)z(t) + b(t), (1.3.1)

where A is an n X n sparse matrix, a classical algorithm must take time at least linear in n. On the other
hand, the proposed quantum algorithm takes time O(polylog (n))".

Similarly, Montanaro and Pallister [29] showed how to use the QLSA to solve finite element method problems
to achieve a polynomial quantum speedup, which can be used to find approximate solutions to various models
in physics and mathematics such as the Black-Scholes equation in mathematical finance and for solving a PDE

liAs is the case with all such quantum algorithms, these prepare a quantum state with uniform amplitudes proportional to those
of the desired vector, which is an important detail that should be highlighted. Refer to [28]
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where the dimension grows with the number of bodies in many-body dynamics. This method discretizes the
parameter space and finds an approximate solution by solving a large system of linear equations.

1.4 Prior Work

Earlier, quantum algorithms for (unregularized) linear regression was first developed by Wiebe et al. [22],
wherein the authors made use of the HHL algorithm (section 4.1) for solving a linear system of equations [23].
Their algorithm assumes query access to a sparse matrix A (sparse-access-model) and to a procedure to prepare
|b) = >, bi |i). They first prepare a quantum state proportional to A7 |b), and then use the HHL algorithm to
apply the operator (AT A)~! to it. Overall the algorithm runs in a time scaling as x% (the condition number of A)
and inverse polynomial in the accuracy é. Subsequent results have considered the problem of obtaining classical
outputs for linear regression. For instance, in Ref. [30], AT is directly applied to the quantum state |b), followed
by amplitude estimation to obtain the entries of z. On the other hand, Ref. [31] used the techniques of quantum
principal component analysis in [24] to predict a new data point for the regression problem. These algorithms
also work in the sparse access model and run in a time that scales as poly (x, 1/9). Kerenidis and Prakash [32]
provided a quantum algorithm for the WLS problem wherein they used a classical data structure to store the
entries of A and W. Furthermore, they assumed QRAM access to this data structure [33, 34] that would allow
the preparation of quantum states proportional to the entries of A and W efficiently. They showed that in this
input model (quantum data structure model), an iterative quantum linear systems algorithm can prepare |z) in

time O(ur?/8), where £ is the condition number of the matrix ATv/W while . = ‘ v WAHF Chakraborty et

al. [35] applied the framework of block-encoding along with (controlled) Hamiltonian simulation of Low and
Chuang [30] to design improved quantum algorithms for solving linear systems. Quantum algorithms developed
in the block-encoding framework are applicable to a wide variety of input models, including the sparse access
model and the quantum data structure model of [32]. They applied their quantum linear systems solver to
develop quantum algorithms for quantum weighted least squares and generalized least squares. Their quantum
algorithm for WLS has a complexity that is in O (akpolylog(Nd/§)), where a = s, the sparsity of the matrix

AT+/W in the sparse access model while o = H\/ WAH , for the quantum data structure input model. For
F

GLS, their quantum algorithm outputs |z) in cost O (kakq(aa + agro)polylog(1/8)), where rky and kg are
the condition numbers of A and €2 respectively while a4 and o, are parameters that depend on how the matrices
A and Q are accessed in the underlying input model.

Yu et al. [37] developed a quantum algorithm for ridge regression in the sparse access model using the LMR
scheme [24] for Hamiltonian simulation and quantum phase estimation, which they then used to determine the
optimal value of the parameter A\. Their algorithm to output |z) has a cubic dependence on both x and 1/4.
They use this as a subroutine to determine a good value of A\. A few other works [38, 39] have considered the
quantum ridge regression problem in the sparse access model, all of which can be implemented with poly(x, 1/9)
cost.

Recently, Chen and de Wolf designed quantum algorithms for lasso (¢1-regularization) and ridge regressions
from the perspective of empirical loss minimization [40]. For both lasso and ridge, their quantum algorithms
output a classical vector T whose loss (mean squared error) is d-close to the minimum achievable loss. In this
context, they prove a quantum lower bound of £2(d/¢) for ridge regression which indicates that in their setting,
the dependence on d cannot be improved on a quantum computer (the classical lower bound is also linear in
d and there exists a matching upper bound). Note that Z is not necessarily close to the optimal solution = of
the corresponding least squares problem, even though their respective loss values are. Moreover, their result
(of outputting a classical vector Z) is incomparable to our objective of obtaining a quantum state encoding the
optimal solution to the regularized regression problem.

Finally, Gilyén et al. obtained a “dequantized” classical algorithm for ridge regression assuming norm
squared access to input data similar to the quantum data structure input model [411]. Furthermore, similar
to the quantum setting where the output is the quantum state |z) = > x;|j) /|2 instead of x itself, their

algorithm obtains samples from the distribution z3/ |z||*. For the regularization parameter A\ = O (||A|||A] 7

the running time of their algorithm is in 9] (n12rf’4/54), where 74 is the rank of A. Their result (and several prior
results) does not have a polynomial dependence on the dimension of A and therefore rules out the possibility
of generic exponential quantum speedup (except in §) in the quantum data structure input model.
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1.5 Research Focus and Contributions

In this work, we design the first quantum algorithms for OLS, WLS, and GLS with general ¢5-regularization.
We assume that the relevant matrices are provided as input in the block-encoding model and use the Quantum
Singular Value Transformation (QSVT) framework introduced by Gilyén et al [12]. The block-encoding model
assumes that an operator (close to) A/« is encoded in the top-left block of some unitary U,. The parameter o
takes specific values depending on the underlying input model. On the other hand, QSVT allows us to implement
nearly arbitrary polynomial transformations to a block of a unitary matrix using a series of parameterized,
projector-controlled rotations (quantum signal processing [43]). Our results utilize both these frameworks.

More precisely, given approximate block-encodings of the data matrix A and the regularizing matrix L, and
a unitary procedure to prepare the state |b), our quantum algorithms output a quantum state that is d-close to
|z}, the quantum state proportional to the ¢3-regularized ordinary least squares (or weighted least squares or
generalized least squares problem). We briefly summarize the query complexities of our results in Table 1.1.

For the OLS problem with general ¢s-regularization (chapter 5, Theorem 5.1.2), we design a quantum
algorithm which given an (a4, au,e4)-block-encoding of A (implemented in cost T4), an (ar,ar,er)-block-
encoding of L (implemented in cost T7), a parameter A > 0, and a procedure to prepare |b) (in cost T}), outputs
a quantum state which is §-close to |z). The algorithm has a cost

ap+ \f)\aL K
@ (nlogn ((W) log (E) (Ta+TL) + Tb>>

where k can be thought of as a modified condition number, related to the effective condition numbers of A and
L. When L is a good regularizer, this is given by the expression

e (12 AL
VAL

Notice that k is independent of k 4, the condition number of the data matrix A, which underscores the advantage
of regularization. The parameters vy and «j take specific values depending on the underlying input model.
For the sparse access input model, agq = s4 and o, = s, the respective scarcities of the matrices A and L. On
the other hand for the quantum data structure input model, ay = ||Al|» and ar, = ||L|| . Consequently, the
complexity of Quantum Ridge Regression can be obtained by substituting L = I in the above complexity as

O(log/{ (ﬁlog (5) T4 +I€Tb)>

where k& = 1+ ||A]|/v/), by noting that the block-encoding of I is trivial while the norm and condition number
of the identity matrix is one. For this problem of gquantum ridge regression, our quantum algorithms are
substantially better than prior results [38, 37, 39], exhibiting a polynomial improvement in x and an exponential
improvement in 1/4.

For the fs-regularized GLS problem (chapter 5, Theorem 5.2.7), we design a quantum algorithm that along
with approximate block-encodings of A and L, takes as input an (aq,aq,cq)-lock-encoding of the matrix
(implementable at a cost of Tq) to output a state d-close to |x) at a cost of

oL agkQ 3 (rralAllIL|
m/mlogn(( Ta+ —Tp + ——T )log ( +T,
( [l All [IL]] 1] il

In the above complexity, when L is a good regularizer, the modified condition number « is defined as

R (1 VralA| )
VAL
The WLS problem is a particular case of GLS, wherein the matrix  is diagonal. However, we show that
better complexities for the fs-regularized WLS problem can be obtained if we assume QRAM access to the
diagonal entries of W (chapter 5, Theorem 5.2.4 and Theorem 5.2.5).
Table 1.1 summarizes the complexities of our algorithms for quantum linear regression with general /-

regularization. For better exposition, here we assume that ||Al], | L], ||| and A = ©(1). For the general
expression of the complexities, we refer the readers to chapter 5.
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Problem Unregularized l5-Regularized

Quantum OLS O (aaralog(1/9)) O ((a + ap)krlog (1/9))

Quantum GLS 1) ((aA + agk) Kay/ka log® (1/5)) 10) ((aA + ar + agkq) KLVEQ log® (1/5))

Table 1.1: Complexity of quantum linear regression algorithms with and without general ¢s-regularization. All
of these algorithms require only ©(log ) additional qubits.

In order to derive our results, we take advantage of the ability to efficiently perform arithmetic operations
on block-encoded matrices, as outlined in section 3.2. Along with this, we use QSVT to perform linear algebraic
operations on block-encoded matrices. To this end, adapt the results in Refs. [12, 44] to our setting. One of
our contributions is that we work with robust versions of many of these algorithms. In prior work, QSVT is
often applied to block-encoded matrices, assuming perfect block-encoding. For the quantum algorithms in this
paper, we rigorously obtain the precision € required to obtain a d-approximation of the desired output state.

For instance, a key ingredient of our algorithm for regularized least squares is to make use of QSVT to
obtain AT, given an e-approximate block-encoding of A. In order to obtain a (near) optimal dependence on the
condition number of A by applying variable-time amplitude amplification (VTAA) [45], we recast the standard
QSVT algorithm as a variable stopping-time quantum algorithm. Using QSVT instead of controlled Hamiltonian
simulation ensures that the variable-time quantum procedure to prepare A% |z) has a slightly better running
time (by a log factor) and considerably fewer additional qubits than Refs. [16, 35].

Furthermore, for the variable time matrix inversion algorithm, a crucial requirement is the application of
the inversion procedure to the portion of the input state that is spanned by singular values larger than a certain
threshold. In order to achieve this, prior results have made use of Gapped Phase Estimation (GPE), which is a
simple variant of the standard phase estimation procedure [45, 46, 35]. However, GPE requires extra registers
that store the estimates of the phases, which are never used in the variable-time algorithm. In this work, instead
of GPE, we make use of a robust version of quantum eigenvalue discrimination (QEVD) using QSVT, which
decides whether the eigenvalue of a matrix is above or below a certain threshold without storing the eigenvalue
estimates [42, 44]. This further reduces the number of additional qubits required for our variable time by a
factor of O(log?(x/8)) as compared to prior results [16, 35]. We show that in order to implement A%, the
precision required in the block-encoding of A is determined in turn by the precision in the QEVD procedure.
Consequently, this also implies that in our framework, quantum algorithms for (unregularized) least squares
(which are special cases of our result) have better time and space complexities than those of Ref. [35].

1.6 Outline of the Thesis

In chapter 2 we discuss the prerequisites needed to build our algorithms. We begin by discussing the two major
models of quantum computers, namely circuit model and adiabatic model (section 2.3). In section 2.1 we describe
what ordinary, weighted and generalized least squares are, and introduce regularization of linear systems. Then
in section 2.4 we describe the block-encoding input model, which is how we assume access to the inputs to
our algorithms. We also describe the commonly used QROM and Sparse Access Input models. In section 2.5
we describe quantum singular value transformation, which we use to develop all our algorithms. Finally,
in section 2.6 we describe the technique of variable time amplitude amplification, an amplitude amplification
technique which we improve and use in our algorithms to boost success probability without a significant overhead.

In chapter 3 we build various algorithmic primitives that we will then use in our algorithms as subroutines.
In chapter 4 we first describe the original HHL algorithm. Then we describe an adiabatic quantum algorithm
for solving linear systems. We then build our own linear systems solver using QSVT and our improved VTAA
technique to achieve optimal complexity. We use the algorithmic primitives and our linear systems solver to
build quantum algorithms for regularized versions of OLS, WLS and GLS problems in chapter 5. We conclude
in chapter 6 with some open problems and discussion.
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1.7 Notation

In this section we lay down the notation used throughout in this thesis. For a matrix A € RVN*9, A;. . denotes
the i*" row of A, and ||A4;.|| denotes the vector norm of AZT s and s2 denote the row and column sparsity of

the matrix, which is the maximum number of non-zero entries in any row and any column respectively.
When talking about quantum input models (section 2.4), the following notation is used. A®) is defined as

AP — (A;;)P. Also, Vg € [0,1] : 54(A) := max;en ”AZV'HZ and Vp € [0,1] : pp(A) == \/SQP(A)sz(l,p) (AT).

,J

Singular Value Decomposition. The decomposition A = WXV, where W and V are unitary and ¥ is
a diagonal matrix, represents the singular value decomposition (SVD) of A. All matrices can be decomposed in
this form. The diagonal entries of 3, usually denoted by o(A) = {o,}, is the multiset of all singular values of
A, which are real and non-negative. oy, and o, denote the maximum and minimum singular values of A.
r(A) = rank(A) is the number of non-zero singular values of A. The columns of W, V (denoted by {|w;)} and
{lv;)}) are the left and right singular vectors of A. Thus A = Z; oj |w;) (v;|. The singular vectors of A can
be computed as the positive square roots of the eigenvalues of A7 A (which is Hermitian, and therefore has real
eigenvalues.)

Effective Condition Number. x4 denotes (an upper bound on) the effective condition number of A, defined
as the ratio of the maximum and minimum non-zero singular values of A. Let omax (A) be the largest singular
value of A, and oy (A) be the smallest singular value of A. Additionally, let o, (A) be the smallest non-zero
singular value of A. Then

Omax (A) _ Amax(A]L14)
KA 2> = =,/=
Omin (A) )\min(ATA)
If A is full-rank, then Gy (A) = omin (A), and ka4 becomes the condition number of the matrix. In this
text — unless stated otherwise — we always refer to k4 as (an upper bound on) effective condition number of a
matrix, and not the true condition number.

Norm. Unless otherwise specified, |A|| denotes the spectral norm of A, while ||Al| denotes the Frobenius
norm of A, defined as

A=) _ o

|A]| := max

a0 |||

Unless otherwise specified, when A is assumed to be normalized, it is with respect to the spectral norm.

Big-O Notation. Let f and g be real valued functions in ¢ defined on a subset of R unbounded from above.
Then we have the following notations to represent their asymptotic scaling with respect to each other.

f(t)=0(y(t) <= Fto,C eR:VEt >ty : |f(t)] < Clg(t)], (1.7.1)
which means that f does not scale faster than g. Similarly,
f@#)=Qg(t)) < Fto,C RVt >ty : |f(t)] > Clg(t)], (1.7.2)
which means that f scales faster than g. And
f(t) =06(g(t)) < [f(t) = O(g(t)) Ng(t) = O(f(1)), (1.7.3)

which means that they scale similarly (asymptotically.)
Soft-O Complexity. Finally, we use f = O (g9) to denote f = O(g - polylog(g)).

Controlled Unitaries. If U is a s-qubit unitary, then C-U is a (s + 1)-qubit unitary defined by
C-U=|0}0|® I+ [1X1| @ U

Throughout this text whenever we state that the time taken to implement a unitary Uy is T4 and the cost
of an algorithm is O(nT4), we imply that the algorithm makes n uses of the unitary U,. Thus, if the circuit
depth of Uy, is T4, the circuit depth of our algorithm is O(nTy).




Chapter 2

Background

2.1 Linear Regression and Regularization

In this section we briefly describe the various kinds of linear models that we will deal with. We begin by
describing ordinary least squares (OLS), the simplest model. Expanding upon it, we introduce weighted and
correlated least squares, followed by an introduction to regularization of these models.

2.1.1 Ordinary Least Squares

Suppose we are given data points {(a;, b;)}¥;, where Vi : a; € R% Vi : b; € R such that (a;,b;) ~;;a D, i.e.
they are sampled i.i.d. from some unknown distribution D, assumed to be linear. We want to find a vector
2 € R? such that the inner product xTaj is a good predictor for the target b; for some unknown a;. This can
be done by minimizing the total squared loss over the given data points,

Lo:=) (z"a; — b)), (2.1.1)

J
leading to the ordinary least squares (OLS) optimization problem. The task then is to find € R? that
minimizes || Az — b3, where A is the N x d data matrix such that the i row of A is a;, and the i*" element of
the vector b is b;. Assuming that A7 A is non-singular, one can show that Equation 2.1.1 is minimized at (proof

in section A.2)
r=(ATA)1ATH = A, (2.1.2)

which corresponds to solving a linear system of equations.

2.1.2 Weighted Least Squares

Ordinary least squares method assumed that there is a constant variance in the errors of our sample (an
assumption called homoscedasticity). Suppose that the assumption is violated (heteroscedasticity). That is,
suppose that out of the samples present in the data, we have higher confidence in some of them than others. In
such a scenario, the i observation can be assigned a weight w; € R.

This leads to a generalization of the OLS problem to weighted least squares (WLS). In order to obtain the
best linear fit, the task is now to minimize the weighted version of the loss

EW = ij(wTaj — bj)Q. (2.1.3)
J

As before, assuming AT A is non-singular, the above loss function has the following closed-form solution

r=(ATWA) T ATWD, (2.1.4)

th

where W is a diagonal matrix with w; being the ¢*" diagonal element.
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For example, if the model assumes that the underlying distribution is of the form b = Ax + e, where € is a
multivariate, normally distributed vector with mean 0 and the variance-covariance matrix

o2 0 0
0 o2 0
0 0 ... o%

each observation can be weighted proportional to the inverse of the variance, w; %

2.1.3 Generalized Least Squares

There can arise scenarios where there exists some correlation between any two samples. For generalized least
squares (GLS), the presumed correlations between pairs of samples are given in a symmetric, non-singular
covariance matrix €. This method then finds the best fit by minimizing the square of Mahalanobis length' of
the residual vector. The objective is thus to find the vector x that minimizes

Lo:=) ("= a; —b)(@"a; —b)). (2.1.5)

The closed form solution for GLS is given by
z=(ATQ 1A)~1ATQ b (2.1.6)

GLS corresponds to using OLS on a linearly transformed dataset. This can be easily observed by setting
Q= KTK = KK. Such square-root decomposition is possible since  is assumed to be symmetric and
non-singular. Then,

(b— Az)" Q7' (b — Az)

= (b—Az)" KT'K~ (b — Ax)
(K~ (b— Az))" (K~ (b — Ax))
= —Az)" (v — Az)

=l

Lo

where b/ := Kb, A’ := K~ ' A are the transformed samples.

Note. In practice we seldom know what the correlations are. In that situation we use the residuals of
ordinary least squares to estimate the covariance matrix, a method known as feasible generalized least squares.
How this is approached exactly varies across fields, and typically involves some assumptions on the underlying
dataset.

2.1.4 Regularization of Linear Systems

As mentioned previously, in several practical scenarios, the linear regression problem may be ill-posed or suffer
from overfitting. Furthermore, the data may be such that some of the columns of the matrix A are linearly
dependent. This shrinks the rank of A, and consequently of the matrix A7 A, rendering it singular and therefore
non-invertible. Recall that the closed-form solution of OLS exists only if A7 A is non-singular, which is no longer
the case. Such scenarios arise even for WLS and GLS problems [10].

In such cases, one resorts to reqularization to deal with them. Let £ be the loss function to be minimized for
the underlying least squares problem (such as OLS, WLS, or GLS). Then general {s-regularization ( Tikhonov
regularization) involves an additional penalty term so that the objective now is to find the vector x € R? that
minimizes

L+ | L3 (2.1.7)
Here A, known as the regularization parameter, is a positive constant that controls the size of the vector =z,
while L is known as the penalty matrix (or regularization matrix) that defines a (semi)norm on the solution

iSee https://en.wikipedia.org/wiki/ Mahalanobis distance for the definition.
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through which the size is measured. The solution to the Tikhonov regularization problem also has a closed-form
solution. For the OLS problem, when £ = Lo, we have that

x=(ATA+\LTL) T ATD. (2.1.8)

This can easily be seen as follows.

f(@) = || Az = b||* + A|[ Lz |®
= (Az — b)T(Az — b) + \(Lz)T (Lx)
=2l AT Az — 2TATo —bT Az + "o+ X' LT L
— Vf(xr) =24T Az —2ATb + 2X\L" La

Setting V f(z) = 0 gives us

24T Az — 2ATb + 20L Lx =0
— (ATA+AL"L)z = ATb
— o= (ATA+ALTL)"1ATD

It is worth noting that when L = I, the fs-regularized OLS problem is known as ridge regression. For
the unregularized OLS problem, the singular values of A, o; are mapped to 1/0;. The penalty term due to
{y-regularization, results in a shrinkage of the singular values. This implies that even in the scenario where A
has linearly dependent columns (some o; = 0) and (AT A)~! does not exist, the inverse (ATA + ALTL)~! is
well defined for A > 0 and any positive-definite L. Throughout this article, we refer to such an L (which is
positive definite) as a good regularizer. The penalty matrix L allows for penalizing each regression parameter
differently and leads to joint shrinkage among the elements of x. It also determines the rate and direction of
shrinkage. In the special case of ridge regression, as L = I, the penalty shrinks each element of z equally along
the unit vectors e;. Also note that by definition, I is a good regularizer.

When £ = L,,, the optimal solution is given by

x=(ATWA+NLTL) " ATWD (2.1.9)

This can be derived similar to the ordinary case. Similarly, when £ = L, we get

= (ATQ A+ LTL)ATQ . (2.1.10)

We show that finding the optimal solution x in all the three cases above reduces to solving a linear system.
The quantum version of these algorithms output a quantum state that is e-close |z) = >, x; [j) /||z||.

Throughout this work, while designing our quantum algorithms, we shall assume access (via a block-
encoding) to the matrices A, W, Q, and L and knowledge of the parameter A. Classically, however, the
regularization matrix L and the optimal parameter A\ are obtained via several heuristic techniques [7, 9, 10].

2.2 A Gentle Introduction to Quantum Mechanics

In this section we introduce the axioms of quantum mechanics. This is not meant to be a complete or concrete
introduction to the subject, for which we refer the reader to de Wolf [17]". This is meant to refresh the memory
of the reader, and gently lead them from the world of classical computers to that of quantum computing. We
begin by introducing how systems and its states are described in quantum mechanics, dictated by the first
axiom.

Axiom 1. (Quantum Systems and States). To every quantum system there is associated a separable
complex Hilbert space (H,+, -, (:|-)). The states of the system are all positive, trace-class linear maps p : H — H
for which Trp = 1.

The states of a system can be pure or mixed. A state p: H +— H is called a pure state if

(¥]e)
(¥le)

liprof. Frederic Schuller’s Lectures on Quantum Theory on YouTube is another great source [48].

IpeH : YVaeH : pla) =

. (2.2.1)

10
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Note that the above condition implies that to each pure state, we can associate a (non-unique) element
¢ € H. If a state is not a pure state, it is called a mixed state.

The fundamental unit of classical information is the bit, which can take the values 0 or 1. Similarly, the
fundamental unit of quantum information is the gubit, which is defined as a normalized vector |¢) in a two-
dimensional Hilbert space over C. Note that 5 := {|0),|1)} forms an orthonormal basis for this space (commonly
known as the computational basis).

A single qubit can be visualized as a point on the Bloch Sphere. To see this, note that any qubit can be
written as

[4) = a|0)+B[1), [of* + 8" =1, a, B € C. (2.2.2)

Figure 2.1: A qubit |¢) on a Bloch Sphere.
Note that a qubit can also be described using the elevation and azimuthal angles 6, ¢ as

) = cosg |0) + exp(i¢) sing 1) . (2.2.3)

Next, we define what the observables of the quantum theory are.
Axiom 2. (Observables). The observables of a quantum system are the self-adjoint linear maps A :
D — H, where the subspace Dy C H is dense in H, i.e.,

VpeH:Ve>0:TaeDy: la—o| <e. (2.2.4)

Axiom 3. (Unitary Dynamics). In the time interval (¢1,t2) C R in which no measurement occurs, the
state at time t;, denoted by p(t1), is related to the state at time t5, denoted by p(t2) by

plta) = Uty — t2)p(t)U " (t2 — t) (2.2.5)

with the unitary evolution operator defined as

U(t) = exp <—;Ht> , (2.2.6)

where H is the energy observable.
Measurement. Measurement operator M; is a projection operator which projects the quantum state to
an eigenvalue of M;. The post-measurement state is given by

M;pM]

— = (2.2.7)
Tr(Mijj )

Pj

where the j measurement outcome occurs with the probability p(j) = Tr(M;pM JT), and -, M ; M; =1,

i This definition of measurement would be sufficient for this work, but for more general and mathematically well defined notion
of measurements, refer to [47].

11
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2.3 Models of Quantum Computing

A programmable computer is a physical system based on some laws of physics, the initial state of which
is programmable by the user to represent the problem. The evolution of the system encodes the solution
procedure (an algorithm). Reading out the final state of the system (measurement) gives us the solution to the
problem. The most familiar model of quantum computation in terms of a universal set of gates was proposed
by Deutsch and Penrose [49] following the ideas of Paul Benioff and Richard Feynman for a quantum Turing
machine (Benioff [50], Benioff [51], Feynman [14]), for simulating quantum mechanics of physical systems using
a programmable quantum machine, to circumvent the problem with the exponential size of the Hilbert space.
Quantum computing is based on the idea of a computational problem being encoded as a quantum system,
evolving with a sequence of quantum gates (Unitaries, in accordance with the axiom of quantum mechanics),
similar to that encoded as a classical system evolving with a sequence of classical logic gates.

Adiabatic quantum computing is another such framework where the initial state of the system is a Hamil-
tonian whose ground state is easy to prepare, which evolves according to the adiabatic theorem to a final
Hamiltonian whose ground state encodes the solution to a computational problem. The adiabatic theorem
guarantees that the system will remain in the ground state of the instantaneous Hamiltonian, given that the
evolution takes place sufficiently slowly. The idea to encode the solution to a computational problem into the
ground state of a quantum Hamiltonian appeared in 1998 by Brooke et al. [52], in trying to solve classical
combinatorial optimization problem. This was called Quantum Annealing. This was introduced as a classical
‘quantum inspired’ algorithm, akin to Simulated Annealing (SA), and made use of simulated quantum fluc-
tuations and tunneling (similar to thermal fluctuations simulated by SA.) This section introduces these ideas
formally.

2.3.1 Circuit Model of Quantum Computation

Classical circuits. An n-bit classical Boolean circuit that computes a Boolean function f : {0,1}" — {0,1}™
is defined as a finite, directed acyclic graph with AND, OR and NOT gates as internal vertices, n input vertices
(for the n input bits), and m output vertices. A circuit family is a set C = {C), }nen, which contains a classical
Boolean circuit for each input size in N. If m = 1 and the circuit can output only 0 or 1, we say that the circuit
decides a language L = {z € {0,1}*|f(z) = 1} C {0,1}*.

We can generalize this notion by replacing the classical gate set (AND, OR and NOT) by elementary
quantum gates, and allowing the inputs and outputs to be arbitrary quantum states. In line with the axioms of
quantum mechanics [15], these quantum gates are unitary operators. An elementary quantum gate is a unitary
transformation on 1, 2 or 3 qubits. Examples include the bit flip (X) gate, the phase flip (Z) gate, Hadamard
(H) gate, and the controlled-controlled-NOT (CCNOT) gate, also called the Toffoli gate. Circuit representation
of some quantum gates is depicted in Figure 2.2.

0) 1) 1) =1 10) +)

(a) X Gate (b) Z Gate (c) Hadamard Gate
[1) —e— |1)
1) —e—[1) 1) —e—[1)
1) —b— [0) 1) —B— [0)
(d) CNOT Gate (e) Toffoli Gate

Figure 2.2: Quantum Gates

The Toffoli gate is universal for classical reversible computation.

Universal set of quantum gates. Let G be a finite set of quantum gates. G is universal if we can use
gates from G to approximate any unitary U on any number of qubits to any desired precision e. For example,
the gate set {H,CNOT, R;/4} is universal.

A natural question that arises is that how many gates from the universal gate set would be required to
implement some unitary? The Solovay-Kitaev Theorem [15] answers this. It tells us that the number of
elementary gates needed to approximate an arbitrary unitary scales poly-logarithmically with the inverse of the
error.

Theorem 2.3.1 (Solovay-Kitaev Theorem). Let G be a finite set of elements in SU(d) containing its own
inverses (so g € G = g ! € G). Consider some ¢ > 0. Then there is a constant ¢ such that for any
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U € SU(d), there is a sequence S of gates from G of length O(log®(1/¢)) such that ||S — U|| < e. That is, S
approzimates U to operator norm error.

In this model of computation the time complexity of an algorithm is proportional to the number of elementary
gates that cannot be parallelised, i.e., the depth of the circuit is the critical complexity. Another important
measure of complexity, with respect to an oracle, is the number of uses of an oracle that the circuit makes. This
is the query complexity of algorithm with respect to the particular oracle.

2.3.2 Adiabatic Quantum Computing

A computation in this model is specified by two Hamiltonians H; and Hy, such that the ground state of
H; is easy to prepare, and the ground state of Hy represents the solution to our computational problem. The
Hamiltonians have to be local, i.e., they should only involve interactions between a constant number of particles.
This requirement is equivalent, in the circuit model, to only allowing gates acting on a constant number of qubits
at a time. The running time of the adiabatic computation is determined by the minimal spectral gap of all the
Hamiltonians connecting H; and Hy, given by

H(s)=(1—-s)H; +sHy (2.3.1)

where s(t) : [0,t7] — [0, 1] is called the schedule, and ¢; is the annealing time.
The following definition of adiabatic quantum computing has been taken from Aharonov et al. [53].

Definition 2.3.2 (k-local Hamiltonian). A Hamiltonian H acting on n particles is called k-local H can be
written as Y 4 Ha, where A runs over all the subsets of k out of n particles, and Ha acts trivially on all but
the particles in A.

That is, for each A, H 4 is a tensor product of a Hamiltonian on A, with identity on all the other particles.
Notice that for any constant k, a k-local Hamiltonian on n qubits can be described in 22*n* = poly(n) space,
whereas describing an arbitrary Hamiltonian requires roughly 22" space.

Definition 2.3.3 (Adiabatic Quantum Computation). A k-local adiabatic computation AC(n,d, H;, Hy,€) is
specified by two k-local Hamiltonians, H; and H¢ acting on n d-dimensional particles, such that both Hamilto-
nians have unique ground states. The ground state of H; is a tensor product state. The output is a state that is
e-close in la-norm to the ground state of Hy. Let ty be the smallest time such that the final state of an adiabatic
evolution according to Equation 2.3.1 for time ty is e-close in lo-norm to the ground state of Hy. The running
time of the adiabatic algorithm is defined to be

cost :=ty - max H(s) (2.3.2)

Notice that the definition of running time as defined in Equation 2.3.2 is invariant under the scaling of the
Hamiltonians by some overall factors.

Theorem 2.3.4 (Adiabatic Theorem). Let H; and Hy be two Hamiltonians acting on a n-qubit quantum
systems, and consider the time dependent Hamiltonian as described in Equation 2.5.1. Assume that for all s,
H(s) has a unique ground state. Then for any fized 6 > 0, if

|H, — H
ter > ) 2.3.
,2 <€5minse[o,l]{A2+6(H(5)>} (2.33)

then the final state of an adiabatic evolution according to H(s) for time t; is e-close in the la-norm to the
ground state of Hy.

The matrix norm is the spectral norm. A(H(s)) is the spectral gap, defined as the minimum eigenvalue gap
between the ground state and the first excited state of the instantaneous Hamiltonian.

Aharonov et al. [53] showed that Adiabatic quantum computation with non-stoquastic Hamiltonians is
polynomially equivalent to the circuit model (‘Standard Quantum Computation’.)

Theorem 2.3.5 (Equivalence of Adiabatic and Circuit Model Quantum Computation). Given a quantum circuit
on n qubits with L two qubit gates implementing a unitary U, and an € > 0, there exists a 5-local adiabatic
quantum computation AC(n+ L,2,H;, Hy,€), whose running time is poly(L, %) and whose output after tracing
out some ancilla qubits is e-close in the trace distance to U |0®™). Moreover, H; and Hy can be computed by a

PTTM.
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The runtime for this algorithm is O(e~ (39 [5+29) for any fixed § > 0.

Note that an adiabatic quantum algorithm can always be converted to a quantum circuit that can approx-
imate the adiabatic computation by discretizing the time dependent Hamiltonian for some finite sequence of
time steps and then using a standard Hamiltonian simulation algorithm to simulate the evolution.

Quantum annealing was proposed as one of the first adiabatic quantum algorithm, to solve combinatorial
optimization problems. These problems can be notoriously hard, due to the vastness of the search space.
The original proposal was a ‘simulated quantum annealing,” in which the evolution of a quantum system was
simulated on a classical computer, such that the final state contained the solution to a computational problem.
Kadowaki and Nishimori [54] and Farhi et al. [55] showed that there is an advantage in using algorithms like
these. It was thought that is large, controlled, programmable quantum systems (quantum computers) could be
built, then such advantages would continue, ushering the era of quantum supremacy [56]. Companies such as
DWave have built physical devices, and considerable effort has gone into testing them [57, 58, 59]. Although
small speedups for curated problems have been seen [57, 60], a conclusive picture does not exist.

2.4 Quantum Input Models

The complexities of quantum algorithms often depend on how the input data is accessed. For instance, in
quantum algorithms for linear algebra (involving matrix operations), it is often assumed that there exists
a black-box that returns the positions of the non-zero entries of the underlying matrix when queried. The
algorithmic running time is expressed in terms of the number of queries made to this black-box. Such an input
model, known as the Sparse Access Model, helps design efficient quantum algorithms whenever the underlying
matrices are sparse. Various other input models exist, and quantum algorithms are typically designed and
optimized for specific input models.

Kerenidis and Prakash [34] introduced a different input model, known as the quantum data structure model,
which is more conducive for designing quantum machine learning algorithms. In this model, the input data (e.g:
entries of matrices) arrive online and are stored in a classical data structure (often referred to as the KP-tree in
the literature), which can be queried in superposition by using a QRAM. This facilitates efficiently preparing
quantum states corresponding to the rows of the underlying matrix, that can then be used for performing several
matrix operations.

Subsequently, several quantum-inspired classical algorithms have also been developed following the break-
through result of Tang [61]. Such classical algorithms have the same underlying assumptions as the quantum
algorithms designed in the data structure input model and are only polynomially slower provided the underlying
matrix is low rank.

In this work, we will consider the framework of block-encoding, wherein it is assumed that the input matrix A
(up to some sub-normalization) is stored in the left block of some unitary. The advantage of the block-encoding
framework, which was introduced in a series of works [36, 43, 35, 42], is that it can be applied to a wide variety
of input models. For instance, it can be shown that both the sparse access input model as well as the quantum
data structure input model are specific instances of block-encoded matrices [35, 42]. Here we formally define the
framework of block-encoding and also express the sparse access model as well as the quantum data structure
model as block-encodings. We refer the reader to [35, 42] for proofs.

2.4.1 Unitary Block Encoding of Matrices

Definition 2.4.1 (Block Encoding, restated from [12]). Suppose that A is an s-qubit operator, a,e € RT and
a € N, then we say that the (s + a)-qubit unitary Uya is an («, a,€)-block-encoding of A, if

HA—a(<0\®“®I)UA(|O>®“®I)H <e. (2.4.1)

Let |1) be an s-qubit quantum state. Then applying Uy to |¢) |O>®a outputs a quantum state that is =-close
to

A Ra 1
= 19)10)°° + o),

where (Is ® [0)®* <O|®a) |®1) = 0. Equivalently, suppose A := « <<O|®a ®IS> Ua (|0>®a ®IS) denotes the

actual matrix that is block-encoded into Uy, then ||A — A ‘ <e.

In the subsequent sections, we provide an outline of the quantum data structure model and the sparse access
model which are particular instances of the block encoding framework.

Note that a unitary matrix is a (1, 0, 0)-block-encoding of itself.
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Definition 2.4.2 (Optimal block-encoding of a matrix). Given a matriz A € C***2" and a real number o > || Al
we can construct a (a, 1,0)-block-encoding of A:

A ] — AA
UA = i A Aff (242)

o2

2.4.2 QROM Input Model

Kerenidis and Prakash introduced a quantum accessible classical data structure which has proven to be quite
useful for designing several quantum algorithms for linear algebra [34]. The classical data structure stores entries
of matrices or vectors and can be queried in superposition using a QRAM (quantum random access memory).
We directly state the following theorem from therein.

Theorem 2.4.3 (Implementing quantum operators using an efficient data structure, [33, 34]). Let A € RV*4,
and w be the number of non-zero entries of A. Then there exists a data structure of size O(w log? (dN))
that given the matriz elements (i,7,ai;), stores them at a cost of O(log (dN)) operations per element. Once
all the non-zero entries of A have been stored in the data structure, there exist quantum algorithms that are
e-approzimations to the following maps:

d

. 1 .

U : i) [0) — 7”14 i E aij i, J) = [¥i) s
G )

where || A; .|| is the norm of the i'h row of A and the second register of |1b;) is the quantum state corresponding
to the i*™ row of A. These operations can be applied at a cost of O(polylog(Nd/<)).

It was identified in Ref. [35] that if a matrix A is stored in this quantum accessible data structure, there
exists an efficiently implementable block-encoding of A. We restate their result here.

Lemma 2.4.4 (Implementing block encodings from quantum data structures, [35]). Let the entries of the
matriz A € RVNX4 be stored in a quantum accessible data structure, then there exist unitaries Ugr, Uy, that can be
implemented at a cost of O(polylog(dN/e)) such that UIT%UL is a (|| Al g, [log (d + N)], €)-block-encoding of A.

Proof. The unitaries Ugr and Uy, can be implemented via U and V in the previous lemma. Let Ugr = U and
Ur = V.SWAP. Then for s = [log(d + N)] we have

Ur: [1)10%) = |¢i),

and
L 19)10%) = |9;)
So we have that the top left block of UIJ[-EUL if given by

N d
DO wiles) 1i,0) (5,0)

i=1 j=1
Now
d N
air_ || Ad|
(Wilos) (i, kL, 7)
g ,;;nm, I TAT -
1=04,1.0k,;
_ iy
Al

Moreover since only e-approximations of U and V' can be implemented we have that U};U risa (|| Al g, [log(n +d)],e)
block encoding of A implementable with the same cost as U and V. O
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Kerenidis and Prakash [32] argued that in certain scenarios, storing the entries of A®) (A'~P)T might
be useful as compared to storing A, for some p € [0,1]. In such cases, the quantum data structure is a

(tp, [log(N + d)], €) block encoding of A, where p,(A) = \/SQP(A).SQ(l_p)(AT) such that s,(A) := max; ||4;,. ||g.
Throughout the work, whenever our results are expressed in the quantum data structure input model, we shall
state our complexity in terms of 14. When the entries of A are directly stored in the data structure, pa = || Al 5.
Although, we will not state it explicitly each time, our results also hold when fractional powers of A are stored
in the database and simply substituting g4 = pp(A), yields the required complexity.

2.4.3 Sparse Access Input Model

The sparse access input model considers that the input matrix A € RY*¢ has row sparsity s, and column
sparsity s.. Furthermore, it assumes that the entries of A can be queried via an oracle as

Oa 1) 1) 10)°" = 0} |j) lass) Vi € [N], ] € [d],

and the indices of the non-zero elements of each row and column can be queried via the following oracles:

Or 2 [i)|3) = |8} Irij) Vi€ [N],k € [s],
Oc = [i) |7) = leiz) 17) Vi€ [d],k € [sc]

where r;; is the j®® non-zero entry of the i*® row of A and ¢;; is the i*" non-zero entry of the j* column of A.
Gilyén et al. [42] showed that a block encoding of a sparse A can be efficiently prepared by using these three
oracles. We restate their lemma below.

Lemma 2.4.5 (Constructing a block-encoding from sparse-access to matrices, [12]). Let A € RV*? be an
Sry Sc TOW, column sparse matriz given as a sparse access input. Then for all e € (0,1), we can implement a
(\/ScSr, polylog(Nd/e), €)-block-encoding of A with O(1) queries to O, 0., 04 and polylog(Nd/e) elementary

quantum gates.

Throughout the paper, we shall assume input matrices are accessible via approximate block-encodings. This
also allows us to write down the complexities of our quantum algorithms in this general framework. Additionally,
we state the complexities in both the sparse access input model as well as the quantum accessible data structure
input model as particular cases.

2.5 Quantum Singular Value Transformation

In a seminal work, Gilyén et al. presented a framework to apply an arbitrary polynomial function to the
singular values of a matrix, known as Quantum Singular Value Transformation (QSVT) [12]. QSVT is quite
general: many quantum algorithms can be recast to this framework, and for several problems, better quantum
algorithms can be obtained [42, 44]. In particular, QSVT has been extremely useful in obtaining optimal
quantum algorithms for linear algebra. For instance, using QSVT, given the block-encoding of a matrix A, one
could obtain A~¢ with ¢ € [0, 00) with optimal complexity and by using fewer additional qubits than prior art.
This section briefly describes this framework, which is a generalization of Quantum Signal Processing (QSP)
[36, Section 2], [43, Theorem 2], [62]. The reader may refer to [14] for a more pedagogical overview of these
techniques.

Let us begin by discussing the framework of Quantum Signal Processing. QSP is a quantum algorithm to
apply a d-degree bounded polynomial transformation with parity d mod 2 to an arbitrary quantum subsystem,
using a quantum circuit Ug consisting of only controlled single qubit rotations. This is achieved by interleaving
a signal rotation operator W (which is an z-rotation by some fixed angle 0) and a signal processing operator
S (which is a z-rotation by a variable angle ¢ € [0,27]). In this formulation, the signal rotation operator is
defined as

T W1 —x2
= 2.5.1
which is an z-rotation by angle § = —2arccos(x), and the signal processing operator is defined as
Sy = €%, (2.5.2)
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which is a z-rotation by an angle —2¢. Interestingly, sandwiching them together for some ® := (¢, ¢1, ... P4) €
R*1 as shown in Equation 2.5.3, gives us a matrix whose elements are polynomial transformations of z,

= ¢it0Z H )ei?iZ (2.5.3)

(2.5.4)

such that

1. deg P < d; deg@Q < d —1,

2. P(z) has a parity d mod 2,

3. |P@)P+ (1 —-2?)|Qx)?=1 Vxel|-1,1].

Following the application of the quantum circuit Ug for an appropriate ®, one can project into the top left
block of Ug to recover the polynomial (0| Ug |0) = P(z). Projecting to other basis allows the ability to perform
more interesting polynomial transformations, which can be linear combinations of P(z), Q(z), and their complex
conjugates. For example, projecting to {|+),|—)} basis gives us

(+|Usp |[+) = R(P(x)) +iR(Q(x)) V1 — 2. (2.5.5)
Quantum Signal Processing can be formally stated as follows.

Theorem 2.5.1 (Quantum Signal Processing, Corollary 8 from [12]). Let P € C[z] be a polynomial of degree
d > 2, such that

P has parity-(d mod 2),

o Vze[-1,1]: |P(x) <1,

o Vo € (—00, 1] U[1,00) : [P(@)| > 1,

o if d is even, then Vo € R: P(ix)P*(ix) > 1.

Then there exists a ® € R% such that

f[ ei7 W (z :( (z) ) (2.5.6)

Thus, QSP allows us to implement any polynomial P(x) that satisfies the aforementioned requirements.
Throughout this article, we refer to any such polynomial P(z) as a QSP polynomial. Quantum Singular
Value Transformation is a natural generalization of this procedure. It allows us to apply a QSP polynomial
transformation to each singular value of an arbitrary block of a unitary matrix. In addition to this generalization,
QSVT relies on the observation that several functions can be well-approximated by QSP polynomials. Thus,
through QSVT one can transform each singular value of a block-encoded matrix by any function that can
be approximated by a QSP polynomial. Since several linear algebra problems boil down to applying specific
transformations to the singular values of a matrix, QSVT is particularly useful for developing fast algorithms
for quantum linear algebra. Next, we introduce QSVT formally via the following theorem.

Theorem 2.5.2 (Quantum Singular Value Transformation [63], Section 3.2). Suppose A € RN*? is a matriz
with singular value decomposition A = E mtoj|vj) (w;j|, where dmin = min{N,d} and |v;) (|w;)) is the left
(right) singular vector with singular value o;. Furthermore, let Ua be a unitary such that A = ﬁUAH, where

II and 11 are orthogonal projectors. Then, for any QSP polynomial P(x) of degree m, there exists a vector
D = (41,02, - dn) € R and a unitary

el RI=D H}(::—ll)/? 6i¢2k(2ﬁ71)U26i¢2k+1(Qﬁfl)UA:| nis odd

Ugp = ~ ~
P [Hﬁfl ei¢2k—1(2H71)U;ei¢2k(2nfl)UA ’ n is even,

(2.5.7)
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such that ~
IUsII, n is odd

) (2.5.8)
IIUsII, n is even,

PSV(A) _ {
where PS5V (A) is the polynomial transformation of the matriz A defined as

o Zj P(oj)|vj) (w;|, P is odd
PV (4A) = {Zj Plos) ) {ws| . P is coen. (2.5.9)

Theorem 2.5.2 tells us that for any QSP polynomial P of degree n, we can implement P%Y (A) using one
ancilla qubit, ©(n) applications of U, UI‘ and controlled reflections I — 2IT and I — 2II. Furthermore, if in
some well-defined interval, some function f(x) is well approximated by an n-degree QSP polynomial P(x), then
Theorem 2.5.2 also allows us to implement a transformation that approximates f(A), where

£(A) = { 2z F (o) [g) (wsl - Pis odd (2.5.10)
> (o) lwy) (w;], P is even.
The following theorem from Ref. [63] deals with the robustness of the QSVT procedure, i.e. how errors propagate

in QSVT. In particular, for two matrices A and A, it shows how close their polynomial transformations (P5V (A)
and P%V(A), respectively) are, as a function of the distance between A and A.

Lemma 2.5.3 (Robustness of Quantum Singular Value Transformation, [63], Lemma 23). Let P € C[z] be a
QSP polynomial of degree n. Let A, A € CN*% be matrices of spectral norm at most 1, such that

2

A+ A

2

HA—AH + <1

Then,
HPSV(A) - PSV(A)H <n

We will apply this theorem to develop a robust version of QSVT. More precisely, in order to implement
QSVT, we require access to a unitary U4, which is a block-encoding of some matrix A. This block-encoding, in
most practical scenarios, is not perfect: we only have access to a e-approximate block-encoding of A. If we want
an d-accurate implementation of PV (A), how precise should the block-encoding of A be? Such a robustness
analysis has been absent from prior work involving QSVT and will allow us to develop robust versions of
a number of quantum algorithms in subsequent sections. The following theorem determines the precision &
required in the block-encoding of A in terms of n, the degree of the QSP polynomial that we wish to implement
and §, the accuracy of PS5V (A).

Theorem 2.5.4 (Robust QSVT). Let P € Clx] be a QSP polynomial of degree n > 2. Let § € [0,1] be
the precision parameter. Let U be an (a,a,e)-block-encoding of matriz A € CN*4 satisfying ||A| < /2,
implemented in cost T for some ¢ < ad/2n. Then we can construct a (1,a + 1,)-block-encoding of P(A/«a) in
cost O(nT).

Proof. Let A be the encoded block of U, then HA — AH < e. Applying QSVT on U with the polynomial P,
we get a block-encoding for P(fl/cu)7 with O(n) uses of U,UT, and as many multiply-controlled NOT gates.

A A 5 1
Observe that HE — EH < £ <5, <7, and,
AL Al i 2 i-al\’ 2
Sstall A+A—A < ||A||+ - < 1+1 <1
" 2 - a 2 —\2 8 -2

Therefore the error in the final block-encoding is given by invoking Lemma 2.5.3 with matrices A/« A /o

(5 ()

<n
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In chapter 3, we will make use of Theorem 2.5.4, to develop robust quantum algorithms for singular value
discrimination, variable-time matrix inversion, and negative powers of matrices. Subsequently, in chapter 5 we
shall use these primitives to design robust quantum regularized least squares algorithms.

2.6 Variable Time Amplitude Amplification

Ambainis [15] defined the notion of a variable-stopping-time quantum algorithm and formulated the technique
of Variable Time Amplitude Amplification (VTAA), a tool that can be used to amplify the success probability of
a variable-stopping-time quantum algorithm to a constant by taking advantage of the fact that computation on
some parts of an algorithm can complete earlier than on other parts. The key idea here is to look at a quantum
algorithm A acting on a state |¢) as a combination of m quantum sub-algorithms A = A, - A,,—1-... A1, each
acting on |¢) conditioned on some ancilla flag being set. Formally, a variable stopping time algorithm is defined
as follows

Definition 2.6.1 (Variable-stopping-time Algorithm, [45]). A quantum algorithm A acting on H that can be
written as m quantum sub-algorithms, A = Ay, - A1 - ... Ay is called a variable stopping time algorithm if
H = He @ Ha, where Ho = @2 He, with He, = span(|0),|1)), and each unitary A; acts on Ho, @ Ha
controlled on the first j — 1 qubits \O)®j—1 € ®Z;1’Hci being in the all zero state.

Here H, is a single qubit clock register. In VTAA, H 4 has a flag space consisting of a single qubit to indicate
success, Hqa = Hr @ Hw. Here Hr = Span(lg),|b)) flags the good and bad parts of the run. Furthermore,
for 1 < i < m, define the stopping times t; such that t; < to < ---t,, = Tmax, such that the algorithm
AjAj_1--- Ay having (gate/query) complexity ¢; halts with probability

pj = ey Ajdjr -+ Ac[0),, )%,

where |0),, € H is the all zero quantum state and Ilg; is the projector onto [1) in Hc,. From this one can
define the average stopping time of the algorithm A defined as

17, =

For a variable stopping time algorithm if the average stopping time ||T'||, is less than the maximum stopping time
Tinax, VTAA can amplify the success probability (psucc) much faster than standard amplitude amplification. In
this framework, the success probability of A is given by

Psuce = ||HF~Am~Am—1 Ay ‘O>H”2

While standard amplitude amplification requires time scaling as O(Tmax /A /psucc)7 the complexity of VTAA is
more involved. Following [35], we define the complexity of VTAA as follows.

Lemma 2.6.2 (Efficient variable time amplitude amplification [35]). Let U be a state preparation unitary such
that U [0)®" = | /Porep |0) [0) +1/1 — Pprep |1) |1) that has a query complexity Tyy. And let A = A Ap—1 -+ - Ay
be a variable stopping time quantum algorithm that we want to apply to the state |1)o), with the following known

bounds: Pprep > Phprep @ Psuce = Phuce- Define Tyyay := 2Tmax/t1 and

(I + T ) tog (T3,
V psucc .

Then with success probability > 1 — 0, we can create a variable-stopping time algorithm A’ that prepares the
state a |0) A’ |vo) + V1 — a? |1) [V garbage), such that a = O(1) is a constant and A" has the complezity O(Q).

T,
Q= (Tmax + M) l0g (Thya) +

DPprep

One cannot simply replace standard amplitude amplification with VTAA to boost the success probability
of a quantum algorithm. A crucial task would be to recast the underlying algorithm in the VTAA framework.
We will be applying VTAA to the quantum algorithm for matrix inversion by QSVT. So, first of all, in order to
apply VTAA to the algorithm must be first recast into a variable-time stopping algorithm so that VTAA can
be applied.

Originally, Ambainis [45] used VTAA to improve the running time of the HHL algorithm from (9(52 log N )

to O(/flog?’ klog N ) Childs et al. [46] designed a quantum linear systems algorithm with a polylogarithmic
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dependence on the accuracy. Additionally, they recast their algorithm into a framework where VTAA could be
applied to obtain a linear dependence on x. Later Chakraborty et al. [35] modified Ambainis’ VTAA algorithm
to perform variable time amplitude estimation.

In this work, to design quantum algorithms for ¢5-regularized linear regression, we use a quantum algorithm
for matrix inversion by QSVT. We recast this algorithm in the framework of VTAA to achieve nearly linear
dependence in x (the condition number of the matrix to be inverted). QSVT instead of controlled Hamiltonian
simulation improves the complexity of the overall matrix inversion algorithm (using QSVT and VTAA) by a log
factor and reduces the number of additional qubits substantially. Furthermore, we replace a quantum gapped
phase estimation procedure with a more efficient quantum eigenvalue discrimination algorithm using QSVT.
This further reduces the number of additional qubits by O(log?(x/d)) than in Refs. [46, 35], where & is the
condition number of the underlying matrix and ¢ is the desired accuracy. The details of a variable stopping
time quantum algorithm for matrix inversion by QSVT is laid out in section 4.3.
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Chapter 3

Algorithmic Primitives

This chapter introduces the building blocks of our quantum algorithms for quantum linear regression with
general {o-regularization. As mentioned previously, we work in the block-encoding framework. We develop
robust quantum algorithms for arithmetic operations, inversion, and positive and negative powers of matrices
using quantum singular value transformation, assuming that we have access to approximate block-encodings of
these matrices. While some of these results were previously derived assuming perfect block-encodings [42, 35],
we calculate the precision required in the input block-encodings to output a block-encoding or quantum state
arbitrarily close to the target.

We highlight that the primitives developed here might be of independent interest to the quantum machine
learning community. In developing these primitives, we improve upon various algorithms used frequently in this
domain, and in some cases highlight the robustness of the algorithms in the QSVT framework.!

In particular for the problem of inverting a matrix using QSVT, we reformulate QSVT-based matrix inversion
as a variable stopping time algorithm such that VTAA is applicable. The use of QSVT instead of controlled
Hamiltonian simulation improves the complexity of the overall matrix inversion algorithm (using QSVT and
VTAA) by a log factor and reduces the number of ancilla qubits substantially. Furthermore, in order to convert
the usual matrix inversion algorithm to a variable stopping time algorithm, we make use of quantum eigenvalue
discrimination using QSVT [44], instead of gapped phase estimation used in [46]. This further reduces the
number of additional qubits by O(log?(x/d)), where  is the condition number of the underlying matrix and §
is the desired accuracy.

3.1 Amplification of Block Encodings

Given a («, a, e)-block-encoding of a matrix A, we can efficiently amplify the sub-normalization factor from «
to a constant and obtain an amplified block-encoding of A. For our quantum algorithms in Sec. 4.3, we show
working with pre-amplified block-encodings often yields better complexities. We state the following lemma
which was proven in Ref. [64]:

Lemma 3.1.1 (Uniform Block Amplification of Contractions, [64]). Let A € RN*? such that [|A|| <1 Ifa > 1
and U is a (a, a, €)-block-encoding of A that can be implemented at a cost of Tyr, then there is a (vV/2,a+1,e+7)-
block-encoding of A that can be implemented at a cost of O(aTy log (1/7)).

Corollary 3.1.2 (Uniform Block Amplification). Let A € RV*4 and § € (0,1]. Suppose U is a («, a,€)-block-
encoding of A, such thate < &, that can be implemented at a cost of Tyy. Then a (v/2||Al|, a+1, §)-block-encoding

of A can be implemented at a cost of O(% log(||A||/5)).

Proof. We can re-interpret U as a (/|| A, a,e/||A||)-block-encoding of A/||A]|. Invoking Lemma 3.1.1 with v =
ﬁ, we get U, a (V/2,a+1, E/HAH+ﬁ)—block-encoding of A/||A||, implemented at a cost of O (ﬁTU log (||A||/6))
which is a (V2| A|,a + 1, 6)-block-encoding of A. O

We now obtain the complexity of applying a block-encoded matrix to a quantum state, which is a general-
ization of a lemma proven in Ref. [35].

iBy robustness we mean that we highlight how the error in the encoding of the input affects the encoding of the output.
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Lemma 3.1.3 (Applying a Block-encoded Matrix on a Quantum State). Let A be an s-qubit operator such that
its singular values lie in [|A]|/k, ||A]l]. Also let § € (0,1), and Uy be an («, a,€)-block-encoding of A, such that

_ 34|

— 2/{ )
that can be implemented in time Ty. Furthermore, suppose |b) be an s-qubit quantum state that can be prepared
in time Ty. Then we can prepare a state that is d-close to % with success probability Q (1) at a cost of

oy Ta+m)

Proof. The proof is similar to Lemma 24 of [ ] We have ||A|b)]| > HAH. By applying U4 to |0)|b) (imple-
mentable at a cost of Ty + Tg), followed by =& TAT AH -rounds of amplitude amphﬁcatlon (conditioned on having |0)

in the first register) , we obtain a quantum state that within § of |0) ® Hﬁ}gi\l O

Corollary 3.1.4 (Applying a pre-amplified Block-encoded Matrix on a Quantum State). Let A be an s-qubit
operator such that its singular values lie in [||A||/k, ||A]|]. Alsoletd € (0,1), and Ua be an (a, a, €)-block-encoding
of A, such that

_dla|

— 4/€ )
that can be implemented in time Ta. Furthermore, suppose |b) be an s-qubit quantum state that can be prepared
in time Ty. Then we can prepare a state that is §-close to % with success probability Q (1) at a cost of

O(IIAII log< )TA +nTb>

Proof. We first pre-amplify the unitary using Corollary 3.1.2 with some v > 2. We get a (V2| Al|,a + 1,7)-
block-encoding of A implemented at a cost of

w=o(fai e (1))

Now we invoke Lemma 3.1.3 with 6 = ﬁ and the above unitary to prepare the state, which has a time

complexity of

Ok (Tar+Tp)) = (A| log < ) Ta+ /<;Tb>

Now, it may happen that the U, prepares a quantum state that is only e-close to the desired state |b). In
such cases, we have the following lemma

Lemma 3.1.5 (Robustness of state preparation). Let A be an s-qubit operator such that its singular values

lie in [”—‘:”, |All]. Suppose |b') is a quantum state that is €/2k-close to |b) and ) is a quantum state that is
g/2-close to A|b') J||A V). Then we have that |1) is e-close to A|b) /|| A|b)]|.

Proof. We know that

’ g
— < =
1)~ 19 < =
and A|b’)
1
%) - <
W>mm 2

For small enough ¢ < k, we can assume that ||A [b)|| ~ || A [b')]].

We can derive the final error as

- gl =W -
Wwéﬁﬁ Aﬁm?“\
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3.2 Arithmetic with Block-Encoded Matrices

The block-encoding framework embeds a matrix on the top left block of a larger unitary U. It has been
demonstrated framework allows us to obtain sums, products, linear combinations of block-encoded matrices.
This is particularly useful for solving linear algebra problems in general. Here, we state some of the arithmetic
operations on block-encoded matrices that we shall be using in order to design the quantum algorithms of
chapter 5 and tailor existing results to our requirements.

First we prove a slightly more general form of linear combination of unitaries in the block-encoding frame-
work, presented in [12]. To do this we assume that we are given optimal state preparation pairs, defined as
follows.

Lemma 3.2.1 (Optimal State Preparation Unitary). Let m € Z*, n € R, and s = [logm]. Then there exists
an s-qubit unitary P — called a n state-preparation unitary — such that P |O> 18 proportional to Zj V5 17)

Lemma 3.2.2 (Linear Combination of Block Encoded Matrices). For each j € {0,...,m — 1}, let A; be an
s-qubit operator, and y; € R™. Let U; be a (aj,aj,e;)-block-encoding of A; , implemented in time T;. Define
the matriz A = Zj y;Aj, and the vector n € R™ s.t. n; = yja;. Let Uy be a n state-preparation unitary ,
implemented in time T;,. Then we can implement a

> yia;, mfx(aj) +5, )y
J J

block-encoding of A at a cost of(’)(zj T; + Tn)'

Proof. The proof is similar to the one in Ref. [12], with some improvements to the bounds. Let a = max;(a;)+s
and a =}, y;o;. Foreach j € {0,...,m—1}, construct the extended unitary U} by padding ancillas to Uy, i.e.
Uf = Io—s—a; ® Uj. Note that U is a (aj,a — s,¢;)-block-encoding of A;. Let B; = ((0|* ® I,)U;(|0)* ® I;)
denote the top left block of U; and U7, and observe that ||A; — a;Bj|| < €;. We also construct P — an g
state-preparation unitary s.t. P[0) =3, /y;a;|j) — by invoking Lemma 3.2.1.

Consider the unitary W = (PT®I,_, @ L) (32, I @ U (P ®Ia—1 ®I,). This is a (a, a, €)-block-encoding
of A= Zj y;A;, where € is computed as:

3
L

A= a((0]" ® L)W (|0)" & L)]| yid; — a((0]" ® L)W (0)* ® L)

Il
o

J

= S ys4; - alto" © L)X PG P UD(0)* @ 1)

J J

= X wa, —a X (O PNl Plo) @ B,

J

= |3 (s w01 P30 P10y )

J

=2 <yjAj - a(yjzj)3j>

J
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<Y yillA; — B
i

<D yig=¢
i

O

We now specialize the above lemma for the case where we need a linear combination of just two unitaries.
This is the case used in this work, and we obtain a better error scaling for this by giving an explicit state
preparation unitary.

Corollary 3.2.3 (Linear Combination of Two Block Encoded Matrices). For j € {0,1}, let A; be an s-qubit
operator and y; € RT. Let U; be a (aj,a;,¢€;)-block-encoding of A;, implemented in time T;. Then we can
implement a (yoao + y11, 1 + max(ag, a1), yoco + y1€1) encoding of yoAo + y1 A1 in time O(To + 11).

Proof. Let o« = yooy + y1p and P = —= (V Yoo T4 By Lemma 3.2.1, we have that P is an
Ve \yyiar /Yoo

{yoap,y11} state preparation unitary. Invoking Lemma 3.2.2 with P, we get the required unitary.
O

Given block-encodings of two matrices A and B, it is easy to obtain a block-encoding of AB.

Lemma 3.2.4 (Product of Block Encodings, [42]). If U4 is an («, a,0)-block-encoding of an s-qubit operator A
implemented in time Ty, and Ug is a (8,b,€)-block-encoding of an s-qubit operator B implemented in time Ty,
then (I®*@UA)(I®*®@Up) is an (af8, a+b, ae+ 33)-block-encoding of AB implemented at a cost of O(Ta + Tg).

Directly applying Lemma 3.2.4 results in a block-encoding of ’2—3. If @ and B are large, then the sub-
normalization factor o might incur an undesirable overhead to the cost of the algorithm that uses it. In
many cases, the complexity of obtaining products of block-encodings can be improved if we first amplify the
block-encodings (using Lemma 3.1.2) and then apply Lemma 3.2.4. We prove the following lemma:

Lemma 3.2.5 (Product of Amplified Block-Encodings). Let § € (0,1]. If Ua is an (a4, aa,€4)-block-encoding
of an s-qubit operator A implemented in time T4, and Ug is a (ap, ap,ep)-block-encoding of an s-qubit operator
B implemented in time Tp, such that e < ﬁHBH andep < ﬁ\lfl\l' Then we can implement a (2| A||||B||, aa+

ap + 2,98)-block-encoding of AB implemented at a cost of

AllB|
0(<C“AT 4+ 9B )10 ( .
AT Bl E) R s

Proof. Using Corollary 3.1.2 for some 64 > 2c4 we get a (v/2||A|,aa + 1,4)-block-encoding of A at a cost of

aATA
o( L 1og<|A/aA>).

Similarly for some §p > 2 we get a (v/2||B||,ap + 1,p)-block-encoding of B at a cost of

apTp

o(”mloguwu@)).

Now using Lemma 3.2.4 we get a (2,a4 +ap +2,v2 (| A||65 + || B||6.4))-block-encoding of AB. We can choose
0a = ﬁHBH and 6 = #HAH which bounds the final block-encoding error by 4. O

Observe that we have assumed that A and B are s-qubit operators. For any two matrices of dimension
N x d and d x K, such that N, d, K < 2° we can always pad them with rows and columns of zero entries and
convert them to s-qubit operators. Thus, in the scenario where A and B are not s-qubit operators, one can
consider block encodings of padded versions of these matrices. Note that this does not affect the operations on
the sub-matrix blocks encoding A and B. Thus, the above results can be used to perform block-encoded matrix
products for arbitrary (compatible) matrices.

Next we show how to find the block encoding of tensor product of matrices from their block encodings. This
procedure will be useful in creating the dilated matrices required for regularization.
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Lemma 3.2.6 (Tensor Product of Block Encoded Matrices). Let Uy and Uy be (o, a,e1) and (5,b,e2)-block-
encodings of A1 and Az, s and t-qubit operators, implemented in time T1 and Ty respectively. Define S =
Hle.S'WAPZIZH. Then, S(Uy @ U)ST is an (a3, a+b, acs + By +e162) block-encoding of Ay ®@ As, implemented
at a cost of O(Th + T3).
Proof. From the property of Kronecker products (A ® B)(C ® D) = (AC) ® (BD). For j € {1,2} let A; =
(<0|®“J‘ ® Is) U, (|o>®“j ® 1) Then it follows that

(<0|®“ ®I,® (0% It> (U, ® Uy) (|o>®“ ®L®0)% o It> — A © 4, (3.2.1)

Therefore A; ® A is block-encoded in U; ® U, as a non-principal block-encoding, and we can use SWAP gates
to move it to the principal block as follows.

S (\0>®“ ® I, 10)%" @ It) = II;_, SWAP® '} (\0>®“ ® I, 10)*" @ It)
s— a+i a+s ® ®b
= IT;_| SWAP® T}  .SWAPSTS (\0) ‘®I10)%" ® It)

= i suRpy L (0% © Lo 0% @ i)

— |0>®a+b ® I3+t

Similarly,

(0 © Lo er) st = 0" & L.

From Equation 3.2.1 we have

Ayedy = (0" @ L@ (01 @ 1) STS(U @ U3)8's (10)* @ 1, 10)* @ 1)
- (<0|®““’ ® Is+t) S(Uy ® Uy)S' (\o>®“+b ® ISH)

Next, we look at the sub-normalization and error terms.

HAl ® Ay — afA; ® AQHQ < H(Oézzh +e1ly) ® (BAs + eal) — ad; ® 51‘12“2
= HOM‘L ®ealy + 611, @ BAy + 611, ® 6212H2
<ol vl e
= aes + Bey + €162

where we have used [|A; ||, < aH/LHQ + &1 and Hﬁle < 1 and similarly for As,.
O

We will now use Lemma 3.2.6 to augment one matrix into another, given their approximate block-encodings.

Lemma 3.2.7 (Block-encoding of augmented matrix). If Ua is an (aa,aa,ca)-block encoding of an s-qubit
operator A that can be implemented in time T4 and Ug is an (ap,ap,ep)-block encoding of an s-qubit operator
B that can be implemented in time Tpg, then we an implement an (as + ap,max(aa,ap) + 2,4 + €p)-block-

encoding of
A 0
4= (5 1)

at a cost of O(Ta +Tg).
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1 0

Proof. Let M4 = <O 0

). Then the SWAP gate is a (1,1,0) block encoding of M4. By Lemma 3.2.6, we can

implement U/, an (a4, a4 +1, € 4)-block-encoding of their tensor product M4®A = (A O) at a cost of O(T4y).

0 0
0 0

Similarly, Let Mp = (1 0

). Then (I ® X) - SWAP is a (1, 1,0)-block-encoding of Mp. Similarly Lemma 3.2.6,

we can implement Ug, an (ap,ap + 1,ep5)-block-encoding of Mp ® B = <0 0) at a cost of O(Tg). We add

B 0
them by using Corollary 3.2.3 on U/, and Up, to implement Ua,,, an (a4 +ap,2+max(aa,ap),e4 +ep)-block-

encoding of Ap = (A 0

B O)' This can be implemented at a cost of O(T4 + Tg). O

Lemma 3.2.8 (Block-Encoding of a dilated matrix). If Uy is an (o, a,€)-block-encoding of an s-qubit operator
A implemented in time Ta, then there is a (c, a,€)-block-encoding of an s + 1-qubit operator A := </(1)T é),
that can be prepared at a cost of O(T4).

Proof. By adding an additional qubit, we can implement a controlled unitary C-Ua that acts on (a + s + 1)
qubits such that controlled on the (a 4 1) qubit, it implements U4 on the first a and the last s qubits. Let,

V=C-U\(X®IC-Ua=|0)1|@Ua + [1X0] @ U,

Then SWAP, 1V is an (a,a,¢)-block encoding of A. Here SWAP, 1 is a sequence of SWAP gates that swaps the
entire a-qubit register, |0>®a with the single qubit control register, one qubit at a time. O

When using a dilated matrix A, we must also extend the input state to |b) = |0) |b). This just increases the
number of input qubits by 1, but keeps the rest of the behavior identical to the non-dilated setting.

3.3 Robust Quantum Singular Value Discrimination

The problem of deciding whether the eigenvalues of a Hamiltonian lie above or below a certain threshold,
known as eigenvalue discrimination, finds widespread applications. For instance, the problem of determining
whether the ground energy of a generic local Hamiltonian is < A, or > ) is known to be QMA-Complete [65].
Nevertheless, quantum eigenvalue discrimination has been useful in preparing ground states of Hamiltonians.
Generally, a variant of quantum phase estimation, which effectively performs a projection onto the eigenbasis of
the underlying Hamiltonian, is used to perform eigenvalue discrimination [66]. Recently, it has been shown that
QSVT can be used to approximate a projection onto the eigenspace of an operator by implementing a polynomial
approximation of the sign function [67]. This was then used to design improved quantum algorithms for ground
state preparation.

In our work, we design a more general primitive, known as Quantum Singular Value Discrimination (QSVD).
Instead of eigenvalues, the algorithm distinguishes whether a singular value o is < g, or > o3,. This is particu-
larly useful when the block-encoded matrix is not necessarily Hermitian and hence, may not have well-defined
eigenvalues. We use this procedure to develop a more space-efficient variable stopping time matrix inversion
algorithm in chapter 4. Owing to the widespread use of singular values in a plethora of fields, we believe that
our QSVD procedure is of independent interest.

Let us define the sign function sign : R — R as follows:

-1 <0
sign(z) =<0 x=0 (3.3.1)
1 x> 0.
Given a threshold singular value ¢, Low and Chuang [64] showed that there exists a polynomial approximation
to sign(c — z) (based on its approximation of the erf function). We use the result of Ref. [11], where such a

polynomial of even parity was considered. This is crucial, as for even polynomials, QSVT maps right (left)
singular vectors to right (left) singular vectors, which enables us to use the polynomial in [414] for singular value
discrimination.

Lemma 3.3.1 (Polynomial approximation to the sign function [64, 68, 44]). For any ¢,A,c € (0,1), there
exists an efficiently computable even polynomial P. a .(z) of degree | = O(x log(1/e)) such that
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1. Vz e[0,1]: |Peac(z) <1

2. Vze[0,1]\ (c—5,c+ 5) 1 |P-aclz) —sign(c—z)| < e

Therefore, given a matrix A with singular values between [0, 1], we can use QSVT to implement P. A .(A4)
which correctly distinguishes between singular values of A whose value is less than ¢c— A /2 and those whose value
is greater than ¢ + A/2. For our purposes, we shall consider that we are given Uy, which is an («, a, ) block-
encoding of a matrix A. Our goal would be to distinguish whether a certain singular value o satisfies 0 < o < ¢
or 2¢p < o < 1. Since U4 (approximately) implements A/, the task can be rephrased as distinguishing whether
a singular value of A/« is in [0, ¢/a] or in [2¢/a, 1]. For this, we develop a robust version of quantum singular
value discrimination (QSV D(#,d)), which indicates the precision e required to commit an error that is at most

J.

Theorem 3.3.2 (Quantum Singular Value Discrimination using QSVT). Suppose A € CN*N s an s-qubit
operator (where N = 2°) with singular value decomposition A = 3. xy 0 |ujXv;| such that all o; lie in the
range [0,1]. Let p € (0,4) and & € (0,1] be some parameters. Suppose that for some a > 2 and ¢ satisfying

e (bg(zfm)

we have access to Uy, an («, a,e)-block-encoding of A implemented in cost Ta. Then there exists a quantum
algorithm QSV D(ip, §) which implements a (1, a+1, §)-block-encoding of some (s+1)-qubit operator D € C2N*2N
satisfying the following constraints for all j € [N]:

° 0; < ¢ = DI0)[v;) =10)]v)

o 0;>2p = DI0)|v;) = |1)|v;)

This algorithm has a cost of

1
0(0‘ log () TA>.
%) )
Proof. We invoke Lemma 3.3.1 with parameters ¢’ := g, c:= ;’—:‘; and A := 5=, to construct an even polynomial
P := P, a . of degree n := (’)(% log(gl,)), which is an ¢’-approximation of f(z) := sign (g—i —x) forz € [0, £]U
[%‘p, 1]. Invoking Theorem 2.5.4 with P and Uga, we get Ug — a (1,a + 1,7)-block-encoding of B := P(A/«),
implemented in cost O(nTy4), where ¢ must satisfy ¢ < a~y/2n.
Now consider the following unitary W that acts on s + a 4+ 2 qubits:

W= SWAPl, . (H® Ii1a41) (C-Up) (H ® Iyyas1)SWAP(, «ya1)

W is the required block-encoding of D, and SWAP[; ) sequentially swaps adjacent qubits with indices in
range [l,7] effectively moving qubit indexed I to the right of qubit r. (where qubits are zero-indexed, with

higher indices for ancillas). Let B be the top-left block of Up (therefore HB - BH < 7). Then we can extract
D, the top-left block of W as follows:
~ 1 1
D= ((01%* @ Lo ) SUART, ooy (HHH @ Lot + [=)—| @ Up) SUAP( sy (10)°°7 @ Lo )
=|+X+H ® I+ |-X—|®B

Let us define index sets L, R C [N] where L := {j € [N] | 0; < ¢} and R := {j € [N] | 0; > 2¢}; and the
corresponding subspace projections Iy, := 3. |vj)v;|, g := ;g [vj)Xvs], and 11, := I, — I, —IIg. Using
these we pick our required operator D as follows:

D=1, +X®llzg+DIII,)

That is, D behaves as expected on the required subspace, and acts identical to D on the remaining space. The
error in the block-encoding can be computed as

HD*DH:HI@HL+X®HR+D(I®HL)*DH
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= 1®HL+X®HR—D(I®(HL+HR))H
— (1®[S_D)(I®HL)+(X®IS—E)(I®HR)H
= (=10 @ - B)) G o) - (1-X-1© (I, + B)) (I®HR)H

= | = By = 1, + Bynig|

(I, = B), = (I, + B)lg + (B — B)(I1;, — g

IN

(1 = P(A/)TTy, = (I + P(A/a))TIg + | B = BT, — Tig]

A

e+

We can choose v = 6/2, therefore

ad dp
< = =
©= in O(log(};)>

In chapter 4, we develop a variable stopping time quantum algorithm for matrix inversion using QSVT. In
order to recast the usual matrix inversion to the VTAA framework, we need to be able to apply this algorithm to
specific ranges of the singular values of the matrix. This is achieved by applying a controlled QSVD algorithm,
to determine whether the input singular vector corresponds to an singular value less than (or greater than)
a certain threshold. Based on the outcome of controlled QSVD, the standard inversion algorithm is applied.
These two steps correspond to sub-algorithms A; of the VTAA framework.

In prior works such as Refs. [45, 46, 35], gapped phase estimation (GPE) was used to implement this. GPE re-
quires an additional register of O(log(x) log(1/d)) qubits to store the estimated phases. For the whole VTAA pro-
cedure, log k such registers are needed. As a result, substituting GPE with QSVD, we save (’)(logz(fi) log(1/4))
qubits.

O

3.4 Negative Powers of Matrices using QSVT

We consider the problem: given an approximate block-encoding of a matrix A, we need to prepare a block-
encoding of A~¢, where ¢ € (0,1). This procedure will be used to develop algorithms for /5-regularized versions
of GLS. We will directly use the results of [12].

Lemma 3.4.1 (Polynomial approximations of negative power functions, [63], Corollary 67). Lete,d € (0, %], c>

0 and let f(z) := %x_c, then there exist even/odd polynomials P, ¢ s, PC’7€75 € R[z] such that ||Pecs — fH[(il] <e,

| Pe.c.s 1] < 1 and ‘Pp’sé — fH[5 | <e ||P.s ‘[ | < 1. Moreover the degree of the polynomials are
; 5Es 1 9€:0 =11

O™ 1o0g (1) ).

Theorem 3.4.2 (Negative fractional powers of a normalized matrix using QSVT). Let ¢ € (0,1) be some
constant and § € (0,1] Let A be a normalized matriz with non-zero singular values in the range [1/k,1]. Let Uy
be a (a,a,¢€)-block-encoding of a matriz A, implemented in time Ty such that o > 2 and

€0<fM;5M>

Then we can construct a (2k°,a + 1,9)-block-encoding of A= at a cost of

o(amog (g) TA).

Proof. From Lemma 3.4.1, using A := ﬁ and an appropriate ¢ € (0, %], we get an even QSP polynomial
P := P, , A which is ¢-close to f(z) := and has degree n such that n = (’)(cm log ( )) Therefore

1 1
2kCacxe? »

1f(A/a) = P(A/a)|| < .
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Using Theorem 2.5.4 we can construct Up, a (1,a + 1,7)-block-encoding of P(A/c), given that ¢ < .
Then from triangle inequality it follows that it is a (1,a + 1, ¢ + «)-block-encoding of f(A/a). And because
f(A/a) = A2 Up can be re-interpreted as a (2k°,a + 1, 2x(p + 7))-block-encoding of A=¢. We therefore

2K¢ )
choose p =~ = &, and choose € as

€_O<a451<JCOU€10§;(14HC/5)> _0</<Jc+ll(fg(f€/5)>
O

Having discussed the necessary algorithmic primitives, we are now in a position to design quantum algorithms
for linear regression with general f5-regularization. We will first deal with ordinary least squares in chapter 4,
followed by weighted and generalized least squares with regularization in chapter 5.
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Chapter 4

Quantum Linear Systems Algorithms

Quantum linear systems (QLS) are perhaps one of the most explored topics in quantum algorithms literature.
This began with the HHL algorithm (named so after the authors’ initials), and has seen significant interest ever
since. The vanilla problem inputs a quantum encoding of a matrix A € R™*™ and a quantum state proportional
to a vector b € R™ and requires that we output a quantum state proportional to the solution x of the equation
Ax = b. This can be further generalized, and regularized. These problems have been explored in various
quantum input models, and under various constraints.

To put things in perspective, we begin this chapter by introducing the HHL algorithm, followed by an
adiabatic quantum algorithm for solving QLS by Lin and Tong [69]. Then we develop a variable-time quantum
linear systems algorithm (QLSA) using the improved VTAA technique and QSVT. Our algorithm gives a linear
dependence in the condition number, and unlike the previous work by Chakraborty et al. [35], uses QSVT
instead of Hamiltonian simulation, and requires fewer ancillary qubits. We will then use this algorithm we
develop in the next chapter to develop an algorithms for the regularized ordinary, weighted and generalized
least squares problems.

4.1 Harrow-Hassidim-Lloyd (HHL) Algorithm

This algorithm deals with the quantum version of the following problem. Given a Hermitian n X n matrix A
and a unit vector b, find the vector = satisfying Az = b. The algorithm assumes access to b as a quantum
state |b) = >_, b; [7), which can be prepared by some controlled rotations. Suppose A = A; [v;) (v;|; Vi, A; €
-1, é} U [%, 1], where « is the condition number of A. The quantum version of the problem requires us to
prepare a state |Z) such that

13 — |} <.
Here
AL
)= —
) = AT

is the true solution to the linear system. The HHL algorithm uses phase estimation and controlled rotations
for the task. First we apply phase estimation on A along with |b) using controlled Hamiltonian simulation to
get

D> s 1u3) by, 0}

where {XJ} are the approximate eigenvalues of A. Next we want to transfer the contents of the register w to
the phase of register a. This can be easily done by applying the arcsin function to the contents of the register
and then using Theorem A.1.1. The transformation looks like

ch lvj) |Xj> |0) — ch lvj) \% arcsin (;)) |0) (4.1.1)

J
— E c-|v->|larcsin - ) i\O)—&— 1—5—2|1> (4.1.2)
Theorem A.1.1 4= 71 e A A )\2
J
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Uncomputing gives us the desired state

e 3255 1o 0)10) +11),

J

where | L) has no component over Z ® |0) (0]. Therefore, post-selecting on |0) in the last register leaves |Z)
in the first register.

4.2 Adiabatic Quantum Algorithm for Solving Linear Systems

Lin and Tong [69] gave an adiabatic quantum algorithm to solve linear systems. It allows us to prepare a target
eigenstate of a given Hamiltonian if we have an initial state with a non-trivial overlap with the target eigenstate
and there is a reasonable lower bound known on the spectral gap. They also discretise the algorithm for d-sparse
matrices using a Hamiltonian simulation subroutine.

Assume access to a d-sparse matrix A € CV*¥ via oracles 041,042 as

Oanli) ) =13) lv(G: D), (4.2.1)
Oaz2li) k) 12) = 13) |k) [Ajk @ 2) , (4.2.2)

where j, k,1, z € [N] and v(j,1) is the row index of the I-th non-zero element in the j-th column. Also assume
access to an oracle Og such that

Op |0) =b), (4.2.3)

where |b) € CV. This allows us to prepare a (d,n + 2,0)-block-encoding of A. The task is to prepare the
quantum state
A7 |b)
= ATy
1A= [b) ]
where |z) is the quantum state proportional to the solution of the linear system Az = b.

They assume that the singular values of A are contained in [%, 1}, where k is the condition number of A.
The algorithm goes as follows.

Define
Qv =T [b) (] (4.2.4)
The initial Hamiltonian is
— (0 @) _
Hy = <Qb 0 ) =0, ® Qp. (4.2.5)
The final Hamiltonian is
. 0 AQp\
Hy = <QbA 0 ) =10) (1] ® AQp + |1) (0] ® QpA. (4.2.6)

Note that the null space of Hy is spanned by |0) |x) and |1) [b). The rest of the spectrum is separated from
0 by a gap of % Then the adiabatic evolution is given by

H(f)=(1—f)Ho+ fHi. (4.2.7)

Using the vanilla (linear) schedule f(s) = s gives a time complexity of O(k?/e¢). Using the AQC(p) schedule
(for p € (1,2)), given by

R

f(s) = (1 — (14 (Pt - 1))ﬁ) , (4.2.8)

kr—1

the time complexity can be reduced to O(x/e€), which is optimal in x but not in e. Using the AQC(exp)

log K
€

schedule, the time complexity can be further reduced to O (Fc logz(m) log? )) , which is near-optimal in both

k and e, although with a high constant overhead (numerically shown in their paper.) To overcome this they
developed quantum eigenstate filtering, which they use to accelerate AQC(p) and reduce the query complexity
in precision to log (é)
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4.3 Variable Time Quantum Linear Systems Algorithm using QSVT

Matrix inversion by QSVT applies a polynomial approximation of f(z) = 1/z, satisfying the constraints laid
out in Theorem 2.5.1. Here, we make use of the result of [44] to implement A*. We adapt their result to the
scenario where we have an approximate block-encoding of A as input. Finally, we convert this to a variable

stopping time quantum algorithm and apply VTAA to obtain a linear dependence on the condition number of
A.

Lemma 4.3.1 (Matrix Inversion polynomial (Appendix C of [11])). Given k > 1,e € R*, there exists an odd
QSP polynomial PM! of degree O(rlog(r/e)), which is an = approzimation of the function f(x) = 5— in the

range D := [—1,—1] U [L,1]. Also in this range PMI is bounded from above by 1, i.e. Vo € D : |PMI )’ <1.

Theorem 4.3.2 (Inverting Normalized Matrices using QSVT). Let A be a normalized matriz with non-zero

singular values in the range [1/ka, 1] for some k4 > 1. Let § € (0,1]. For some e = o (m) and o > 2,
A

let Ug be an («,a,e)-block-encoding of A, implemented in time T4. Then we can implement a (2k4,a + 1,6)-

block-encoding of At at a cost of
K
O(HAa log (%) TA).

Proof. We use the matrix inversion polynomial defined in Lemma 4.3.1, P := Péwl for this task, with K = ka4«
and an appropriate ¢. This has a degree of n := O(kaalog (kaa/)). We invoke Theorem 2.5.4 to apply QSVT
using the polynomial P above, block-encoding Uy, and an appropriate error parameter « such that ¢ < ay/2n,
to get the unitary U, a (1, a+1,v)-block-encoding of P(A/a). As P is a (¢/2k)-approximation of f(z) := 1/2kz,
we have

I£(4/a) - P(4/a)] < o

which implies U is a (1,a + 1,7 + ¢/2k)-block-encoding of f(A/a). And because f(A/a) = % = AT /2K 4,
we can re-interpret U as a (2k4,a + 1,2k47 + ¢/a)-block-encoding of A*. Choosing 2k4v = ¢/a = §/2, the
final block-encoding has an error of 4. This gives us ¢ = ad/2 and v = /4K, and
ay ad 6
1> < — = — = —_—_
~ 2n  8kan k% log(ka/d)
O

Next, we design a map W (~,d) that uses QSVT to invert the singular values of a matrix if they belong
to a particular domain. This helps us recast the usual matrix inversion algorithm as a variable-stopping-time
algorithm and will be a key subroutine for boosting the success probability of this algorithm using VTAA. This
procedure was also used in Refs. [16, 35] for the quantum linear systems algorithms.

Theorem 4.3.3 (Efficient inversion of block-encoded matrix). Let A be a normalized matriz with non-zero
singular values in the range [1/k,1], for some k > 1. Let § € (0,1]; 0 < < 1. Let Us be an (a,a,c)-block-

encoding of A implemented in time Ta, such that « > 2 and € = o log‘sgi y) Then for any quantum state
ﬂ

|b) that is spanned by the left singular vectors of A corresponding to the singular values in the range [, 1], there

exists a unitary W(v,0) that implements

W(7,8) : 10 [0), [b), — mi 1) 100 £(A) B); + 0} 1| Lo (43.1)

where amax = O(ka) is a constant independent of 7y, | L)q; is an unnormalized quantum state orthogonal to
0)g and [|f(A)|b) — AT [b)|| < 6. Here F is a 1-qubit flag register, Q is an a-qubit ancilla register, and I is
the log N -qubit input register. This unitary has a cost

O(‘;‘ log (%) TA> (4.3.2)

Proof. Since we only need to invert the singular values in a particular range, we can use the procedure in
Theorem 4.3.2 with x4 modified to the restricted range. That gives us the description of a quantum circuit
W (~,0) that can implement the following map

W (7,6) : b}, [0} f(A)\bh 0} + g
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where | L) is an unnomalized state with no component along |0),. This has the same cost as Equation 4.3.2.
Here || f(A) |1) — AT |4)|| < 6 whenever [t) is a unit vector in the span of the singular vectors of A corresponding
to the singular values in [y, 1]. This follows from the sub-multiplicativity property of the matrix-vector product.

Next, we must transform the amplitude of the good part of the state to ©(k), independent of . To achieve
this, we will have to flag it with an ancillary qubit to use a controlled rotation to modify the amplitude. Thus
we add a single qubit |0) .. register and flip this register controlled on register @ being in the state |0) (the good
part). This gives us the transformation

W/(3,8) 5 10) 2 b1 10) = 3 1) F(A) B} 00y +10) | L)

—1
max

Then we use a controlled rotation to replace the amplitude /2 with some constant a
of «, which is achieved by introducing the relevant phase to the flag space

which is independent

2 4
|1>F'_> va |1>F+ 1_,}/2@2 |O>F

max max

This gives us the desired W (v, d) as in Equation 4.3.1. O

Given such a unitary W (v, d), Ref. [35] laid out a procedure for a variable time quantum algorithm A that
takes as input the block encoding of an N x d matrix A, and a state preparation procedure U, : |O>®n — |b),
and outputs a quantum state that is a bounded distance away from A% |b) /|| AT |b}||. In order to determine the
branches of the algorithm on which to apply VTAA at a particular iteration, [16, 35, 45] use the technique of
gapped phase estimation, which given a unitary U, a threshold ¢ and one of its eigenstate |\), decides if the
corresponding eigenvalue is a bounded distance below the threshold, or a bounded distance above it. In this
work, we replace gapped phase estimation with the QSVD algorithm (Theorem 3.3.2) which can be applied di-
rectly to any block-encoded (not necessarily Hermitian) matrix A, and allows for saving on O(logQ(ﬁ; / 5)) qubits.

The Variable time Algorithm: This algorithm will be a sequence of m sub-algorithms A = A,,-A,,_1-... A1,
where m = [log k] + 1. The overall algorithm acts on the following registers:

e m single qubit clock registers C; : i € [m].
e An input register I, initialized to [0)**.

Ancillary register space Q for the block encoding of A, initialized to [0)®*.

e A single qubit flag register |0) . used to flag success of the algorithm.

Once we have prepared the above state space, we use the state preparation procedure to prepare the state
|b). Now we can define how each A; acts on the state space. Let &’ = —>—. The action of A; can be broken
down into two parts:

1. If Cj_y...Cy is in state \0)®(j71), apply QSVD(277,¢’), (Theorem 3.3.2) to the state |b). The output is
to be written to the clock register C.

2. If the state of C; is now |1), apply W(277,&') to I ® F @ Q.

Additionally, we would need algorithms A’ = A/ --- A} which are similar to A, except that in Step 2, it
implements W’ which sets the flag register to 1. That is,

w’ |b>1 |O>F |O>Q = |b>1 ‘1>F ‘0>Q :
Now we are in a position to define the variable time quantum linear systems algorithm using QSVT.

Theorem 4.3.4 (Variable Time Quantum Linear Systems Algorithm Using QSVT). Let €,d > 0. Let A is a
normalized N x d matriz such that its non-zero singular values lie in [1/k,1]. Suppose that for

we have access to Uy which is an («, a,€)-block-encoding of A, implemented with cost T4. Let |b) be a state
vector which is spanned by the left singular vectors of A. Suppose there exists a procedure to prepare the state
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+
|b) in cost Ty. Then there exists a variable time quantum algorithm that outputs a state that is §-close %

at a cost of

O(nlog K (aTA log (g) + Tb>) (4.3.3)
using O(log (k) additional qubits.
Proof. The correctness of the algorithm is similar to that of Refs. [46, 35], except here, we use QSVD instead

of gapped phase estimation. According to Lemma 2.6.2, we need Tyax (the maximum time any of the sub-
algorithms A; take), ||T||§ (the f5-averaged stopping time of the sub-algorithms), and /psuce (the square root
of the success probability.) Now each sub-algorithm consists of two steps, implementing QEVD with precision
277 and error €', followed by W (277, ¢’). From Theorem 3.3.2, the first step costs

. 1
@ (aTA2J log <€/> ) ,

and the cost of implementing W (277,¢’) is as described in Equation 4.3.2. Thus the overall cost of A;,
which is the sum of these two costs, turns out to be

(’)(aTAQj log (?)) (4.3.4)

Note that the time t; required to implement A; ... A; is also the same as Equation 4.3.4. Also,

Trax = mjax t;

m]ax (’)(aTAZj log (zj))
= (’)(aTAnlog (g))

- 0fatyetos (52

The ||T||§ is dependent on the probability that A stops at the j*" step. This is given by

P = [T, Ay - AL [9)110) g
can be calculated as

2
, where Il¢; is the projector on |1>Cj, the ;' clock register. From this, ||T||§

2
ITl5 = pit;
j

2
= > ||Fes s A1) 10 || 2
J
2
= Z ‘Ck‘z Z (HHCjAj .. ../41 |Uk>1 |O>CFPQH t?)
k J
=0 ozszgzlog2 1 |Ck|2
A - oxe' ) o

Therefore

(4.3.5)

klog Kk
|T|, = O aTalog ( g )

Next we calculate the success probability.

AL
Vimee = [T 2 0 6} + Ome)
_ 1 o5 ” 8
© Qumax zj: o3 L
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Given these, we can use Lemma 2.6.2 to write the final complexity of matrix inversion with VTAA:

Tmax + Ty + U7l +\Z;%g (Tinax) = O(H log <aTA log (g) + Tb)>

The upper bound on the precision required for the input block-encoding, €, can be calculated from the bounds
on the precisions for W (k,e’) (Theorem 4.3.3) and QSVD(x,e’) (Theorem 3.3.2) as follows:

F=o (min ( =) nlo§I<;>>> - <1g<>> h <“§<>>

The overall complexity is better by a log factor and requires C’)(logQ(,%/ 6)) fewer additional qubits as com-
pared to the variable time algorithms in Refs. [46, 35].

O
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Chapter 5

Regularized Quantum Regression

5.1 Quantum Ordinary Least Squares with General Tikhonov Regu-
larization

In this section, we derive the main results of our paper, namely quantum algorithms for quantum ordinary
least squares (OLS), quantum weighted least squares (WLS) and quantum generalized least squares (GLS) with
{y-regularization.

5.1.1 Quantum Ordinary Least Squares

Given N data points {a;, bi}f\;1 such that a; € R* and b; € R, the objective of linear regression is to find = € R

that minimizes the loss function
N

Lo =) (¢"a;—b)> (5.1.1)
j=1
Consider the N xd matrix A (known as the data matrix) such that the i*" row of A is the vector a; transposed and
the column vector b = (b - --by)T. Then, the solution to the OLS problem is given by z = (AT A)~1ATb = A+,
For the /5-regularized version of the OLS problem, a penalty term is added to its objective function. This
has the effect of shrinking the singular values of A which helps overcome problems such as rank deficiency and
overfitting for the OLS problem. The loss function to be minimized is of the form

|4z — b5 + ||Le]|5, (5.1.2)

where L is the N x d penalty matrix and A > 0 is the optimal regularizing parameter. The solution z € R?
satisfies
x=(ATA+ALTL) T ATD. (5.1.3)

Therefore, for quantum ordinary least squares with general /s-regularization, we assume that we have access
to approximate block-encodings of the data matrix A, L and a procedure to prepare the quantum state |b) =
Z;.Vzl b; 7) /1|b]|. Our algorithm outputs a quantum state that is close to

(ATA+ ALTL)"AT |b)
[(ATA+ ALTL) " TAT b’

|z) = (5.1.4)

In order to implement a quantum algorithm that implements this, a straightforward approach would be the
following: We first construct block-encodings of AT A and LT L, given block encodings of A and L, respectively
(Using Lemma 3.2.4). We could then implement a block-encoding of AT A + ALT L using these block encodings
(By Lemma 3.2.2). On the other hand, we could also prepare a quantum state proportional to AT |b) by using
the block-encoding for A and the unitary preparing |b). Finally, using the block encoding of AT A + ALT L, we
could implement a block-encoding of (AT A+ ALTL)~! (using Theorem 4.3.2) and apply it to the state A7 |b).
Although this procedure would output a quantum state close to |x), it is not efficient. It is easy to see that
the inverse of AT A + ALT L, would be implemented with a complexity that has a quadratic dependence on the
condition numbers of A and L. This would be undesirable as it would perform worse than the unregularized
quantum least squares algorithm, where one is able to implement AT directly. However, it is possible to design
a quantum algorithm that performs significantly better than this.
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The first observation is that it is possible to recast this problem as finding the pseudoinverse of some
augmented matrix. Given the data matrix A € RV*?, the regularizing matrix L € RV*?, let us define the
following augmented matrix

Ap = <\/§1L 0). (5.1.5)

It is easy to see that the top left block of AT = (AT A+ ALT L)~ AT which is the required linear transfor-
mation to be applied to b. Consequently, our strategy would be to implement a block-encoding of Ay, given
block-encodings of A and L. Following this, we use matrix inversion by QSVT to implement A} |b)[0). The
first register is left in the quantum state given in Equation 5.1.4.

From this, it is clear that the complexity of our quantum algorithm would depend on the effective condition
number of the augmented matrix Ay. In this regard, we shall assume that the penalty matrix L is a good
reqularizer. That is, L is chosen such that it does not have zero singular values (positive definite). This is a
fair assumption as if L has only non-zero singular values, the minimum singular value of Ay is guaranteed to
be lower bounded by the minimum singular value of L. This ensures that the effective condition number of Ay,
depends on k1, even when the data matrix A has zero singular values and AT A4 is not invertible. Consequently,
this also guarantees that regularized least squares provide an advantage over their unregularized counterparts.

Next, we obtain bounds on the effective condition number of the augmented matrix Ay, for a good regularizer
L via the following lemma:

Lemma 5.1.1 (Condition number and Spectral Norm of Ay ). Let the data matriz A and the positive definite
penalty matriz L have spectral norms || A|| and || L||, respectively. Furthermore, suppose their effective condition
numbers be upper bounded by ka and kr. Then the ratio between the mazimum and minimum (non-zero)
singular value of Ay, is upper bounded by

e (” \%ﬂn)

We can also bound the spectral norm as
lAcl = e (4] + VXIZ])

Proof. To bound the spectral norm and condition number of Ay, consider the eigenvalues of the following
matrix:

ATA+MLTL 0
A{AL:( j; 0)

This implies that the non-zero eigenvalues of AL A, are the same as those of AT A+ ALT L. Therefore, using
triangle inequality, the spectral norm of A; can be upper-bounded as follows:

lALll = /A7 AL| = \/IATA + ALTL] < (/)| AT A+ ILTL] =/ AIP + AL < Al + VAL

Similarly || Az > ||A|| and ||Az|| > VA||L||, which effectively gives the tight bound for ||Af].

As LTL is positive definite, we have that its minimum singular value is oyin(z) = [|[L||/kr. And we also
know that AT A is positive semidefinite, so by Weyl’s inequality, the minimum singular value of A is lower
bounded by

2 2 IZI* AL
Omin (AL) 2 \/Omin (A) + )\Umin (L) Z )\? B \/XE

Thus,
Omax (AL )

IA] )
eV <=k (14
Tmin (AL) r ( VAL

O

In the theorems and lemmas for regularized quantum linear regression and its variants that we develop in
this section, we consider that L is a good regularizer in order to provide a simple expression for k. However, this
is without loss of generality. When L is not a good regularizer, the expressions for the respective complexities
will remain unaltered, except that x would now correspond to the condition number of the augmented matrix.

37



CHAPTER 5. REGULARIZED QUANTUM REGRESSION

Now it might be possible that |b) does not belong to the row space of (AT A+ LT L)~ AT which is equivalent
to saying |b) [0) may not lie in row(A}). However, it is reasonable to expect that the initial hypothesis of
the underlying model being close to linear is correct. That is, we expect |b) to have a good overlap with
row (AZ) = col (Ar). The quantity that quantifies how far the model is from being linear is the so called
normalized residual sum of squares. For fo-regularized ordinary least squares, this is given by

I—Tl,, b) 0]
0= M= Teotan) DO _y iy iy o (5.16)

116}

If the underlying data can indeed be fit by a linear function, Sp will be low. Subsequently, we assume that
So =1— ||Meoiay) [b) |O)H2 <y < 1/2. This in turn implies that ||[TIcic4,) |b) |0>||2 = (1), implying that the
data can be reasonably fit by a linear model.'

Now we are in a position to present our quantum algorithm for the quantum least squares problem with
general /5-regularization. We also present an improved quantum algorithm for the closely related quantum ridge
regression, which is a special case of the former.

Theorem 5.1.2 (Quantum Ordinary Least Squares with General /-Regularization). Let A, L € RVN*? be the
data and penalty matrices with effective condition numbers k4 and k1, respectively, and A € R* be the regression
parameter. Let Uy be a (a,aa,ea)-block-encoding of A implemented in time Ta and Up be a (ar,ar,er)-
block-encoding of L implemented in time Ty,. Furthermore, suppose Uy be a unitary that prepares |b) in time Ty,

and define
e (1 ALY
VAL

€A, \/XEL =0 <6> (5.1.7)

Then for any § € (0,1) such that

k*log” (5)

we can prepare a state that is d-close to
(ATA+ALTL) ™" AT |b)
H(ATA S ALTL) VAT |b) H

with probability ©(1), at a cost of

o+ Vo K
@ (Hlogm ((HAH-F\M) log (g> (Ta+Tp)+ Tb>> (5.1.8)

using only O(log k) additional qubits.

Proof. We invoke Lemma 3.2.7, to obtain a unitary U, which is a (a4 + Var, max(aa,ar) + 2,64 + Ver)-
block-encoding of the matrix Ay, implemented at a cost of O(T4 + T1). Note that in Lemma 3.2.7, A and L
are considered to be s-qubit operators. For NV x d matrices, such that NV,d < 2°, we can pad them with zero
entries. Padding A and L with zeros may result in the augmented matrix A; having some zero rows between
A and L. However, this is also not an issue as we are only interested in the top left block of AI which remains

unaffected.
Note that U can be reinterpreted as a (%, max(aa,ar) + 2, %)-block—encoding of the nor-

malized matrix Ap/||Ar|. Furthermore, we can prepare the quantum state |b) |0) in time T,. Now by using
Theorem 4.3.4 with U and an appropriately chosen ¢ specified above, we obtain a quantum state that is J-close
to
(ATA+ ALTL)=TAT |b)
[(AT A+ ALTL) AT |b)]

in the first register. O

In the above complexity, when L is a good regularizer, x is independent of k4. k can be made arbitrarily
smaller than k4 by an appropriate choice of L. Thus the regularized version has significantly better time
complexity than the unregularized case. One such example of a good regularizer is in case of Quantum Ridge
Regression, where we use the identity matrix to regularize. The corollary below elucidates this.

10ur results also hold if we assume that Sp < « for some v € (0,1). That is, ||Hcol(AL)H > 1 — . In such a scenario our
complexity to prepare AT |b,0) /|| AT |b,0)|| is re-scaled by 1//T— 7.
p y prep L 19 L9 y Y
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Corollary 5.1.3 (Quantum Ridge Regression). Let A be a matriz of dimension N x d with effective condition
number k4 and X € RT be the regression parameter. Let Ua be a (a, a,€)-block-encoding of A implemented in
time Tp. Let Uy be a unitary that prepares |b) in time Ty. If K = 14 ||A||/vV/X then for any & such that

o (5 )
- \KPlog’ (5)

(ATA+ A1) AT |b)
H(ATAHI)*AT |b>H

we can prepare a state d-close to

at a cost of

O(logm (f/% log (g) T+ nTb)> (5.1.9)

with probability ©(1) using only O(log k) additional qubits.

Proof. The identity matrix I is a trivial (1,0, 0)-block-encoding of itself, and k; = 1. We invoke Theorem 5.1.2
with L = I to obtain the solution. O

Being in the block-encoding framework allows us to express the complexity of our quantum algorithm in
specific input models such as the quantum data structure input model and the sparse access model. We express
these complexities via the following corollaries.

Corollary 5.1.4 (Quantum Ordinary Least Squares with ¢>-Regularization in the Quantum Data Structure
Input Model). Let A, L € RNX4 with effective condition numbers k4, Ky, respectively. Let A € Rt and b € RY.
Let k be the effective condition number of the augmented matrix Ar. Suppose that A, L and b are stored in a
quantum accessible data structure. Then for any 6 > 0 there exists a quantum algorithm to prepare a quantum

state d-close to )
(ATA + ALTL)7 AT |b)

H(ATAHLTL)*AT |b>H

with probability ©(1), at a cost of

pa + VAL ) < 1 ))
O k| ————— | polylog | Nd,k, =, A ] |. (5.1.10)
( <||A||+ﬁ||L|| Y

Proof. Since b is stored in the data structure, for some &, > 0, we can prepare the state |o’) that is e,-close
to [b) = >, bi i) /||b]| using Ty, = O(polylog(N/ey)) queries to the data structure (see chapter 2.) Similarly,
for some parameters €4,e;, > 0, we can construct a (ua, [log(d 4+ N)],e4)-block-encoding of A using Ty =
O(polylog(Nd/e4)) queries to the data structure and a (ur, [log(d + N)],eg)-block-encoding of L using Ty, =
O(polylog(Nd/ep)) queries.

We invoke Theorem 5.1.2 with a precision §/2 by choosing 4 and e, such that equation Equation 5.1.7 is
satisfied. This gives us a state that is §/2-close to

(ATA+ALTL) ™" AT |v)
H(ATA FALTL) VAT |y

To compute the final precision as d, we use Lemma 3.1.5 by choosing ¢, = %. The complexity can be
calculated by plugging in the relevant values in Equation 5.1.8 O
In the previous corollary pa = ||A||r and pr = ||L||p when the matrix A and L are stored in the data

structure. Similarly, pa = p,(A) and pr, = p,(L) when the matrices A®), AG=P) and L®) L,(=P) are stored in
the data structure.

Now we discuss the complexity of quantum ordinary least squares with /5-regularization in the sparse access
input model. We call a matrix M as (s, s.) row-column sparse if it has a row sparsity s, and column sparsity
Se-
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Corollary 5.1.5 (Quantum Ordinary least squares with fs-regularization in the sparse access model). Let

A € RN*? pe (52 s2) row-column sparse, and similarly, let L € RN*4 be (sk,sL) row-column sparse, with

T C

effective condition numbers k4 and ry, Tespectively. Let X € RT and § > 0. Suppose there exists a unitary that
prepares |b) at a cost, T,. Then there is a quantum algorithm to prepare a quantum state that is 6-close to

(ATA+ALTL)~1AT |b)
[(ATA + \LTL) AT [b)]]

with probability ©(1), at a cost of

sAsd 4 \/Asksk 1
ol s 7S¢ r2¢ | polylog (Nd,/-@, ,)\) + klog KTb>. (5.1.11)
( < 1A+ VAILL] ) 0
Proof. The proof is similar to Corollary 5.1.4 but with ay = 1/s2s4 and ay = \/sksk. O

5.2 Regularized Quantum Weighted And Generalized Least Squares

This technique of working with a augmented matrix will also hold for the other variants of ordinary least squares.
In this section, we begin by briefly describing these variants before moving on to designing quantum algorithms
for the corresponding problems.

Weighted Least Squares: For the WLS problem, each observation {a;,b;} is assigned some weight
w; € RT and the objective function to be minimized is of the form

ﬁW = ij(xTaj — bj)2. (5.2.1)
J

If W € RVXN is the diagonal matrix with w; being the i*" diagonal entry, then the optimal z satisfies
= (ATWA)"TATW. (5.2.2)
The ¢5-regularized version of WLS satisfies
x=(ATWA+NLTL)"ATWD (5.2.3)
Our quantum algorithm outputs a state that is close to

o) = (ATW A + ALTL) " ATW |b) 5.24)
T (ATW A+ ALTL) T ATW [)]] -

given approximate block-encodings of A, W and L.
Much like Equation 5.1.5, finding the optimal solution reduces to finding the pseudo inverse of an augmented

matrix Ay, given by
VWA 0
< VAL 0)°

The top left block of Af = (ATWA + ALTL)™'*ATV/W, which is the required linear transformation to be
applied to the vector y = v/Wb. The ratio between the minimum and maximum singular values of Ay, &, can
be obtained analogously to Lemma 5.1.1.

For the ¢s-regularized WLS problem, normalized residual sum of squares is given by

AL =

(I = Tearay)) 9} 0)]
1ly) 2

Subsequently, we assume that Sy = I—HHCOl(AL) ly) 0) H2 <« < 1/2. This in turn implies that HHCOl(AL) ly) |O>H
Q(1), implying that the data can be reasonably fit by a linear model.

Sw =

2
=1~ [ Heorca,) ) [0}]]"- (5.2.5)
2 _
Generalized Least Squares. Similarly, we can extend this to GLS problem, where there the input data

may be correlated. These correlations are given by the non-singular covariance matrix Q € RV*Y. The WLS
problem is a special case of the GLS problem, corresponding to when § is a diagonal matrix.
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The objective function to be minimized is

[.:Q = Z(Q_l)ij (mTai — bi)(a:Taj — b]) (526)
2%
The optimal = € R? satisfies
r=(ATQ1A)ATQ (5.2.7)

Similarly, the ¢s-regularized GLS solver outputs x such that
x=(ATQ A+ ALTL)ATQ . (5.2.8)
So, given approximate block-encodings of A, Q2 and L a quantum GLS solver outputs a quantum state close to

 (ATQTA 4 ALTL)ATQ ! |b)
1) = AT A+ ALTL) AT T b)) (5:2.9)

4 Q7124 0

b ( VAL 0) '

Then top left block of Az to the vector y = Q~1/2p yields the optimal z. Thus the quantum GLS problem
with fo-regularization first prepares Q~1/2|b)|0) and then uses the matrix inversion algorithm by QSVT to

implement AFQ~1/2b)|0). Analogous to OLS and WLS, we assume that the normalized residual sum of
squares So <y < 1/2.

The augmented matrix Ay, is defined as

5.2.1 Regularized Quantum Weighted Least Squares

In this section, we derive the complexity of the ¢5-regularized WLS problem. We assume that we have a diagonal
weight matrix W € RN XN guch that its smallest and largest diagonal entries are wyi, and wpyax, respectively.
This implies that |[W]| = Wmax and kKW = Wmax/Wmin. We take advantage of the fact that the matrix W is
diagonal and then apply controlled rotations to directly implement a block encoding of VW A. Additionally,
given a state preparation procedure for |b), we can easily prepare a state proportional to VW |b). We then use
Theorem 5.1.2 to solve QWLS.

We first formalize this idea in Theorem 5.2.1, assuming direct access to (i) a block encoding of B = VWA,

and (ii) a procedure for preparing the state |b,) = ”%}Z;” Subsequently, for the specific input models, we

show that we can indeed efficiently obtain a block-encoding of B and prepare the state |b,).

Theorem 5.2.1 (Quantum Weighted Least Squares with General /y-Regularization). Let A, L € RN*4  pe
the data and penalty matriz, with effective condition numbers ks and kg, respectively. Let A € RT be the
reqularizing parameter. Let W € RN*N be a diagonal weight matriz with the largest and smallest diagonal
entries being Woaz, Wain, respectively. Let Ug be a (ap,ap,ep) block encoding of B := VWA implemented in

time T and let Uy, be a (ar,ar,er) block encoding of L implemented in time Ty, such thatep = o <31022(ﬁ))
K s

and e, = o0 (\M)m). Let Uy, be a unitary that prepares H\/@ilzin in time Ty, . Define
5
A
sim v (1 /)
VL]
Then for any § > 0 we can prepare a quantum state that is §-close to

(ATWA + ALTL)"LATW |b)
[(ATWA + A\LTL) *ATW [b)]|

with probability ©(1), at a cost of

ap + ﬁo@ K
Ol klogk log (<) (T +TL)+ wa> > , (5.2.10)
( (mmw TR C)

using only O(log k) additional qubits.
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Proof. We then invoke Theorem 5.1.2 with B and L as the data and regularization matrices, respectively. This

requires that g, ey, such that
)
es+Ver =0 ——— .
B v (/ﬁ3 log® (%) )

Thus, we get the upper bounds on the precision €g, £, required. This gives us a quantum state J-close to

(ATWA + ALTL)"*ATW |b)
[(ATWA + \LTL)LATW |b)]"

O

Next, we construct the block encodings for VWA and the state H%}Z;” efficiently in the quantum data

structure input model. This construction would also apply to the sparse access input model with slight modifi-
cations.

Lemma 5.2.2 (Efficiently preparing /W A in the Quantum Data Structure Model). Let W € RVN*N such that
W = diag(wy, wy ... wy) and Wyax := max; w;, and A € RN*4 pe stored in a quantum-accessible data structure.
Then for any § > 0 there exists a

(VWmax|| Al , [log (N + d)], 0)
block-encoding of VW A that can be implemented at the cost O(polylog(Nd/é)).

Proof. ¥j € [N], define

wj . 1
Vi S —— ST A k).
930 \ e 0 AT 2 A B
>V keld]
Similarly, Vk € [d], define
1 .
) = AT~ D A1) | 1k
Fo\jelv]
Observe that Vj € [N], k € [d],
<w‘¢k> _ W Aj,k o <j| Vv WA|k>
; =

Wmax ”AHF B \/wmaX”A”F.

Given quantum data structure accesses to W and A, once can construct quantum circuits Wx and Wy, similar
to Uy, and Ug from Lemma 2.4.4 that prepare |¢r) and |¢);) above. |¢x) can be prepared just as in Lemma 2.4.4,
while [1;) can be prepared using controlled rotations on the state |—=—) (which can be constructed from the
QRAM access to W) after adding an ancilla qubit and the QRAM access to A. Thus, W};WL is the required
block encoding, which according to Theorem 2.4.3 can be implemented using polylog(Nd/d) queries. O

Lemma 5.2.3 (Efficiently preparing /W |b) in the Quantum Data Structure Model). Let b € RN and W €
RNXN - Suppose that b and W are stored in a quantum-accessible data structure such that we have a state
preparation procedure that acts as

Uw = [3)10) = |5) |w;),
Ub:|0>~>Z|bg”|j>-

Then for any § > 0 we can prepare the quantum state that is §-close to H\/\/gi}:iﬂ with constant success probability

and at a cost of(’)( amaxpolylog (%))
Proof. Use U, to prepare the state
1 .
|b) = Tl Z bj 17)
ol 2
in time polylog(N). Then, apply the following transformation

19) 10} 10) = [5) [w;) |0)
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= 1) [wy) ( ~10) + \/7X|1>>
> 13)10) <\/; 0+ 1 )

which can again be applied using some controlled rotations, a square root circuit and Uyy. This gives us the
state (ignoring some blank registers)

S (o 0+ 1 ) e b (5.2.11)

X Wmax ma.
J

The probability for the ancilla to be in |0) state is

Q (wmin > )
wmax
Thus performing (9(1 /%) rounds of amplitude amplification on |0) gives us a constant probability of ob-

VWb O

serving |0), and therefore obtaining the desired state VWi

Using the above two theorems, and the quantum OLS solver (Theorem 5.1.2), we can construct an algorithm
for regularized quantum WLS.

Theorem 5.2.4 (Quantum Weighted Least Squares with General ¢s-Regularization in the Quantum Data
Structure Model). Let A, L € RVN*? with effective condition numbers k a, k1, respectively be stored in an efficient
quantum accessible data structure. Let W € RN*N be o diagonal matriz with largest and smallest singular values
Winazs Wmin TeSpectively, which is also stored in an efficient quantum accessible data structure. Furthermore,
suppose the entries of the vector b € R are also stored in a quantum-accessible data structure and define,

L ( LV wmaz”A”)
KR = KJ,
VL]
Then for any § > 0 we can prepare a quantum state that is §-close to
(ATW A+ ALTL)"LATW |b)
I(ATWA + ALTL)-TATW |b)|]

with probability ©(1), at a cost of

vV Wmaz A L mazx 1
o Darl Al + VALl \/T polylog <Nd7fi, ) (5.2.12)
VWmasll Al + VAL Winin 5

Proof. Choose some precision parameter € > 0 for accessing the data structure. Given accesses to W and A,
we can use Lemma 5.2.2 for some € > 0 to prepare a (y/Wmax|| Al -, [log (N + d)], £)-block-encoding of VW A,
using T4 := O(polylog (Nd/¢)) queries to the data structure.

Similarly, Lemma 2.4.4 allows us to build a (||L|| g, [log (N + d)],e)-block-encoding of L using T :=
O(polylog(Nd/e)) queries to the data structure.

Next, using Lemma 5.2.3, for any &, > 0, we can prepare a state g,-close to |b') := ”\\;}Z 1iE This procedure

requires Ty := (’)( %polylog (N, /eb)) queries to the data structure. Now we can invoke the OLS solver in

Theorem 5.1.2 with a precision of §;, by considering vW A as the data matrix and as the input state.

VW |b)
[vwie ||
In order for the input block-encoding precision to satisfy the bound in Equation 5.1.7, we choose ¢ such that

0

K3 1og2 (ﬁ)

Finally, for the output state to be d-close to the required state, we choose 6, = §/2 and &, = §/2x to use the
robustness result from Lemma 3.1.5. This gives us

log (i) = O| log %

o
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~ofus (%)

Now we can substitute the cost of the individual components in Equation 5.1.8 to obtain the final cost as

max A )\ L N max N
O| klogk Vimaxl| Al + IH I log (E> polylog (d> + \/rpolylog (Ii)
\/wmaXHA” +\/XHLH 4 € Wmin 1)

=0|k M||A|F+\/XLF+\/m polylog(Ndﬁ)
VUmax || All + VAL Winin 5

Now, for the sparse access model, we can obtain a block encoding similar to Lemma 5.2.2 and a quantum state
similar to Lemma 5.2.3, with the same query complexities. Thus we have an algorithm similar to Theorem 5.2.4
in the sparse access model as well. We directly state the complexity of this algorithm.

O

Theorem 5.2.5 (Quantum Weighted Least Squares with General fs-Regularization in the Sparse Access
Model). Let A € RVN*? be (s4,52) row-column sparse, and similarly, let L € RN*9 be (sE sL) row-column
sparse, with effective condition numbers k4 and kg respectively. Let A € RY. Let W € RN*N be a diagonal
matriz with the largest and the smallest diagonal entries being Wmaz, Wmin, Tespectively. Suppose that the di-
agonal entries of W are stored in a QROM such that, for any § > 0, we can compute |j)0 — |j) |w,) in cost

O (polylog (Nd/6)) as well as wiaz. Furthermore, suppose there exists a unitary that prepares |b) at a cost Tp

and define,
\/ max A
K= K[, (1 -+ ’U)H”)
VIIL]|

Then for any § > 0 we can prepare a quantum state that is d-close to

(ATWA + ALTL)"YATW |b)
[(ATWA + ALTL) LATW [b)]]

with probability ©(1), at a cost of

mas AGA hy LoL mam 1
of 4 [ VOmazV/ 57t + VA\/sEsE +\/TT1, polylog (Nd,n,) (52.13)
Vv wmazHA” + \/XHLH Wmin )

5.2.2 Regularized Quantum Generalized Least Squares

In this section, we assume that we have block-encoded access to the correlation matrix Q € RN¥*Y  with

condition number kq. We begin by preparing a block encoding of Q~'/2, given an approximate block-encoding
of Q.

Lemma 5.2.6 (Preparing Q~1/2). Let Q € RN*N be o matriz with condition number ko Let Ug be an
(aq, aq,eq)-block-encoding of 0, implemented in time Tq. For any 6 such that

VAL

EQ =0 5
L5]o =
nos ( |Q|6>

we can prepare a (2v/rka/||Q], aq + 1,68)-block-encoding of Q=2 at a cost of

aOKO RQ
@ log T
( 2] <5N/||Q|> Q)

Moreover, the condition number of Q=12 is bounded by \/kq.

Proof. Ug can be re-interpreted as a (Hg‘—u, a, ”%”)—block—encoding of ﬁ We can then prepare the required
unitary by invoking Theorem 3.4.2 on Ug with ¢ = 1/2 and some ~ such that we get a (2\/kq, a+ 1, v) block

encoding of /[|Q[|Q~1/2, which is a (2 o @+ 1, ﬁ) block encoding of Q~1/2. Fixing v = /[0 gives

us the required result. O
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We will now use this lemma in conjunction with Theorem 5.1.2 to develop quantum algorithms for GLS
with general ¢5-regularization.

Theorem 5.2.7 (Quantum Generalized Least Squares with General £y-regularization). Let A, L € RN*? be the
data and penalty matrices with effective condition numbers k4, kr, respectively. Let Q € RN*N be the covariance
matrix with condition number kq. Let § > 0 be the precision parameter. Define k as

R (1 Val Al )
VAL

For some €4 such that

RN
A=o0 3 2 K
k3.\/kq log 3

we have access to Ua, an (aa,aa,€a)-block-encoding of A implemented in time T4. For some €5, such that

5
er=0| =5
(ﬁ/@?’logz 5)

we have access to U, an (ar,ar,er,)-block-encoding of L implemented in time Tr,. For some eq such that

1)
| All5%ka15 g & log ()

EQ =0

we have access to Uq, an (ag,aq,cq)-block-encoding of Q0 implemented in time Tq. Let Uy be a unitary that
prepares the state |b) in time Ty,.
Then we can prepare the quantum state that is 6-close to

(ATQ=2A+ ALTL) " ATQ 1 |p)
H(ATQ—lA +ALTL) L ATQ-1 |b>H

with probability ©(1), at a cost of

ol ALl
O(li\/lig log k (( Ta+ —T —|— QT ) log3 ( + Ty 5.2.14
(| Al IZ] " ] sl ( )

using only O(log k) additional qubits.

Proof. Observe that by choosing A’ := Q~12A, L/ .= L,|t) := Q~'/2|b) (upto normalization) in the quantum
ordinary least squares, we get a state proportional to (AT A’+ LT L") "1 AT V') = (ATQ Y A+ANLTL)ATQ 1 |b),
which is the desired state.

For convenience, let us define the matrix B := Q12 (and therefore kp = \/kq and ||B|| = /rka/||Q]).
We now need to prepare a block-encoding of BA and the quantum state Hg}igil\’ which we then use to invoke

Theorem 5.1.2.
We begin by using Lemma 5.2.6 with some precision €p to construct a (ap,ap,ep)-block-encoding of

B = Q"2 where ap =2 sl = 2||BJ|, and ap = aq + 1. This bounds eq as

VI«Qes
151 KQ
o8 (\/IQIEB>

aOKO RQ
Tp =0 log Tq
7 ( ] <EB ||Q|> )

Then using Lemma 3.2.5 with precision v satisfying v > 4v/2max (|| B||e 4, || Alles), we get a
2||A|B||, aa + ap + 3, 7)-block-encoding of A’ := BA = Q~/2A at a cost

T = 0 (rtas ot o (F21E1)),
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To prepare Hgizil\’ we use Lemma 3.1.3 with precision &, > 2¢pkp/||B]||. This prepares a state that is
ep-close to |b') := Hg} bill with constant success probability at a cost of

Ty = O(O‘ﬁ;'f (Tp + Tb)> = O(kp(Ts +Tp))

We could invoke OLS directly using the above two, but that ends up with a product of sub-normalization
factors (o terms) in the complexity. We want to avoid this, because in most common cases a-s for block-
encodings are quite large. So we also pre-amplify U, using Corollary 3.1.2: for any d; > 2¢; we get a
(V2||L||,ar + 1,81 )-encoding of L at a cost of

womofmm(4))

+ 1.7
Now that we have these, we can use Theorem 5.1.2 to get a quantum state ¢’-close to |¢)) := ALIY)

[z’

F—ATQ 1A+ ALTL)=YATQ~1/2, This would require that v, vV\d;, € o (»Mi‘(“)) and would cost

2| AlIBI + v2A|L|
O(/{logn << 1BA| - VAL ) log (5,) (Tar +Trr) +Tb/>>

To simplify the ratio of norms term, we can first lower-bound ||BA| > [|A||/||B~!|| = [|All/+/]€]. And
as ||B]| = /ko/[€|], the whole term can be simplified to O(y/kg). This simplifies the cost expression to
O(Ii log K (\/%log (5/5’) (TA/ + TL/) + Tb/)).

We can compute the error between [¢) and the expected state by using Lemma 3.1.5. For the final error to
be §, we have to choose g, = §/2k and §’ = §/2. Therefore

esllB| 5
< =0
77 ks /191

v, VAdL €0 (W)

— () =0 (s (). s () =o (e (57)
m:o(”;), 6320(”1”)

Combining both bounds of eg by using sums or products, we can effectively bound

where

5

EQ =0 3
P K
| All53xa 1 log® % log (it )

Finally for the final costs, we calculate the respective coefficients of terms T, Tq, T, and Ty, (excluding
the common factor of k\/kqlogk for brevity). Let us label these “coefficient extraction” functions as C with
matching subscripts, and the total cost as T'.

- ofos () uir)
el ) (222
(e (7))
e () o)
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s (5) = (5)
LA (ann))

(
(i
(o2 (5)
O((log (5) (|A”7”B|) + 1) CQ(TB)>
[+
(it

=0

|
Q

o

17 Tar) +

I
S

N mQA|)anlog< r ))
s/l e/ 119l

agrg | o3 <:‘$K/Q||A||>>

||Q|| o1l

Cy(T) = O(Cﬂ(\/’%)) = 0(1)

And hence the final complexity is given by the expression

=0

T = O(kvElogk (CA(T) - Ta +Cr(T) - T, + Ca(T) - Ta + Co(T) - Tp))
kAl K[|L]| agkq 3 (koA
(9</<;\//<zglog/<;< log < Ta +—1 T + log To+ Ty
(Al 5||Q|| L] 5 1211 o)1
k|| All|[L]]
= O<K/\/KQ log K << Ty + TL + ao QTQ) log3 < + T,
| All HLH ie]] o[

One immediate observation is that for the special case of the (unregularized) quantum GLS problem (when
L = 0 and A\ = 0), our algorithm has a slightly better complexity than [35] and requires fewer additional
qubits. Now, we will state the complexities of this algorithm in specific input models, namely the quantum data
structure model and the sparse-access input model.

O

Corollary 5.2.8 (Quantum Generalized Least Squares with General ¢»-Regularization in the Quantum Data
Structure Model). Let A,L € RN*9 be the data and penalty matrices with effective condition numbers ka, K,
respectively. and Q € RN*N be the covariance matriz with condition number kq. Let the matrices A, L, and
the vector b be stored in a quantum-accessible data structure. Define k as

VEaQ|lA
K= K[ (1—1— FalAl )
VAL
Then for any § > 0, we can prepare the quantum state that is d-close to
(ATQ-2A+ ALTL) " ATQ 1 |p)
H(ATQ—lA FALTL) L ATQ- |b>H

with probability ©(1), at a cost of

1 KRQ
O(n ( + — + ﬁQMQ) polylog (Nd K, Al L A)) 5915
Al HLH €] el s (LA ( )

Proof. The proof is very similar to Corollary 5.1.4 with the extra input of 2. We can use the data structure
to prepare the block-encodings for A, L,Q and the state |b), with precisions €4,¢e1,€q, € respectively. We
invoke Theorem 5.2.7 with a precision of §,, and choose the above ¢ terms to be equal to their corresponding
upper-bounds. And finally we use Lemma 3.1.5 with &, = 6/2x and &, = §/2 to get the final error as 4. O

Now, pa = | Al (similarly for gz and po). As ||Al|z < /7(A)|A]|, where r(A) is the rank of A, we have
that the complexity of Corollary 5.2.8 can be re-expressed as

O(/{ "o (\/T(A) +/r(D) + \/T(Q)m) polylog <N§Z”>) (5.2.16)
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Corollary 5.2.9 (Quantum Generalized Least Squares with General ¢»-Regularization in the Sparse Access
Model). Let A € RNX pe a (s2,52) row-column sparse data matriv. Let L € RN*? be a (sE, sL) row-column
sparse penalty matriz. Let Q € RNXN be g (s SQ) row-column sparse covariance matriz. Suppose we have a

rTrYcC

procedure to prepare |b) in cost Tp. Define k as

VEQ|A
K:= K[ <1 + 759” I )
VALY
Then for any § > 0, we can prepare the quantum state that is §-close to
(ATQ-TA+ALTL) " ATQ 1 |p)
H(ATQ%A FALTL) "t ATQ- |b>H

with probability ©(1), at a cost of

AGA L4l 040 1
o<n = (VST st VsESE | roy/sis: +Tb> polylog (Nd,m, L'} |A||,L,A)> (5.2.17)

1Al 1L €2 sl

Proof. The algorithm is similar to Corollary 5.2.8, but with ax = \/sAs4, ap = \/sksk, ag = /s O
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Chapter 6

Conclusion and Future Directions

In this work we have developed quantum algorithms for regularized ordinary, weighted and generalized least
squares. In the process, we have improved various other quantum algorithms commonly used in the literature.
QSVT is a novel approach to quantum algorithms, and to the best of our knowledge this work was the first
piece of literature to highlight the robustness of all the algorithms designed using it. The primitives we have
developed, and our approach to designing the algorithms might be of independent interest to the community,
specially in the domain of quantum machine learning (QML), where such quantum linear algebra subroutines
(QLAS) are frequently used. QSVT is an interesting framework to analyze applications and limitations of
quantum computation, and is known to produce algorithms often matching the previous SoTA or beating them.
The generality of the block-encoding model also implies quantum algorithms in other input models (a fact also
highlighted in chapter 5). However, due to the nature of the framework involving applications of controlled
unitaries and the dependence of the algorithms on the block-encoding parameter («), this might not be a good
candidate for near term implementations.

Our algorithms for quantum linear regression with general ¢o-regularization made use of QSVT to implement
various several matrix operations. However, it is possible to use QSVT directly to obtain the solution to quantum
ridge regression. This requires computing a polynomial approximation for the transformation o +— o /(0 + \),
to be applied on the singular values of A, which lie between [1/k4,1]. However, it is unclear how to extend
this while considering general fs-regularization. For instance, even when the data matrix and the penalty
matrix share the same right singular vectors, this approach involves obtaining polynomial approximations to
directly implement transformations of the form o + o/(c? + \g?), where & is a singular value of the penalty
matrix L. A monomial is no longer sufficient to approximate this quantum singular value transformation. It
would be interesting to explore whether newly developed ideas of M-QSVT [70] can be used to implement such
transformations directly with improved complexity.

While developing quantum machine learning algorithms, it is important to point out the caveats, even
at the risk of being repetitive [28]. Our quantum algorithms output a quantum state |x) whose amplitudes
encode the solution of the classical (regularized) linear regression problem. While given access to the data
matrix and the penalty matrix, we achieve an exponential advantage over classical algorithms, this advantage
is not generic. If similar assumptions (¢2-sample and query access) are provided to a classical device, Gilyén
et al. developed a quantum algorithm [41] for ridge regression (building upon [71]) which has a running
time in O(poly(k,rank(A),1/d)), which implies that any quantum algorithm for this problem can be at most
polynomially faster in k. One might posit that similar quantum-inspired classical algorithms for general /o-
regression can also be developed.

Another future direction of research would be to recast our algorithms in the framework of adiabatic quantum
computing (AQC) following the works of [72, 73]. Quantum algorithms for linear systems in this framework
have the advantage that a linear dependence on x can be obtained without using complicated subroutines like
variable-time amplitude amplification. The strategy is to implement these problems in the AQC model and then
use time-dependent Hamiltonian simulation [74] to obtain their complexities in the circuit model. One caveat is
that, so far, time-dependent Hamiltonian simulation algorithms have only been developed in the sparse-access
model and therefore the advantage of the generality of the block-encoding framework is lost.

In the future, it would also be interesting to explore other quantum algorithms for machine learning such
as principal component regression and linear support vector machines [75] using QSVT. Finally, following the
results of [40], it would be interesting to investigate techniques for quantum machine learning that do not require
the quantum linear systems algorithm as a subroutine.
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Appendix A

Miscellaneous Algorithms

A.1 Using controlled rotations to modify phases

In this section we show how to shift the contents of a resister to phases of an ancillary qubit. Specifically, we
show how to apply the following transformation

|0) |6) > [cos(7B) |0) + sin(7d) |1)] |0) . (A.1.1)

Theorem A.1.1. Let 0 = 0.04_104_5 .. .6y be a d-bit representation of 6. Then there exists a unitary Uy acting
on d + 1-qubits that performs the transformation in Equation A.1.1.

(0 —i
=\ o)

exp(—itoy) = cosTZ — isinTo, R, (T), (A.1.2)

Proof. For the Pauli-y matrix

observe that

is a single qubit rotation around the y axis. Apply a series of controlled-y rotations on the ancilla qubit,
controlled first on the d — 1 qubit, then on d — 2, and so on, by angles 7, 75,... 57. This gives us the required
transformation. The circuit diagram is given in Figure A.1.

0 RGO HRGE ] ARG

104_1) .
0a—2)

160) A G

Figure A.1: Circuit diagram for Equation A.1.1

A.2 Closed-form Solution for OLS
We have to show that assuming (A7 A) is non-singular, f(x) := ||Az — b||* is minimized at 2 = (AT A)~1ATb,
Proof.

f(@) = Az — b (A21)

— (A — )T (Az — b) (A2.2)

= 2T AT Az — 2T ATb — bT Az + 07D (A.2.3)

— Vf(z) =24T Az —2A7p ( )

Setting V f(z) = 0 gives us
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APPENDIX A. MISCELLANEOUS ALGORITHMS

2AT Az —2ATh =0 (A.2.5)
= (ATA)z=A"b (A.2.6)
— = (ATA)" ATy (A.2.7)
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