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Abstract

Kernelmethodsareamongthe importantrecentdevelopmentsin the �eld of machinelearningwith
applicationsin computervision,speechrecognition,bio-informatics,etc. This new classof algorithms
combinethe stability andef�ciency of linear algorithmswith the descriptive power of nonlinearfea-
tures. Kernelmethodsallow datato be mapped(implicitly) to a differentspace,which is often very
high dimensionalcomparedto the input space,so thatcomplex patternsin thedatabecomesimplerto
detectandlearn. Kernelfunctionmapsthedataimplicitly into a differentspace.SupportVectorMa-
chines(SVMs) areoneof the kernelmethodswhich is widely successfulfor classi�cation task. The
performanceof algorithmdependson thechoiceof thekernel.Sometimes,�nding theright kernelis a
complicatedtask.To overcomethis, learningthekernelis thenew paradigmwhich is developedin the
recentyears.For this,thekernelis parameterizedasaweightedlinearcombinationof basekernels.The
weightsof thekernelarejointly optimizedwith theobjectiveof thetask.

LearningboththeSVM parametersandthekernelparametersis a Multiple KernelLearning(MKL)
problem. Many formulationsof MKL arepresentedin literature. However, all thesemethodsrestrict
to linearcombinationof basekernels.In this thesis,we show how theexisting optimizationtechniques
of MKL formulationscanbeextendedto learnnon-linearkernelcombinationssubjectto generalregu-
larizationon thekernelparameters.Although,this leadsto non-convex problem,theproposedmethod
retainsall the ef�ciency of existing large scaleoptimizationalgorithms.We namethe new MKL for-
mulationasGeneralizedMultiple KernelLearning(GMKL). Wehighlight theadvantagesof GMKL by
tacklingproblemslikefeatureselectionandlearningdiscriminativepartsfor objectcategorizationprob-
lem. Here,we show how theproposedformulationcanleadto betterresultsnot only ascomparedto
traditionalMKL but alsoascomparedto state-of-the-artwrapperand�lter methodsfor featureselection.
In theproblemof learningdiscriminative partsfor objectcategorization,our objective is to determine
minimal setsof pixelsandimageregionsrequiredfor thetask. We usetheMultiple kernellearningto
selectthemostrelevantpixelsandregionsfor classi�cation. We thenshow how theframework canbe
usedto enhanceour understandingof theobjectcategorizationproblemat hand,determinethe impor-
tanceof context andhighlight artifactsin thetrainingdata.We alsotackletheproblemof recognizing
charactersin imagesof naturalscenesin MKL framework. Traditionally it is not be handledwell by
OCRtechniques.We assesstheperformanceof variousfeatures( usingbag-of-visual-wordsrepresen-
tation) basedon nearestneighborandSVM classi�cation.Besidesthis,we investigatetheappropriate
representationschemesfor recognitionusingMKL.

In short,thecontributionsof this thesisare:
1. Proposingnew MKL formulationthatcanlearnnon-linearkernelcombinationssubjectto general

regularizationon thekernelparameters.

2. Exploring the utility of multiple kernel learningformulationsfor featureselectionand to the
problemof learninginformativepartsfor objectcategory recognition.

3. Recognitionof characterimagestakenin naturalscenesusingthestateof theartobjectrecognition
schemes.And alsoexploring theappropriaterepresentationschemesfor recognitionusingMKL.
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Chapter 1

Intr oduction

1.1 Intr oduction

Patternrecognition,abranchof arti�cial intelligence,studiestheoperationsanddesignof systemswhich
recognizesthe patternsin data. This includessub�elds, like discriminantanalysis,featureextraction,
errorestimation,clusteranalysis,etc.Mostof recognitionmethodsareeitheraboutsupervisedlearning
or unsupervisedlearningwith applicationsin wide rangeof areas. In general,recognitionschemes
consistsof learningalgorithmwhereit learnsamodelbaseduponagivendata( trainingdata) anduses
thismodelto classifyunseendata( testingdata).

Learningalgorithmsbasedon kernelshave foundto besuccessfulin varietyof tasks.Classi�cation
algorithmssuchas supportvector machines[15,16], regressionalgorithmssuchas kernel ridge re-
gression,supportvectorregressions,[17,18], andgeneraldimensionalityreductionalgorithmssuchas
kernel principle componentanalysis(KPCA) [19], kernel linear discriminantanalysis(KLDA) [20]
are basedon kernel methods. Many of thesemethodsare widely usedin various �elds e.g. bio-
informatics[21–25], computervision [26–28], speechrecognition[29–31], datamining [32,33], in-
formation retrieval [34,35], patternrecognition[36], etc. This shows that the kernel methodshave
establishedthemselvesaspowerful tools. Thesealgorithmswork by embeddingthedatainto a feature
space,andthensearchingfor linearrelationsamongtheembeddeddatapoints.They employ asocalled
kernelfunctionwhich intuitively computesthesimilarity betweentwo pointsin thefeaturespace.This
informationis containedin thekernelmatrix,asymmetricandpositivesemide�nitematrix thatencodes
therelativepositionsof all points.Convergenceof thetrainingalgorithmsis ensuredaslongastheker-
nel matrix is symmetricandpositive semide�nite. Figure1.1givestheoverview of thekernelmethod.
More detailsaboutkernelmethodsis discussedin Chapter2. Notethatclassicalkernel-basedmethods
listedabovearebasedonasinglekernel.

Theperformanceof theselearningalgorithmsdependsonthedatarepresentation.Thekernelactually
de�nes thesimilarity betweentwo samplesx; y , while de�ning anappropriateregularizationtermfor
the learningproblem. In somesituations,more�e xible modelsarerequired.Recentworks,show that
usingmultiplekernelsinsteadof asingleonecanenhancetheinterpretabilityof theoutputof algorithm
andseenimprovedperformances.Oneof theconvenientapproachwhichis consideredin suchsituations

2



Figure1.1: Overview of kernelmethod. Datawith M samplesis usedto computekernelmatrix (M
x M) usingkernelfunctionk(x; y ). Then,learningalgorithmusesthis matrix to learnthemodeland
computesoutputfunction.

is representingkernelfunctionk(x; y ) asconiccombinationsof basekernels.

k(x; y ) =
KX

l=1

dl kl (x ; y ) with dl � 0 (1.1)

Eachbasekernel kl may either usethe full set of variablesdescribingx or subsetsof variables
stemmingfrom differentdatasources.Otherwise,the kernelsk l cansimply be classicalkernelslike
Gaussiankernels(i.e. exp� 
 kx � y k2

), etcwith differentparameters.Within this framework, theproblem
of datarepresentationthroughthekernelis thentransferredto thechoiceof weightsdl .

Oneof themostwidely usedkernelmethodis SupportVectorMachines(SVMs)[15]. SupportVector
Machinesarebasictoolsin machinelearningwhichareusedfor taskssuchasclassi�cation,regression,
etc. They �nd applicationsin diverseareasrangingfrom vision to bio-informaticsto natural-language
processing.The successof SVMs in theseareas,is often dependenton the choiceof a goodkernel
and features– which are typically hand-craftedand �x ed in advance. However, hand-tuningkernel
parameterscanbedif�cult asselectingandcombiningappropriatesetsof features.Learningboth the
SVM parametersandthe weights(dl ) in a singleoptimizationproblemis a multiple kernel learning
(MKL) problem. For binary classi�cation, the MKL problemwas �rst introducedby [2]. Intuition
behindMKL formulationfor classi�cationis discussedin moredetail in Section2.6.

Multiple KernelLearning(MKL) seeksto addressthe issueof appropriatedatarepresentationby
learningthekernelfrom trainingdata.In particular, it focusesonhow thekernelcanbelearntasalinear
combinationof givenbasekernels.Many MKL formulationshave beenproposedin the literature. In
[4], it was shown that the MKL Block l1 formulation of [3] could be expressedas a Semi-in�nite
LinearProgram.ColumngenerationmethodsandexistingSVM solverscouldthenbeusedfor ef�cient
optimizationandto tacklelarge scaleproblemsinvolving asmany asa million datapoints. Gradient
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descentcanbemoreef�cient thansolvingaseriesof linearprogramsand[5] demonstratedthattraining
time could be further reducedby nearly an order of magnitudeon somestandardmachinelearning
datasetswhenthe numberof kernelsis large. Simultaneously, MKL basedalgorithmshave achieved
very goodresultsfor bio-informatics[37,38] andcomputervision [6,39] applications.Thesemethods
establishedtheviability of MKL asa tool for tacklingchallengingrealworld problems.

1.2 ProblemStatement

Learningthe kernel is oneof the popularparadigmdevelopedfor increasingperformanceand inter-
pretabilityof theoutputof algorithm. MKL is a way of learningthekernelfor theclassi�cationtask.
Many MKL formulationsarepresentedin the literature[2–5]. But all the approachesare limited in
that they focuson learninglinear combinationsof basekernels– correspondingto the concatenation
of individual kernelfeaturespaces.Far richer representationcanbeachievedby combiningkernelsin
other fashions.This raisethe fundamentalquestionof what could be otherpossiblerepresentations.
This thesisaddressestheproblemof how thekernelcanbelearntby usingnon-linearcombinations.In
speci�c, weaddressthefollowing issuesin this thesisi) GeneralizingMKL to handlenon-linearkernel
combinations.In additionto kernel function, we alsogeneralizethe regularizationon the kernelpa-
rameters.ii) How multiple kernellearningcanbeusedfor featureselection.We alsodemonstratehow
thenon-linearfashionof combiningkernelsbooststheperformancewhencomparedto linearmanner
of combiningkernels.We demonstrateour resultson standardmachinelearningandcomputervision
datasets.Wealsoshow how wecanlearndiscriminativepartsfor objectrecognitionin MKL framework.
We demonstratethis on standardbenchmarkobjectrecognitiondatasets.iii) Investigatinganddemon-
stratingtheuseMKL on therealworld problemof characterimagerecognitiontakenin naturalscenes.
Here,we useMKL for combiningdifferentfeatureswhich capturesdifferentaspectslike texture,edge,
etc.Thefeatureextractionmethodsweuseherearewidely usedin objectrecognitionliterature.

The applications,on which we demonstratethe methodsdevelopedin the thesis,are of practical
importanceand have received wide attentionin the �eld of machinelearningand computervision.
Featureselection,the techniqueof selectinga subsetof relevant featuresfor building robust learning
modelsis dealtwith in this thesis.We alsocomparetheproposedmethodwith state-of-the-artmethods
proposedin literature.Moredetailsaboutthemethodsarepresentedin Chapter5. Besidesthis,wedeal
with theproblemof doingobjectcategorizationef�ciently . For thisweexploretheuseof multiplekernel
learningto selectthemostrelevantpixelsandregionsfor classi�cation. And thusdo classi�cationby
usingselectedpixelsor regions. We apply this for theproblemof genderidenti�cation usingminimal
numberof pixels. This hasapplicationsin video surveillancewhereef�cient classi�ers areneeded.
In Chapter6, we dealwith new problemof recognizingthe characterimagestaken in naturalscenes.
Solving this problemhaspracticalapplicationsin imageretrieval, etc. The resultsobtainedusingthe
methodsproposedin this thesisindicatelearningnon-linear( or generic) kernelcombinationshave
greaterimpactin improving theperformancein somecasesupto 9%,andincreasetheunderstandability
of certainproblems.

Thefollowing sectiongiveschallengesinvolvedin learningthekernel. Section1.4givesthedetails
of variousapplicationsof MKL andsection1.5presentstheorganizationof thethesis.
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(a)Aeroplane (b) Bicycle

(c) Car (d) Cow

(e)Horse (f) Motorbike

Figure 1.2: Resultsof object detectiontask using MKL basedmethodproposedin [6] on someof
categoriesfrom VOCChallengedataset.

1.3 Challenges

Extractingusefulknowledgefrom datais notalwaysatrivial task.In thecaseof MKL, weaimat learn-
ing bestgeneralizedguaranteedclassi�er andsimultaneouslytry to exploreand�nd thebestpossible
featurespace.Thatis, wesimultaneously�nd aseparatinghyperplaneandtheweightsoneachindivid-
ual kernels.Theweightsarechosensoasto maximizethemargin betweenthe two classes.Trying to
optimizeboth theobjectivesat a time is dif�cult asthetwo componentsareinter-linkedto eachother.
In a way this canbe framedaschicken-and-egg problem,whereyou do not know which oneto start
with, i.e., �nd thebestclassi�er or bestfeaturespace.Besidesthis, whenyou have multiple heteroge-
neousdatasources,it is extremelydif�cult to identify andexplore thedesiredfeaturespace.Thereis
alsonecessityto �nd out which sourcesareneededto be given importanceandwhich neednot to be
given. Extendingto muchmoregenericcombinationsandregularizationscanmake the formulations
to be non-convex optimizationproblems.And, �nding stablesolutionsto suchtypesof problemsare
dif�cult.

Otherchallengesinvolvedis thattheoptimizationof suchformulationsis not straightforward.Many
of theseoptimizationshave the overheadof computationalscalability, statisticalstability which lim-
its the applicability of solutionsto small or mediumscaleproblems. Scalingthe solutionsto larger
problemsis alsooneof themajorchallengesin solvingtheproblem.Also scalingis essentialin many
practicalsituations.
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1.4 Applications

Multiple kernellearningcanbeappliedfor wide rangeof applicationsin various�elds. Fieldsinclude
computervision,machinelearning,speechprocessing,bio-informatics,signalprocessing,datamining,
etc. TheseapplicationsuseMKL eitherto increaseinterpretabilityof outputor to increaseprediction.
Essentiallytheseapplicationsexploit oneof thefollowing viewsof multiplekernellearning.

� To Combinethemultipleheterogeneousdatasources.

� To obtaintheoptimalweightsof differentfeaturesusedfor thetask.

� To interpretthesparsityafterlearningtheweightsof thekernels.

Designingandintegratingkernelshasproven to be an appealingapproachto addressseveral chal-
lengingrealworld applications.Speci�cally, problemsinvolving multiple, heterogeneousdatasources
in computervision,bio-informatics,audioprocessingproblems,etchavebeentackledsuccessfully. For
e.g. in computervision it is used[6,9,39–41]to combinedifferentfeatureswhich capturevariousas-
pectslike shape,color, texture,etcfor image/objectclassi�cationor objectdetection( seeFigure1.2).
In thelaterchaptersof this thesiswe will investigatein greaterdetailsabouttheir usefor visualobject
classi�cation in particular. Someapplicationsin speechprocessingareaarespeaker veri�cation [42]
andspeaker recognition.Someof thesignalprocessingapplicationscanbe found in [43]. In thearea
of bio-informatics,it is usedfor variousdiseasepredictionandclassi�cation[37,38,44] tasks.There
arealsoseveralotherapplicationsin machinelearningto interpretthe learningmodel[45,46]. In this
thesis,weaddresstheproblemof featureselectionin detail.

1.5 Organizationof the Thesis

Chapter1providesthebroadoverview of thethesis.Themajorcontributionsof thethesisareintroduced.
Thechallengesinvolvedin tacklingtheproblemandthepossibleapplicationswherethesolutionsplay
a crucial role arediscussed.Chapter2 givesthebackgroundfor readingthethesis.This givesdetailed
explanationof kernelmethodsandthemultiplekernellearning.Thischapterintroducethefundamental
ideabehindthekerneltrick alongwith theelementarytheoryof kernelfunctions.Popularkernelmethod,
SupportVectorMachineis kernelizedasanexampleto demonstratethekerneltrick. Thedependency
of thealgorithmonchoiceof thekernel,popularkernelsusedin �elds likecomputervisionandthe�ne
detailsof MKL aregiven. Chapter3 presentsthe literaturesurvey on Multiple KernelLearning.Here
wereview thedevelopmentof MKL from initial work to currentstate-of-the-artmethods.

In Chapter4, we show how the MKL is generalizedto learnnon-linearkernelcombinationssub-
ject to generalregularization.This is achievedwhile retainingall theef�ciency of existing largescale
optimizationalgorithms.We namethenew MKL formulationasgeneralizedmultiple kernellearning
(GMKL). The theoryanddetailsof the formulationaregiven here. In Chapter5 we demonstratethe
applicationsof GMKL. Herewe highlight theadvantagesof GMKL by tacklingproblemslike feature
selectionandlearningdiscriminative partsfor objectcategorizationproblem.For featureselection,we
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usevariousbenchmarkcomputervision andmachinelearningdatasets.Herewe show how the pro-
posedformulationcanleadto betterresultsnotonly ascomparedto traditionalMKL but alsocompared
to state-of-the-artwrapperand�lter methodsfor featureselection.In theproblemof learningdiscrim-
inative partsfor objectcategorizationour objective is to determineminimal setsof pixels andimage
regionsrequiredfor thetask.We arguethatinformationpresentin imagescanberedundantand,there-
fore, looking at theentireimagemight not benecessaryfor performingcertainclassi�cationtasks.We
usemultiple kernel learningto selectthe mostrelevant pixels andregionsfor classi�cation. We then
show how theframework canbeusedto enhanceourunderstandingof theobjectcategorizationproblem
athand,determinetheimportanceof context andhighlightartifactsin thetrainingdata.

In Chapter6, we tackle new problemof recognizingcharactersin imagesof naturalscenes. In
particular, we focuson recognizingcharactersin situationsthatwould traditionallynotbehandledwell
by OCR techniques.We presentresultson an annotateddatabaseof imagescontainingEnglishand
Kannadacharacters.Theproblemis addressedin anobjectcategorizationframework basedon a bag-
of-visual-wordsrepresentation.Weassesstheperformanceof variousfeaturesbasedonnearestneighbor
andSVM classi�cation.Besidesthis,we investigatetheperformanceof MKL on theproblem.Finally
theconclusionsof thethesisaregivenin Chapter7.

Thusthe contributionsof thesisare: (i) Proposingnew MKL formulationwhich is generalizedto
non-linearkernel combinationssubjectto generalregularizationon the kernel parameters( Chapter
4) . (ii) Exploring the utility of multiple kernel learningformulationsfor featureselectionandto the
problemof learninginformative partsfor objectcategory recognition( Chapter5). (iii) Recognition
of perspectively imagedcharacterimagesusingthe stateof the art objectrecognitionschemes.Also
exploring theappropriaterepresentationschemesfor recognitionusingMKL (Chapter6).

1.5.1 Note to the reader

Chapter2 is written asa tutorial for theintroductionto kernelmethodsandmultiple kernellearning.It
is not necessaryto readthis for understandingthethesis.However it is recommendedfor readerswho
areunfamiliar with kernelmethodsandhave dif�culty in understandingthe multiple kernel learning
problem.Readerswho arefamiliar with the�eld mayskip thechapterwithout losingcontinuity. Sec-
tion 2.1 to Section2.2 givesthe introductionto kernelmethods.In Section2.3, we explain SVM for
classi�cationandhow it canbekernelized.Section2.4,2.5givestheoryof kernelsandsomeexample
kernelfunctions.And �nally Section2.6givesthedetailsof multiple kernellearningin detail.Readers
whoarefamiliarwith kernelmethodsandnotwith multiplekernellearningcanskip till Section2.5and
canstartreadingfrom Section2.6.
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Chapter 2

Background on Kernel Methodsand
SVMs

2.1 Intr oduction to kernel methods

Over pastdecadekernelmethodshave received wide attentionandhave establishedthemselvesto be
powerful tools in numerousdomains.Thesemethodsarebasedon thesimilaritiesbetweentheobjects
or samplesthey allow, e.g.thepredictionof propertiesof new objectsbasedon thepropertiesof known
ones( classi�cation, regression) or identi�cation of commonsubspacesor subgroupsin otherwise
unstructureddatacollections( dimensionalityreduction,clustering).

In general,linearalgorithmsarewidely usedfor many taskssuchasdimensionalityreduction,clas-
si�cation, becauseof its numericalandstatisticalstability. Linearrelationshipsareeasierto detectfrom
dataandmostnaturalestimateof anunknown relationshipamongseveralvariables.PrincipalCompo-
nentAnalysis[47], LinearPerceptron,LinearPredictive Coding[48] aresomeof thelinearalgorithms
usedfor compression,modeling,prediction,etc.But, thesemethodsarelimited to only certaindescrip-
tive power. On the otherhandnon-linearalgorithmshave muchmoredescriptive power than linear
algorithms.Thesemethodsareextremelyusefulwhentasksgetcomplex aslinearmethodsturnsout to
performpoor. But thesenon-linearalgorithmsarebaseduponnon-linearfunctionswhich aredif�cult
to estimateandhasproblemswith stability ( numericalandstatistical) andconvergence.In past,one
of eithermethodsis useddependinguponsituationsas,thereareno otherclassof methodswhich has
descriptivepoweraswell asnumericalandstatisticalstability. Lateron,kernelfunctionsareintroduced
to draw theadvantageof boththemethods.

Kernelfunctionsare�rst demonstratedin theintroductionof SupportVectorMachines( SVMs) [15]
for theclassi�cationproblem.Thesefunctionshave successfullycombinedtheadvantagesof boththe
linear algorithmandnonlinearfunctions. The methodaimsat building a linear classi�er in a feature
spacethatis nonlinearlyrelatedto theinputspace.This is donewithoutexplicitly accessingthefeature
space. The fundamentalidea is that a complex relationshipin the input datacan be simpli�ed by
recodingthedatain anappropriatemanner. This paradigmis of little usefor problemsinvolving high-
dimensionaldata.However, with theuseof kernelfunctionto indirectlyaccesstherecodeddatavia the
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innerproductmakesestimationof non-linearfunctionsfeasible.Ever sincethe introductionof SVM,
a numberof successfullinear algorithmssuchasPCA, LDA arekernelized[19,20] usingthe kernel
trick to incorporatethe power of nonlinearity. The resultingalgorithmsare superiorto their linear
counterpartsin termsof descriptivepower, andarestable.

Any kernelfunctioncanbeusedwith a kernelizedalgorithmwithout effectingthestatisticalproper-
ties,suchasgeneralizationcapabilityof thealgorithm(in caseof classi�cationalgorithms).Thisallows
domainspeci�c knowledge(or prior) to beincorporatedin to thekernelfunctionwithout changingthe
algorithm.This modularitymakesthedevelopmentof powerful andstablealgorithmsfeasible.Several
otheradvantagesof kernelmethodswill bedescribedin thefollowing sections.Theunderlyingtheory
of kernelmethodsis coveredin a numberof books [49–51]. In the following section,differentmod-
ulesof kernelmethodsandbasicmethodologyof eachmoduleis explainedin detail. Theuseof kernel
functionsin SVM, how theperformanceof SVM canbeimprovedby learningthekernelandthenhow
thesekernelsareusefulin computervisionareexplainedin latersections.

2.2 Overview of Kernel Methods

In general,kernelmethodssolutioncomprisesof two parts.Firstly, amodulethatperformsthemapping
into the featurespaceandsecondly, a learningalgorithmdesignedto discover linear patternsin that
space.Thetwo mainreasonswhy this approachis usedare,(i) Detectinglinearrelationshasbeenthe
focusof researchin statisticsandmachinelearningfor decades,andthe resultingalgorithmsareboth
well understoodandef�cient. (ii) Thereis acomputationalshortcutwhichmakesit possibleto represent
linear patternsef�ciently in high-dimensionalspacesto ensureadequaterepresentationalpower. This
shortcutis calledkerneltrick with thehelpof kernelfunction.

The strategy adoptedhereis to embedthe datainto a spacewherethe patternscanbe discovered
aslinear relations. This is donein a modularfashion. Two stepswith distinct componentsdiscussed
earlierwill performthis. The initial mappingcomponentis de�ned implicitly by a so-calledkernel
function. This componentwill dependon thespeci�c datatypeanddomainknowledgeconcerningthe
patternsthatareto beexpectedin theparticulardatasource.Thepatternanalysisalgorithmcomponent
is generalpurpose,androbust.Furthermore,it typically comeswith astatisticalanalysisof its stability.
Thealgorithmis alsoef�cient, requiringanamountof computationalresourcesthatis polynomialin the
sizeandnumberof dataitemsevenwhenthedimensionof theembeddingspacegrowsexponentially.

In later section,we will introducethe main ingredientsof kernelmethodsusingSVM asexample.
Following four key aspectsof theapproachwill behighlightedin theexample.

1. Dataitemsareembeddedinto avectorspacecalledthefeaturespace.

2. Linearrelationsaresoughtamongthedatapointsin thefeaturespace.

3. Thealgorithmsareimplementedin sucha way that thecoordinatesof theembeddedpointsare
notneeded,only their pairwiseinnerproductsarerequired.

4. The pairwiseinner productscanbe computedef�ciently directly from the original datapoints
usingakernelfunction.
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Thesefour observationswill imply that, despiterestrictingourselves to algorithmsthat optimize
linear functions,approachwill enablethedevelopmentof a rich toolboxof ef�cient andwell-founded
methodsfor discoveringnonlinearrelationsin thedata.In thefollowing section,linearversionof SVM
is �rst explainedthenkernelextensionof it.

2.3 Support Vector Machines

Classi�cationis a commontaskin machinelearning. Givensomedatapointswith informationof the
classit belongsto, thegoalof classi�cationalgorithmis learnthemodelto predictunseensampleswhich
classit belongsto. Supportvectormachines(SVMs) area setof relatedsupervisedlearningmethods
usedfor classi�cationandregression.A SupportVectorMachineis trainedso that thedirectdecision
functionmaximizesthegeneralizationability. Here,a datapoint is viewedasa m� dimensionalvector
(a list of m numbers),andwewantto know whetherwecanseparatesuchpointswith am� dimensional
hyperplane.This is calleda linearclassi�er. Therearemany hyperplanesthatmight classifythedata.
Onegoodchoiceas the besthyperplaneis the one that representsthe largestseparation,or margin,
betweenthetwo classes.SVM choosesthehyperplane,so that thedistancefrom it to thenearestdata
point on eachside is maximized. If sucha hyperplaneexists, it is known as the maximum-margin
hyperplaneandthelinearclassi�er it de�nes,is known asa maximummargin classi�er .

2.3.1 Primal and Dual Formulation : SeparableCase

Considera two-classclassi�cationproblem,let M m� dimensionaltrainingsamplesx i (i = 1; � � � ; M )
belongto eitherclass1 or class2. And yi bethecorrespondinglabelswhich is 1 for class1 and� 1 for
class2. Considerproblemto beseparableandneedto learnthedecisionfunctionw t x + b wherew is
m� dimensionalvector, bis abiasterm.It is greaterthanzerofor yi = 1 andlessthanzerofor yi = � 1.
For controlledseparabilitythefollowing inequalitiesareused

w t x i + b

8
<

:
� 1 for yi = 1

� � 1 for yi = � 1
(2.1)

AboveEquationcanalsoberewrittenasandequivalentto

yi (w t x i + b) � 1 for i = 1; � � � ; M (2.2)

In thehyperplaneEquation
w t x i + b = c (2.3)

whenc = 0, it is theseparatinghyperplanewhich runsin themiddleandparallelto thetwo hyperplanes
with c = 1 and� 1. Thedistancebetweenthesetwo hyperplanesis calledthemargin. Figure2.1shows
thehyperplaneformedwhenc = 0; 1; � 1. It canbeenseenthat therearemany hyperplanessatisfying
Equation(2.2). However, generalizationability of eachthe possiblehyperplanesvaries. Intuitively
the hyperplanewhich hasmaximummargin will have moregeneralizationability andis calledasthe
optimal separatinghyperplane.Margin hereis distancebetweenthe two hyperplanesw t x i + b = 1
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Figure2.1: Maximummargin hyperplanein a two-dimensionaldata
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andw t x i + b = � 1 which is equivalentto 2
kwk . Theoptimalseparatinghyperplanecanbeobtainedby

minimizing thefollowing objective functionJ .

J =
1
2

w t w

subjectto yi (w t x i + b) � 1 8 i

yi 2 f� 1; 1g

(2.4)

Thesquarein theobjective functionof above formulationmakesit a quadraticprogrammingprob-
lem and feasiblesolutions exists aslong asdatais linearly separable.As theabove formulationhas
quadraticobjective functions,thereexists non-uniquesolutionsbut the valueof objective function is
unique.This is oneof theadvantageof supportvectormachinesover neuralnetworks. Thedatawhich
satisfytheequalitiesin �rst constraintof formulationgivenin Equation(2.4)arecalled supportvectors
. In Figure 2.1thepointswhichareroundedaresupportvectors.

By solvingtheformulationof Equation(2.4),w andb areestimated.So,thenumberof variablesto
besolvedis thedimensionof input vectorplusonei.e m + 1 . Whenthenumberof input variablesare
small above quadraticprogrammingproblemcanbesolvedwithout muchdif�culty . But asdiscussed
earlierwemaptheinputspaceto ahigh-dimensionalfeaturespace,whichmightgo in�nite sometimes,
�nding thesolutionmight not be feasible.For this, above formulationis convertedinto anequivalent
dual wherenumberof variablesis equalto the numberof training samples. This is convertedinto
following unconstrainedproblem.

Q(w; b;� ) =
1
2

w t w �
MX

i =1

� i
�
yi (w T x i + b) � 1

�
(2.5)

where� i � 0 arethe nonnegative Lagrangianmultipliers. The optimal solutionof Equation(2.5) is
givenby saddlepoint,which is minimizedwith respectto w , bandmaximizedwith respectto � i (� 0);
andit satis�esthefollowing Karush-Kuhn-Tucker (KKT) conditions:

@J (w; b;� )
@w

= 0 (2.6)

@J (w; b;� )
@b

= 0 (2.7)

� i f yi (w t x i + b) � 1g = 0 8 i (2.8)

� i � 0 8 i (2.9)

ConsideringEquations(2.9), (2.8) togethereither� i = 0 or � i 6= 0 andyi (w t x i + b) = 1 mustbe
satis�ed. The trainingsamplesfor which � i 6= 0 arecalled supportvectors . UsingEquations(2.6),
(2.7)and(2.9)wecandeduce

w =
MX

i =1

� i yi x i (2.10)
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and,
MX

i =1

� i yi = 0 (2.11)

Usingabove two Equationsandsubstitutingin Equation(2.5), following dualproblemis obtained.
Maximize

Qd(� ) =
MX

i =1

� i �
1
2

MX

i =1

MX

j =1

� i � j yi yj x t
i x j

subjectto
MX

i =1

� i yi = 0

� i � 0

(2.12)

Aboveproblemis aconcavequadraticprogrammingproblemandthesolutionexistsaslongasdatais
separable.Thevaluesof theprimal J anddualobjective Qd(� ) functionscoincidesat optimalsolution
andis calledthezerodualitygap.This is calledhardmargin supportvectormachines.

2.3.2 Primal and Dual Formulation : Non-SeparableCase

Whenthedatais inseparable,hard-margin supportvectormachinesfails,asthey cannot�nd a feasible
solution.To handleinseparablecasesoft-margin supportvectormachinesareproposed.Heretheabove
formulationof a separableproblemcanbeextendedto a nonseparableoneeasily, by introducinga set
of slackvariables� i i = 1; : : : ; l in Equation(2.1)andbecomes

w t x i + b � +1 � � i for yi = +1 (2.13)

w t x i + b � � 1 + � i for yi = � 1 (2.14)

� i � 0 8 i (2.15)

whichcanberewrittenas,

yi (w t x i + b) � 1 � � i for i = 1; : : : ; M (2.16)

Slackvariables� i in the above Equationactsaspenaltyfor misclassifyingthat particularsample.
Thesevariablesareoptimizedby addingit to Equation(2.4)andtheproblembecomesminimizing,

J =
1
2

w t w + C
MX

i

� i

subjectto yi (w t x i + b) � 1 � � i 8i

� i > 0; yi 2 f� 1; 1g 8i

(2.17)
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Similar to thelinearlyseparablecase,this canbereformulatedasminimizing,

Q(w; b;� ; � ; � ) =
1
2

w T w + C
MX

i =1

� i �
MX

i =1

� i � i �
MX

i =1

� i
�
yi (w T x i + b) � 1 + � i

�
(2.18)

where� i � 0 and� i � 0 arethenonnegative Lagrangianmultipliers. Following KKT conditionsare
appliedto getoptimalsolution.

@Q(w; b;� ; � ; � )
@w

= 0 (2.19)

@Q(w; b;� ; � ; � )
@b

= 0 (2.20)

@Q(w; b;� ; � ; � )
@�

= 0 (2.21)

� i f yi (w t x i + b) � 1 + � i g = 0 8 i (2.22)

� i � i = 0 8 i (2.23)

� i � 0; � i � 0; � i � 0 8 i (2.24)

By substitutingEquations(2.19),(2.20),(2.21)in (2.18)leadsto following Equations.

w =
MX

i =1

� i yi x i (2.25)

MX

i =1

� i yi = 0 (2.26)

� i + � i = C 8 i (2.27)

SubstitutingabovethreeEquationsin Equation(2.18)following dualproblemis obtained.Maximize

Qd(� ) =
MX

i

� i �
1
2

MX

i =1

MX

j =1

� i � j yi yj hx i ; x j i

subjectto
MX

i =1

yi � i = 0; 8 i

C � � i � 0; 8 i

(2.28)

Theonly differencebetweenthedualformsof soft-marignsupportvectormachinesandhardmargin
supportvectormachinesis that� i cannotexceedC. And decisionfunctionis givenby

f (x) =
MX

i =1

� i yi hx i ; x i + b (2.29)
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2.3.3 Non - Linear SVM

Kernel Trick : Thesupportvectormachinesdiscussedin theprevioussectionsaddressestheclassi-
�cation problemby building a linearclassi�er. The learntclassi�er maynot have high generalization
ability thoughthehyperplanesaredeterminedoptimally. Thiscanbesolvedby introducingnonlinearity
throughkernelizingtheSupportVectoralgorithm.As discussedat thebeginningof thechapterthis can
bedoneeasily, by mappingtheinputspaceinto ahigh-dimensionaldot-productspacecalledthefeature
space.

x 2 < m 7�! �( x) 2 F � < p (2.30)

By usingthenonlinearvectorfunction�( x) = (� 1(x); � � � ; � p(x)) t whichmapsthem� dimensional
input vectorx into thep� dimensionalfeaturespace.This featurespaceneedsto beHilbert space.The
lineardecisionfunctionin thefeaturespacebecomes,

w t � (x) + b (2.31)

Now, w is an p� dimensionalvector, as p increasesthe problemof solving formulation given in
Equation(2.17)becomesdif�cult. Ontheotherhand,in dualformulation,thealgorithmneedstheinner
productsbetweendatapointsin the featurespaceF . It is worth taking theadvantageof dualsolution
to solve theproblem.Thecomplexity of evaluatingeachinnerproductis proportionalto thedimension
of the featurespace.The inner productscan,however, sometimesbe computedmoreef�ciently asa
direct function of the input features,without explicitly computingthe mapping. In other words the
feature-vectorrepresentationstepcanbe by-passed.The classof functionswhich performthis direct
computationare kernelfunctions.

De�nition 1. A kernel is a functionk such that for all x ; y 2 X satis�es

k(x; y ) = h�( x); �( y )i ;

where � is a mappingfromX to an innerproductfeaturespaceF

� : x 7�! �( x) 2 F

The idea of kernel function can be illustratedwith the help of following example. Considerthe
mappingof a two-dimensionalinputspaceX � < 2 with featuremap,

x =

 
x1

x2

!

7�! �( x) =

0

B
@

x2
1

x2
2p

2x1x2

1

C
A 2 F = < 3

Herethe featuremaptakesthe datafrom two-dimensionalto a three-dimensionalspacewherethe
linear relationsin featurespacecorrespondsto quadraticrelationsin the input space.Now, the inner
productin featurespacecanbeevaluatedasfollows,
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h�( x); �( y )i = h(x2
1; x2

2;
p

2x1x2); (y2
1; y2

2;
p

2y1y2)i

= x2
1y2

1 + x2
2y2

2 + 2x1x2y1y2

= (x1y1 + x2y2)2

= hx; y i 2

Hence,thefunction

k(x; y ) = hx; y i 2

is thekernelfunctionwith F its correspondingfeaturespace.Now, theinnerproductcanbecomputed
betweentheprojectionsof two pointsinto the featurespacewithout explicitly evaluatingtheir coordi-
nates.Canevery functionbea kernelfunctionandwhatsetof kernelfunctionscanbecalledaskernel
functionis discussedmorewidely in Section2.4.

Kernel SVM : Now, kernelizinglinear versionof supportvectormachineis straightforward. In
Equation(2.28)insteadof accessingtheinput samplesonly via theinnerproducthx i ; x j i , canbemade
accessedthroughfeaturespacethroughkernelfunctionk(x i ; x j ). Thedualproblemin featurespaceis,
maximize

Qd(� ) =
MX

i

� i �
1
2

MX

i

MX

j

� i � j yi yj k(x i ; x j )

subjectto
MX

i =1

yi � i = 0; 8 i

C � � i � 0 8 i

(2.32)

In general,k(x i ; x j ) is precomputedandstoredin a matrix calledkernelmatrix (K ). For the inner
productbetweenx i ; x j is obtainedby accessingK ij insteadof computingit onthe�y . And thedecision
functionis

f (x) =
MX

i =1

� i yi k(x i ; x) + b (2.33)

Sincethe discovery of kernelization,SVMs have beenwidely usedfor a numberof applications
involving classi�cationandrecognition.Notethattill now wearesolvingtwo-class( binary) classi�ca-
tion problem. This canbe easilyextendedto multi-classclass�cationproblems. Startingwith naive
approachesand more advancedformulations/approachesof multi-classclassi�cationscan be found
in [52–56].

2.4 Valid Kernels

Thekerneltrick is to operatein featurespacevia a kernelfunctionk(; ) Thefeaturespaceis accessed
indirectlyvia pairwiseinnerproduct.Wenow discussthepropertiesof thesekernelfunctionshere.
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De�nition 2. Let k(x; y ) be a real-valuedsymmetricfunction with x and y being m-dimensional
vectors. For anysetof datax 1 ; � � � ; xM anda = (a1; � � � ; aM )t with M beinganynatural number, if

at Ka � 0 (2.34)

is satis�ed (i.e., K is a positivesemide�nitematrix), we call k(x ; y ) a positivesemi-de�nitekernel,
where

K =

0

B
@

k(x1 ; x1) : : : k(x1 ; xM )
: : : : : : : : : : : : : : : : : : : : : : : : : : : :
k(xM ; x1) : : : k(xM ; xM )

1

C
A

Therefore,if k is a positive de�nite kernel thenthereexists a function �( x) that mapsx into the
dot-productfeaturespaceandx satis�es

k(x; y ) = �( x)t �( y ) (2.35)

Theconditionin Equation(2.34)is called Mercer'sconditionandkernelwhichsatis�esthis is called
Mercerkernel, in generalkernel. Now weseewhatarethegeneralkernelsfunctionsusedandhow the
new kernelscanbedesignedfrom theexistingsetof kernels.

2.4.1 Kernels

Linear Kernels: In thelinearly separablecase,thereis no needto mapto high-dimensionalspace.In
suchcaseswecanuselinearkernel,

k(x; y ) = xT x (2.36)

Polynomial Kernels: Thepolynomialkernelwith degreed, whered is anaturalnumberis givenby,

k(x; y ) = (xT x)d (2.37)

This is homogenousform of polynomialkernel,whereasnon-homogenousversionof polynomial
kernelis givenby,

k(x; y ) = (xT x + 1)d (2.38)

Whend = 1 it is linearkernelplusone. By adjustingb in thedecisionfunctionbothkernelsproduces
samedecisionfunction.Whend = 2 andm = 2 Equation( 2.38) becomes

k(x; y ) = 1 + 2x1y1 + 2x2y2 + 2x1x2y1y2 + x2
1y2

1 + x2
2y2

2

= �( x)t �( y )

where�( x) = (1;
p

2x1;
p

2x2;
p

2x1x2; x2
1; x2

2)T : Thusfor d = 2 andm = 2 polynomialkernelssatisfy
Merecer's condition.Thisproofcanalsobeextendedeasilyfor any valueof d;m.
Radial BasisFunction Kernels: Theradialbasisfunction(RBF)kernelis givenby

k(x; y ) = exp(� 
 kx � y k2 ) (2.39)
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where
 is a positive parameterfor controlling theradius.This is oneof themostwidely usedkernel.
Theadjustableparameter
 playsa crucial role in theperformanceof thekernel,andshouldbe tuned
carefully dependinguponthe problem. If overestimated,the exponentialwill behave almostlinearly
and the higher-dimensionalprojectionwill startsto lose its non-linearpower. On the otherhand,if
underestimated,thefunctionwill lack regularizationandthedecisionboundarywill behighly sensitive
to noisytrainingdata.
Hyperbolic Tangent (Sigmoid) Kernel: TheSigmoidKernelcomesfrom theNeuralNetworks �eld,
wherethesigmoidfunctionis oftenusedasactivationfunctionfor arti�cial neurons.

k(x; y ) = tanh(x t y + c) (2.40)

SVM modelwhich usesa sigmoidkernelfunction is equivalentto a two-layer, perceptronneuralnet-
work.

Theabove listedkernelsaresomeof thestandardkernelswhich areusedwidely. Theremany other
kernelsarepresentedin theliteraturewhicharespeci�c to domain[57–67].

2.4.2 Kernel Design

Kernelfunctionplaysakey rolein theperformanceof thekernelalgorithms.New kernelfunctioncanbe
constructedfrom known kernelfunctionsby performingcertainoperations.We now seetheproperties
of positivesemide�nitekernelsthatareusefulfor constructingnew positivesemide�nitekernels.

Result 1. If
k(x ; y ) = a; (2.41)

wherea > 0; k(x; y ) is positivesemide�nite

Proof. For any naturalnumberM ,

K = (
p

a; : : : ;
p

a)t (
p

a; : : : ;
p

a) (2.42)

k(x; y ) is positivesemide�nite.

Result 2. If k1(x ; y ) andk2(x ; y ) arepositivesemide�nitekernels,

k(x; y ) = a1k1(x ; y ) + a2k2(x ; y ) (2.43)

is alsopositivesemide�nite, wherea1 anda2 arepositive.

Proof. For any M ; ai andx i

at Ka = at (a1K 1 + a2K 2)a

= a1at K 1a + a2at K 2a

� 0

(2.44)

Therefore,k(x; y ) is positivesemide�nite.
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Result 3. If k1(x ; y ) andk2(x ; y ) arepositivesemide�nitekernels,

k(x; y ) = k1(x ; y )k2(x ; y ) (2.45)

is alsopositivesemide�nite.

Proof. To prove this it is suf�cient to show that if M � M matricesB = f bij g andC = f cij g are
positive semide�nite, aij bij is also positive semide�nite. SinceB is positive semide�nite, through
mercerconditionwe cansaythatB is expressedby B = F t F , whereF is anM � M matrix. Then
bij = f i

t f , wheref j is thej th columnvectorof F . Thusfor any arbitrary(a1; : : : ; aM ),

at Ka =
MX

i;j =1

hi hj aij bij

=
MX

i;j =1

hi hj f i
t f j bij

=
MX

i;j =1

(hi f i )t (hj f j )bij

� 0

(2.46)

Thusk(x; y ) is positivesemide�nite.

In thenext sectionweseesomeof thepopularkernelsusedin speci�c �eld computervision.

2.5 Kernelsfor computer vision

Over thelastyears, kernelmethodshaveestablishedthemselvesaspowerful toolsfor computervision
researchersaswell asfor practitioners.All themethodsfor regression,dimensionalityreduction,outlier
detection,clustering,recentmethodsof non-classicaltechniquesfor thepredictionof structuredata,for
the estimationof statisticaldependency, andfor learningthe kernelfunction itself areillustratedwith
successfulexamplesapplicationsin therecentcomputervision researchliterature.

Imagesandvideosarea datasourcewith a very specialcharacteristic:becauseeachpixel represents
ameasurement.Imagesaretypically veryhighdimensional.Smallerresolutionimageof 256x 256will
containmorethan65kpixelsandmoving to higherresolutionwill beof evenmorehigh in dimensional.
This is the main reasonwhy kernelsmethodsare widely applicablein the �eld of computervision.
Therefore,ComputerVision researchershave givenspecialattentionon �nding gooddatarepresenta-
tions andalgorithmsto tackleproblems,suchas(i) Optical characterrecognition:classify imagesof
handwrittenor printedlettersor digits [68], (ii) Objectclassi�cation:classifynaturalimagesaccording
to theobjectcategory they contain[39], (iii) Action recognition:classifyvideosequencesbasedon the
actionperformedin them[69], (iv) Imagesegmentation:partition an imageinto the subregions that
correspondto differentimageaspects,e.g. backgroundor foreground[70], (v) ContentBasedImage
retrieval: �nd imagesthat aremostsimilar to a queryimagefrom a collectionor database[71]. (vi)
ObjectDetection:identify theboundaryof theobjectpresentin theimage[6]
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Figure2.2: Sampleimagesof classelk taken from Caltech256 [7] dataset.Notice the variationsin
color, location,contrastin background.And therearealsolots of variationin pose& structureof the
objectclass.

Kernelmethodshave provedsuccessfulin all of theseareas,mainly becauseof their interpretability
and�e xibility . By constructinga kernelfunctiononecanintegrateknowledgethathumanshave about
thecurrentproblem.And this leadsto improvedperformancecomparedto pureblack-boxmethodsthat
donotallow theintegrationof prior knowledge.Thereis muchresearchin designingpromisingkernels
which is speci�c to the task. Onceit is designedit canbe re-usedin any kernelmethodnot only just
in thecontext it wasoriginally designed.This givesresearchersaswell aspractitionersa largepool of
establishedkernelfunctionsto choosefrom, therebyincreasingthechancesof �nding awell-performing
one. In thefollowing, we introducesomeof theexisting kernels,theassumptionsthey werebasedon,
andtheirapplicabilityto practicalcomputervision tasksstartingwith somebasics.

2.5.1 Inter estpoints, Descriptorsand Bag-of-Words

In computervision,visualdescriptorsor imagedescriptorsaredescriptionsof thevisualfeaturesof the
contentsin imagesor videos,which arecalculatedat certainpointscalled interestpoints. At these
points,descriptordescribeelementarycharacteristicssuchas the shape,the color, the texture or the
motion. Thesedescriptorscarry theknowledgeof theobjectsandeventsfound in a video, imageand
this is usedto for furtherprocessing.

But advancedcomputervision tasksrequiregeneralizationnot only betweendifferentviews of the
sameobjects,but alsobetweenmany differentobjectsthatsharea semanticaspect,e.g. animalsof the
samespecies.The visual variationswithin sucha classcanbe very large, and is illustratedwith an
examplein Figure2.2.Thesevariationsgenerallyoccurdueto changeof pose,truncationor occlusion.
But typicalpartsareoftencommonfor all objectinstances.Part-basedrepresentationsof naturalimages
havebeendevelopedto overcomeall of theseproblems.They arebasedontheideaof treatingtheimage
ascollectionsof many localpartsinsteadof assingleobjectwith globalproperties.

To �nd relevantpartsof theimage,in generaloneappliesasetof operatorsfor thedetectionof interest
points. Theseoperatorscomprisesof low-level differential�lters basedon differencesof Gaussianor
Waveletcoef�cients , etc.It is shown in practicethatinterestpointsonaregulargrid or randomlocations
andscales[72] work well. Eachregion of interestde�nes a small imagefrom which onecalculates
an invariant representation,often calleda descriptor. The popularSIFT descriptor[72] doesthis by
combiningseveral ideas. Many otherdescriptors[73–77] have beendevelopedthat follow similar or
someotherdesign.Many of thesedescriptorsareusedfor problemswhich areaddressedin this thesis
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Figure2.3: Thedescriptorswhichoccurin naturalimagesdonot lie uniformin thespaceof all possible
descriptors,but they form clusters. BOW (right) dividesthe descriptorspaceinto Voronoy cells that
respecttheclusterstructurebut SPK(left)doesnotdo this. Imagecourtsey [8]

andmoredetailsof themaregivenat appropriateplace.After this �rst preprocessingstep,theimageis
representedasasetof descriptorvectors,oneperregionof interestin theimage.All descriptorsvectors
areof thesamelength,typically between20and500dimensions.Thenumberof regionsanddescriptors
variesdependingon the imagecontents.Dependingon themethodfor interestpoint detectionandthe
resolutionof image,thenumberof interestpointsperimagevary.

After interestpoint detection,eachimageis abstractedby several local patches.Featurerepresen-
tationmethodsdealwith representationof patchesasnumericalvectors.Naturalimageshave inherent
regularities that causethe extracteddescriptorsvectorsto form clustersin the descriptorsspace.For
example,edgesandcornersaretypically muchmorefrequentthan,e.g.,checker board-like patterns.
Ononehand,a largenumberof grid cellswill stayempty, andontheotherhand,existingclustersmight
besplit apart.

Thevectorrepresentingpatchesarerepresentedin thenext level using codewords. A codeword can
beconsideredasarepresentativeof severalsimilarpatches.Onesimplemethodis performingK-means
clusteringover all the vectors [78]. Codewordsarethende�ned asthe centersof the learntclusters.
The numberof the clustersis the size of codebook. This is also called as vocabulary size. Thus,
eachpatchin an imageis mappedto a certaincodeword throughtheclusteringprocess.As a simplest
representation,wecountfor eachclustercenter, how oftenit occursasanearestneighborof adescriptor
in x andform theresultingK-bin histogram.Thisconstructionis oftencalledbagof visualwords,since
it is similar to thebag-of-wordsconceptin naturallanguageprocessing.

2.5.2 Pyramid Match Kernel

Pyramidmatchkernel[79] is a fastkernelfunction(satisfyingMercer'scondition)whichhasbeenbuilt
over thesedescriptorsandproven themselvesin the taskslike objectrecognition. The complexity of
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comparingtwo imagesin part-basedrepresentationcanbe madelinear insteadof quadraticby quan-
tizing thespaceof possibledescriptorvalues.Thepyramidmatchkernel(PMK) [79] doessowell by
subdividing thed-dimensionalspaceof imagedescriptorsinto ahierarchy of axisparallelcellsin adata
dependentway. In the �nest layer, eachdescriptorlies in a cell of its own. Coarserlayersarebuilt by
merging neighboringcells in any dimension.This constructionis repeateduntil thecoarsestlayerhas
only onecell containingall descriptors.It is de�ned as

kP M K (x ; y ) =
LX

l=1

2l
2l � 1X

j =1

min(hl ;j (x); hl ;j (y )) (2.47)

wherehl ;j (x) arehistogramsof, how many featuresof x falling into j � th cell of l � th pyramid level.
This kernelhasbeensuccessfullydemonstratedon caltech101 [14] andETHZ databases[80]. But
quantizationof the descriptorspaceby a regular grid, asusedby the pyramid matchkernel,doesnot
re�ect properclustering,seeFigure2.3.

2.5.3 Kernelsfor BOW Representations

Therepresentationof imagesasfeaturecounthistogramsleavesuswith many possibilitieswhich ker-
nel function to apply on them. A direct analogueof the pyramid matchkernelEquation(2.47) is the
histogramintersectionkernel[67]:

kH I (x ; y ) =
VX

i =1

min (hi ; h
0i ) (2.48)

wherewe write h = (h1; : : : ; hV ) for theV � bin histogramrepresentationof x andanalogouslyh
0

for
thehistogramof y .

For �x ed lengthhistogramswe canapplyall kernelsde�ned for vectors,e.g. linear, polynomialor
Gaussian.If thenumberof featurepointsdiffersbetweenimages,it oftenmakessenseto �rst normalize
thehistograms,e.g. by dividing eachhistogrambin by thetotal numberof featurepoints. This allows
theuseof kernelsfor empiricalprobabilitydistributions,e.g.theBhattacharyyakernel

kbhattachar yya(x ; y ) =
VX

i =1

p
hi ; h0i (2.49)

Anotherpopularlyusedkernelin ComputerVision is � 2-kernel:

k� 2 (x ; y ) = exp
�

� 

VX

i =1

(hi � h
0i )2

hi + h0i

�
(2.50)

which hasshown very goodperformance,in the taskslike objectrecognition[39], objectdetection
[81].
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2.5.4 Spatial Pyramid Kernel

The bagof visual wordsmodelcompletelyignoresthe spatialstructureinformationfrom the image.
However, in sometasksspatialinformationcanbea valuablesourceof information,e.g. if onewants
to recognizescenelikehighwaywheresky regionstendto occurmuchmorefrequentlyat thetopof the
imagethanat thebottom.Consequently, theideaof local histogramshasprovedusefulin this setupas
well. In theplaceof globalvisualword histogram,a numberof local histogramsareformed,typically
in a pyramidstructurefrom coarseto �ne assimilar to pyramidmatchkernel.Eachsub-histogramhas
V bins andcountshow many descriptorswith centerpoint in the correspondingpyramid cell have a
speci�c codebookvectorasnearestneighbor. Then,eitherall local histogramsareconcatenatedinto a
singlelargerhistogram, or separatekernelfunctionsareappliedfor eachlevel andcell, andtheresulting
kernelvaluescombinedinto asinglespatialpyramidscore,e.g.by aweightedsum[82]:

kSP (x ; y ) =
LX

l=1

dl

2l � 1X

j =1

k(h(l ;j ) ; h
0

(l ;j ) ) (2.51)

whereL is thenumberof levels,dl is aper-level weightfactorandh(l ;k) , h
0

(l ;k) arethelocalhistograms
of x, y respectively. Thebasekernelk is typically chosenfrom thesameselectionof histogramkernels
asabove,with or withoutseparatehistogramnormalization.

2.6 Learning the Kernel

Kernelmethodposesmany advantagesotherthannonlinearitysuchasmodularity, ability to work with
heterogeneousdescriptionof data,etc. The major issuein the kernelmethodsis the choiceof kernel
function. Thekernelfunctionde�nes thegeometryof spacein which analgorithmoperatesandthis is
crucialfor theperformanceof thatalgorithmin thatspace.In generalkernelmethodsuseasingle�x ed
kernelfunction.Differentkernelfunctionsinducedifferentfeaturespaceembeddingsandaretherefore
differently well suitedfor a given problem. Finally, the choiceof the kernel is taskdependent.The
qualityof a kernelis determinedby how well thetrainedkernelmethodperformsin thatparticulartask
athand,e.g.in thecaseof aclassi�erby theaccuracy onunseendatapoints.Although,many estimators
for thegeneralizationerrorhavebeendevelopedandusedfor parameterselection,e.g. cross-validation
and bootstrapping, which work by iteratingbetweentrainingandtestprocedureson differentpartsof
thetrainingset.

2.6.1 Kernel TargetAlignment

The ideaof learningthekernelmatrix hasoriginatedfrom [1]. which de�nes analignmentbetweena
kernelanda setof labels. The intuition of kernel target alignments(KTA) [1] is that the valuesof a
goodkernelfunctionk shouldresemblethevaluesof a (hypothetical)idealkernell . This idealkernel
or targetkernelis constructedby l(x ; y ) = yi yj with yi 2 f� 1; +1g. Thealignmentbetweenkernel
k; l is de�ned as
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A(k; l ) =
hK ; L i Fp

hK ; K i F hL ; L i F
(2.52)

whereK ; L is the kernel matrix using kernel k; l in featurespaceF respectively. This can also be
viewedasthecosineanglebetweentwo bi-dimensionalvectorsK andL . SubstitutingL = yy t where
y is vectorof labelsof thetrainingsamples,then

A(k; l ) =
hK ; yy t i Fp

hK ; K i F hyy t ; yy t i F

=
hK ; yy t i F

m
p

hK ; K i F

(2.53)

To selectonekernelfunction out of a setof alternatives,we choosethe kernelfunction that maxi-
mizesA(k; l ). Sincethis proceduredoesnot requireto train andevaluatea classi�er, it is in particular
fasterthan,e.g.,multiple cross-validationruns. Anotheradvantageof thekernelalignmentscoreis its
differentiabilitywith respectto thekernelfunctionk. For kernelsthatdependsmoothlyon real-valued
parameters,it thereforepossibleto �nd locally optimal parameterscombinationby gradient-descent
optimization.

2.6.2 Multiple Kernel Learning

For many tasksthechoiceof representationandfeaturesdependson theapplications.For instancein
computervision for a problemcolor, texture,or edgeorientationmight bethemostrelevantcue.Most
often,one�nds thatdifferentaspectsareimportantat thesametime,andonewould like to �nd akernel
functionthatre�ects theaspectsof severalkernelsat thesametime.

Kernel methodsin generalare well suitablefor suchfeaturecombinations. ConstructingKernel
functions,the sumandproductof existing kernelsarekernelsagain, equallyre�ecting the properties
of all basekernel. However, in situations,wherewe believe that somekernelsare more important
thanothers,we might prefera weightedlinearcombinationof kernelinsteadof their unweightedsum.
Multiple kernellearning(MKL) allowsusto �nd theweightsof suchlinearcombinations.Theintuition
hereis thatkernelor combinationof kernelsgivesriseto amargin whenusedin thetrainingof asupport
vectormachine,anddueto thelinearkernelconstruction,wecan�nd anexplicit expressionfor thesize
of themargin. Theconceptof maximummargin learningtellsusto preferclassi�erswith alargemargin
betweentheclasses.MKL procedurejointly �nds theSVM weightvectorandthe linearcombination
weightsof the kernelfunctionsthat realizedthe generalizedlinear classi�er of maximalmargin. See
Figure2.4for anillustration.

Linear kernel combinations: Let k1; � � � ; kK bekernelfunctions,ki : � � � with inducedHilbert
spacesH i andfeaturemaps� i . Now theinterestlies in �nding thebestSVM classi�er for kernel

k(x; y ) =
KX

l=1

dl kl (x ; y ) (2.54)

with di � 0.
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Figure2.4: Giventwo kernelsk1; k2 with featuremaps� 1; � 2 thenconsiderthekernelformedthrough
linearcombinationk = � k1 + (1 � � )k2 with inducedfeaturespace(

p
� � 1;

p
1 � � � 2). Plotscor-

respondingto � = 0; 1; 0:9; 0:2 canbe found in (a),(b),(c),(d)respectively. It is clearthat datais not
muchseparablein theoriginal featuresspace(a),(b) whencomparedto to featurespaces(c),(d). Image
courtsey [8]
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If d1; : : : ; dK are �x ed �( x) = (
p

d1� 1(x); : : : ;
p

dK � K (x)) t sincethis constructssamescalar
productask:

h�( x); �( y )i =
KX

l=1

dl h� l (x); � l (y )i

=
KX

l=1

dl kl (x ; y )

= k(x; y )

(2.55)

Findingthebestcoef�cients enablesbetterconstructionof featurespace.Therefore,to �nd thebest
coef�cients for thelinearcombinationkernelkopt =

P
l dl kl , following objective functionis presented

in [39]. Minimize

J =
1
2

w T w + C
MX

i

� i +
KX

l

dl � l

subjectto yi (w t �( x i ) + b) � 1 � � i 8i

� i > 0; yi 2 f� 1; 1g 8i

d � 0; Ad � p

�( x i )t �( x j ) =
KX

l=1

dl �( x i )t
l �( x j ) l

(2.56)

whered arekernelparametersandA ; p aretheparametersto includeprior knowledgeonkernelparam-
eterd. Theobjectivefunctionin formulation(2.56)is similar to l1 softmargin SVM formulation(2.17).
Giventhemisclassi�cationpenaltyC, it maximizesthemargin while minimizing thehingelosson the
trainingset.Theonly additionto it is kernelparameteralsooptimizedalongwith SVM parameters.In
generalmostof theweightswill bezerodependingontheparameters� whichencodeprior preferences
for particularkernels.Thel1 regularizationthuspreventsover-�tting asonly few kernelsarebeingused
at theend.And therearetwo additionalconstraintswhichareaddedin comparisonwith standardSVM.
The�rst, d � 0, this is to ensurethatweightsareinterpretableandalsoleadsto a muchmoreef�cient
optimizationproblem.Thesecond,Ad � p it to encodeprior knowledgeaboutthekernelparameters.
The�nal conditionis just restatementof Equation(2.54).

Similar to theEquation(2.17),aboveobjective functioncanbereformulatedasmaximizing

Q(w; b;� ; d; � ; � ; 
 ; � ) =
1
2

w T w + C
MX

i =1

� i +
KX

l=1

dl � l �
MX

i =1

� i
�
yi (w T � (x i ) + b) � 1 + � i

�

�
MX

i =1

� i � i �
KX

l=1


 l dl �
KX

l=1

dl � t A l + p t � (2.57)

1

1Notethat� t (Ad � p) is rewrittenas
P K

l =1 dl � t A l � p t �
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where� i ; � i ; 
 l ; � l arethenonnegativeLagrangianmultipliersandA l is l th columnof thematrixA .
Ondifferentiationwith respectto w; b;� i ; dk , wehave,

@Q
@w

= 0 =) w =
MX

i =1

� i yi �( x i ) (2.58)

@Q
@b

= 0 =)
MX

i =1

� i yi = 0 (2.59)

@Q
@� i

= 0 =) C = � i + � i (2.60)

@Q
@dl

= 0 =) � l = 
 l + � t A l +
MX

i =1

� i yi (w t [01 � � � � l (x i ) � � � 0K ]t )
1

2
p

d l

(2.61)

� i f yi (w t x i + b) � 1 + � i g = 0 8 i (2.62)

� i � i = 0 8 i (2.63)

� i � 0; � i � 0; � i � 0; dl � 0 8 i; l (2.64)


 l dl = 0 8 l (2.65)

� t (Ad � p) = 0 (2.66)

where0l is a vectorcontainingall zerosof size� l (x i ). Equationsfrom (2.62) to (2.66)areKKT
conditionsandsubstitutingEquationsfrom (2.58)to (2.61) in (2.57)we get following dualproblem(
for moredetailedderivationseeAppendixA ). Maximize

Qd = 1t � + p t �

subjectto 0 � � i � C; 0 � � ; 1t Y � = 0
1
2

� t YK l Y � � � l � � t A l

(2.67)

wherethenon-zero� i correspondto thesupportvectors,Y is a diagonalmatrix with labelsof training
sampleson thediagonal.Thedualis convex with auniqueglobaloptimum.By solvingeitherprimalor
dual,onecanobtainthebothkernelandSVM parametersandthuskernelis learnt.

Thereareotherversionsof MKL [5,83] in the literature. The main differencebetweenall themis
thedifferencein objective functionformulation.Oneof theextensionare in�nite kernellearning [84]
which combinestheadvantagesof kerneltarget alignment and multiplekernel learning, allowing to
learnliner kernelcombination,while at thesametimeadjustingthekernelparameters.In this thesiswe
useandextendtheabove formulation.

2.7 Further challengesin kernel methods

Therearemany challengesin kernelmethods.Oneof the major limitations in kernelmethodsis the
complexity of training andtestingprocess.So far we have seenkernelalgorithmsprovide a boostin
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performanceby mappingthe input samplesto featureandthenapplying linear algorithmover there.
And thismappingis doneef�ciently with thehelpof kernelfunction.Kernelmethodsaccessthefeature
spacevia the input samplesandhencekernelalgorithmsneedto storeall the relevant input samples.
For instance,testingin caseof SVM for anew sampleall thesupportvectorsareneededto bestoredso
thatthey canbeusedto projecton theseparatinghyperplane.Thecomplexity of this testingprocessis
high,asthesizeof kernelmatricesincreasequadraticallyasthenumberof SVsincreases.Soreduction
of suchcomplexities is highly necessaryto run a particularsetof applicationsfaster. Therearenumber
of attemptsto do this [85,86], but still this is achallengingproblemwith scopefor furtherresearch.

Another limitation is the appropriatenessof choiceof kernels. Unlessthe datais representedin
appropriatefeaturespace,improvementin performanceof methodcannotbeseen.For this, researchers
havestartedwith designingthekernelsandnow it is moving towards“learningthekernel”. In thisthesis
wework on laterpartandlearnthekernelin nonlinearfashionratherthantraditionallinearfashion,and
show theimprovementin theperformancesat taskslike featureselection.

Kernelalgorithmshavebroughtasigni�cant boostin theperformanceon thetaskslikeobjectrecog-
nition, objectdetection,objectlocalization,etc. Someof kerneldesignsareseenin thechapter. In the
caseof images,the representationsis muchhigh dimensional,the limitation on the complexity holds
here.Thereductionof suchcomplexities is still anactive researcharea.
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Chapter 3

Literatur eSurveyon Kernel Learning

3.1 Overview

Theperformanceof thelearningalgorithmsfor taskslikeclassi�cationandregressionstronglydepends
on thedatarepresentation.In kernelmethods,thedatarepresentationis implicitly choosenthroughthe
kernelk(x; y ). This kernelactuallyde�nes the similarity betweentwo samplesx; y , while de�ning
anappropriateregularizationterm for the learningproblem. In somesituations,more�e xible models
arerequired.Recentworks,show that usingmultiple kernelsinsteadof a singleonecanenhancethe
interpretabilityof thedecisionfunctionandimprovedperformances.

Someof the earliestwork on MKL wasdevelopedin [87,88]. Their focuswason optimizing loss
functionssuchaskerneltargetalignmentratherthanthespeci�c classi�cationor regressionproblemat
hand.This wasaddressedin the in�uential work of [2] which showedhow MKL couldbeformulated
appropriatelyfor a giventaskandoptimizedasanSemi-De�niteProgramming(SDP)or Quadratically
ConstrainedQuadraticProgramming(QCQP)for non-negative kernelweights. Nevertheless,QCQPs
do not scalewell to largeproblemsandoneof the�rst practicalMKL algorithmswaspresentedin [3].
In [3], theblockl1 formulation, in conjunctionwith M-Y regularization,wasdevelopedsothatef�cient
gradientdescentcouldbeperformedusingtheSequentialMinimizing Optimization(SMO) algorithm
while still generatingasparsesolution.

The work presentedin [4] retainedthe block l1 regularizationandreformulatedthe problemasa
Semi-In�nite Linear Programmingproblem(SILP). This madeit applicableto large scaleproblems
and the authorswere impressively able to train their algorithmon a million splicedataset. Further
ef�ciency wasobtainedin [5,39] via gradientdescentoptimizationand[83] openedupthepossibilityof
trainingon anexponentiallylargenumberof kernels.Otherinterestingapproacheshave beenproposed
in [89–92]andincludeHyper-kernelsandmulti-classMKL. In thenext sectionthemethodsproposed
in [2–5,88] arediscussedin detailanddiscusshow theproblemhasbeentackledat thebeginningto the
latestmethodologyusedfor solvingtheproblem.
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3.2 MKL Approaches

3.2.1 Kernel TargetAlignment [1]

This is theoneof theinitial paperwhich soughttheideaof learningthekernelfor improvementin the
performance.It startswith the ideaof de�ning thenotionof thealignmentbetweentwo kernels.This
notionof alignmentbetweentwo kernelsis thenextendedto thealignmentbetweenkernelandlabels,
by constructinga “targetkernel” t(x i ; x j ) = yi yj with yi 2 f� 1; +1g. Thealignmentis de�ned as

A(k; t) =
hK ; yy t i Fp

hK ; K i F hyy t ; yy t i F

=
hK ; yy t i F

m
p

hK ; K i F

(3.1)

wherey is vectorof labelsof the trainingsamplesandm is thenumberof trainingsamples.Optimal
kernelK opt is characterizedasbelow equation,

K opt =
X

l=1

dl K l (3.2)

whereK l = vl vt
l and vl is eigenvectorsof original kernel matrix K . Now the optimal alignment

becomes

A(K opt ) =
hK opt ; yy t i F

m
q P

ij di dj hvi vt
i ; vj vt

j i F

=
P

l dl hvl ; y i 2
F

m
q P

l d2
l

(3.3)

Maximizing the alignmentby addingthe constraint
P

l d2
l = 1 yields the following Lagrangian

formulation.

max
X

l

dl hvl ; y i 2
F � � (

X

l

d2
l � 1) (3.4)

Solvingabovegivesdl _ hvl ; y i 2
F . It is shown thatlearningthekernelhasimprovedtheperformance

whencomparedto direct kernel. This hasestablishedthe useof linear combinationsof basekernels.
Although,somegeneralizationboundshave beengiven,thetaskis not directly relatedto classi�cation
anddoesnoteasilygeneralizeto otherlossfunctions.This is oneof themajordrawbackof thismethod.

3.2.2 Learning the Kernel Matrix with SDP[2]

In [2], it is shown thatSemi-De�niteProgramming(SDP)techniquescanbeappliedto learnthekernel
matrix. In speci�c, this work focuseson lossfunction for classi�cationproblem( in SVM framework
). It involvesjoint optimizationof kernelmatricesandthecoef�cients in a coniccombinationof kernel
matricesandthe coef�cients of a discriminative classi�er. Finally, the problemis posedasa QCQP
problem,which is specialform of SDP.
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This work apply the idea to the problemof combiningdatafrom multiple sources. Speci�cally,
assumingthat eachsourceis associatedwith a kernel function, suchthat a training set yields a set
of kernelmatrices.The tools that they developedin their work madeit possibleto optimizeover the
coef�cients in a linear combinationof suchkernelmatrices. Thesecoef�cients can thenbe usedto
form linearcombinationsof kernelfunctionsin theoverall classi�er. Thus,this approachallows us to
combineheterogeneousdatasources,makinguseof the reductionof heterogeneousdatatypesto the
commonframework of kernelmatrices,andchoosingcoef�cients that emphasizethosesourcesmost
usefulin theclassi�cationdecision.This laterwasnamedasMultiple KernelLearning.

Semide�nite programming and Multiple kernel learning

Semide�nite programmingdealswith the optimizationof convex functionsover the convex coneof
symmetric,positivesemide�nitematrices

P = f X 2 Rp� p j X = X t ; X � 0g (3.5)

or af�ne subsetsof this cone. With this, given P canbe viewedasa searchspacefor possiblekernel
matrices.Thissearchspaceis constrainedin orderto preventover�tting andachievegoodgeneralization
on testdata. For MKL, a restrictedsetK of kernelsis taken which is a setof positive semide�nite
matrices. And theseareboundedwith tracethat canbe expressedasa linear combinationof kernel
matricesfrom thesetf K 1; � � � ; K l g. Thatis, K is thesetof matricesK satisfying

K =
X

l

dl K l ; K � 0; tr ace(K ) � c (3.6)

Additionally theparametersdl canbeconstrainedto benon-negative (i.e. dl � 0). By doingso,a
signi�cant computationalcomplexity is reduced.Theproblemis formulatedasfollowing quadratically
constrainedquadraticproblem.

min
1
2

w t w + C
MX

i

� i

subjectto yi (w t � d(x i ) + b) � 1 � � i ; � i > 0 8i

K =
X

l

dl K l ; dl � 0 8l

tr ace(K ) = c

(3.7)

wherec is a constant.This convex optimizationproblem,a QCQPmoreprecisely, is a specialinstance
of anSOCP( Second-OrderConeProgrammingproblem,which canbesolvedef�ciently), which is in
turnaspecialform of SDP. Sparsekernelweightsareobtainedby solvingtheformulation.Thiscanalso
beextendedto optimiseanappropriatecostfunctiondependingon thetaskathand.Otherpossibleloss
functionsaresquarehinge,KTA, regression,etc.

Solvingtheformulationin QCQPis morechallengingthanaQuadraticProgramming(QP)problem,
but in principle it canbesolvedby general-purposeoptimizationtoolboxes. But QCQPdoesnot scale
well andbecomesrapidly intractableasthenumberof learningexamplesor kernelsbecomelarge.
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3.2.3 MKL with SequentialMinimization Optimization Algorithm [3]

Theformulationin SDPframework is convex but is a non-smoothminimizationproblem.This makes
thedirectapplicationof simplelocal descentalgorithmssuchassequentialminimizationoptimization
infeasible.Therefore, [3] hasconsideredthesmoothedversionof problemfor which they proposeda
SMO-likealgorithmthatenablesto tacklemedium-scaleproblems.

A classi�cationalgorithmcalledsupportkernelmachine(SKM) wasintroducedin [3]. It ismotivated
asa block-basedvariantof the SVM andrelatedto margin-basedclassi�cationalgorithms. But their
underlyingmotivation wasthe fact that the dual of the SKM is exactly the problem(3.7) which they
establishin their work. Here, input samplex i in divided into n blocks and is representedas x i =
(x1i ; x2i ; � � � ; xni ). For kernelization,mappedfeaturespaceof input sampleis assumedto have n
components�( x i ) = (� 1(x i ); � � � ; � n (x i )) . Thusw alsohasthe sameblock decompositionw =
(w1 ; � � � ; wn ). SKM is then extendedto SMO-like algorithm making useof Moreau-Yosida(MY)
regularization.Finally theformulationis,

min
1
2

(
X

l

dl jjw l jj2)2 +
1
2

X

l

a2
l jjw l jj2

2 + C
X

i

� i

subjectto yi (
X

l

w t
l � l (x i ) + b) � 1 � � i ; 8i

� i � 0; 8i

(3.8)

where(al ) aretheMY-regularizationparameters.Block l1-regularizationensuressparsityatblock level
andmakesw to besparse.This methodhassuccessfullyenabledto tacklemediumscaleproblemsbut
notwell to largescaledata.

3.2.4 Lar geScaleMKL usingSILP [4]

Theapproachin [4] reformulatestheproblemassemi-in�nite linearprogram(SILP). This algorithm
solvestheproblemiteratively solvingaclassicalSVM problemwith asinglekernelandalinearprogram
who's numberof constraintsincreasesalong with iterations. This is one of major advantageof the
methodasthereexistsa lot of toolboxesto solve SVM with singlekernelandthustacklestheproblem
with large-scaledata.Theformulationgivenin [3] is posedasfollowing SILPprogram.

max �

subjectto dl � 0;
X

l

dl = 1

X

l

dl (
1
2

X

i;j

� i � j yi yj kl (x i ; x j ) �
X

i

� i ) � � 8� 2 C

C = f � 2 Rm j 0 � � i � C;
X

i

yi � i = 0g

(3.9)

The above formulation is solved ef�ciently by usingcutting planemethod[93]. It is an iterative
approach,in which the�rst stepcomputestheoptimal(d; � ) for a restrictedsubsetof constraints.Then
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in the next stepanotheralgorithm generatesa new, unsatis�edconstraintdeterminedby � . These
constraintsareaddedto thesetof constraintsin the�rst stepandtheiterationscontinueuntil thecreteria
P

l dl ( 1
2

P
i;j � i � j yi yj kl (x i ; x j ) �

P
i � i ) � � is satis�ed. First part is Linear Programming(LP)

problemandsecondstepcanbe solved throughSVM. Essentiallyit is iterative LP-QPsolution. In
eachiterationLP problemsgrows morecomplex astheconstraintsetincreases.This algorithmcanbe
extendedto a largeclassof convex lossfunctions.

This solutioncannow tackle large scaleproblemsandit is shown that it is capableof solving the
problemconsistingof 30,000examplesand20 kernelsin reasonabletime. But, doesnot scalewell to
theproblemswhichdealswith largenumberof kernels.

3.2.5 SimpleMKL [5]

Anotheralgorithmwhich scalesthesolutionof MKL problemto largerproblemsis presentedin [5].
Thismethodis basedupongradientdescentoptimizationandobtainsfurtheref�ciency whencompared
to SILP in scalingto largeproblems.Thealgorithmis fairly simpleandusesfollowing alternateopti-
mizationalgorithm.

min
d

J (d) suchthat
X

l=1

dl = 1; dl � 0 (3.10)

where

J (d) =

8
>><

>>:

min 1
2

P
l

1
dl

jjw l jj2 + C
P

i � i 8i

s.t. yi (
P

l w l
t � l (x i ) + b) � 1 � � i

� i � 0; 8i

(3.11)

Here,problem( 3.10) is solvedby usinga simplegradientdescentscheme.Theobjective function
J (d) is actuallyan optimal SVM objective value. This formulation resultsin a smoothandconvex
optimizationproblemwhich is equivalent to other MKL approachesdiscussedearlier. But the new
objective functionis moresmoother, whichmakesdescentmethodspractical.

Similar to theSILP algorithm,�nal algorithmiteratesover two stepsuntil someconvergenceis met.
Onestepperformsgradientdescentto estimatekernelparameters,anotherstepusessimpleSVM to
estimateclassi�er parameters.This is muchef�cient asthe numberof stepsneedfor convergenceis
lesswhencomparedto SILP approach.This is becauseSILP approachdoesnot usesmoothnessof the
objective function. Othermethodswhich aresimilar to this approachis [39,83,94,95], thedifference
comeswith changein objective functionformulation.

3.2.6 Other Approaches

Besidestheseapproaches,someother interestingapproachesare in�nite-dimensionalkernel families
suchas hyper-kernels[90,91] or generalconvex classesof kernels[89]. Other approachesaims at
studingtheregularizationfor sparsityin kernelselection[95–97]. Therearealsosomeapproacheson
extendingto multi-class[92] andmulti-labelmultiplekernellearning[98].
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3.3 Remarks

All themethodsdescribedin theprevioussectionessentiallylearnlinearcombinationsof basekernels
subjectto l1, or sometimesl2 [88,99], regularizationof thekernelparameters.Most formulationsare
convex or canbe madeso by a changeof variables. On the otherhand,hierarchicalmultiple kernel
learning[83] considerslearninga linearcombinationof anexponentialnumberof linearkernels,which
is ef�ciently representedasa productof sums. This methodcanalsobe classi�ed aslearninga non-
linearcombinationof kernelsbut thebasekernelsarerestrictedto concatenationkernels.
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Chapter 4

GeneralizedMultiple Kernel Learning

4.1 Intr oduction

Thesuccessof SVMs at differenttasksis oftendependenton thechoiceof a goodkernelandfeatures
– onesthat aretypically hand-craftedand�x ed in advance. However, hand-tuningkernelparameters
canbedif�cult ascanselectingandcombiningappropriatesetsof features.Multiple KernelLearning
(MKL) seeksto addressthis issueby learningthekernelfrom trainingdata.In particular, it focuseson
how thekernelcanbe learntasa linearcombinationof givenbasekernels.Many MKL formulations
havebeenproposedin theliterature.

Nevertheless,MKL approachesarelimited in thatthey focuson learninglinearcombinationsof base
kernels– correspondingto theconcatenationof individual kernelfeaturespaces.Far richerrepresenta-
tionscanbeachievedby combiningkernelsin otherfashions.For example,takingproductsof kernels
correspondsto takinga tensorproductof their featurespaces.This leadsto a muchhigherdimensional
featurerepresentationascomparedto featureconcatenation.Furthermore,by focusingmainly on fea-
tureconcatenation,MKL approachesdo not considerthefundamentalquestionof whatareappropriate
featurerepresentationsfor a given task. This canalsobe illustratedwith an help of example. In the
Figure4.1,sample1, 2 ( in redcolor ) belongsto oneclassandsample3, 4 ( in bluecolor ) belongsto
otherclass.A classi�er whichseparatetheseclassescannotbebuilt neitherin individual featurespaces
nor in combinedkernelspaceusingsum. But, by usingkernelspaceof productof kernels,a classi�er
whichcanseperateboththeclassescanbebuilt easily.

Here,we observe that it is fairly straightforward to extendtraditionalMKL formulationsto han-
dle generickernelcombinations.Furthermore,the gradientdescentoptimizationdevelopedandused
in [5,39,83,100] canstill beappliedout of thebox. It is thereforepossibleto learnrich featurerepre-
sentationswithouthaving to sacri�ceany of theadvantagesof awell developed,largescaleoptimization
toolkit. In additionto thekernelfunction,it is alsopossibleto generalizetheregularizationonthekernel
parameters.This canbeusedto incorporateprior knowledgeaboutthekernelparametersif available.
However, thepricethatonehasto payfor suchgenerality, is thatthenew MKL formulationis no longer
convex. Nevertheless,we feel that theability to exploreappropriatefeaturerepresentationis probably
moreimportantthanbeingableto convergeto theglobaloptimum(of aninappropriaterepresentation).

35



(a) (b)

(c) (d)

Figure4.1: In (a), (b) datapointsarein individual 1-D featurespaces� 1; � 2. In (c), (d) datapoints
arein combinedkernelfeaturespaces,sumandproductof kernelsrespectively. It canbeenseenthat
datapointsarenot seperablein individual featurespacesandsumof kernelfeaturespace.But, they are
seperablein productof kernelsspace.

This is borneoutby ourexperimentalresults.
In this chapterwe presentthedetailsof GMKL in Section4.2,4.3 andwe extendit for multi-class

problemin Section4.4similar to theoneproposedin [5] whichwill beusefulfor featureselectionwhile
extendingto multi-classproblems.

4.2 GeneralizedMKL : Formulation

Our objective is to learna function of the form f (x) = w t � d (x) + b with the kernelkd (x i ; x j ) =
� t

d (x i )� d (x j ) representingthedotproductin featurespace� parameterizedby d. Thefunctioncanbe
useddirectly for regressionor thesignof thefunctioncanbeusedfor classi�cation. Thegoal in SVM
learningis to learnthe globally optimal valuesof w andb from training dataf (x i ; yi )g. In addition,
MKL alsoestimatesthekernelparametersd. WeextendtheMKL formulationof [39] to

min
w ;b;d

1
2w t w +

X

i

l (yi ; f (x i )) + r (d) (4.1)

subjectto d � 0 (4.2)

whereboththeregularizerr andthekernelcanbeany generaldifferentiablefunctionsof d with contin-
uousderivative. And l couldbeoneof variouslossfunctionssuchasl = C max(0; 1 � yi f (x i ))p for
classi�cationor � insensitive lossl = C max(0; jyi � f (x i )j � � ) for regression(seeFigure4.2). In case
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(a)Classi�cation (b) Regression

Figure4.2: Commonlyused(a) classi�cationand(b) regressionlossfunctions. For classi�cation0/1
lossfunctionpenalizes1 for every misclassi�cation.It is discontinuousandnot convex whereashinge
andquadraticareconvex. For regressionanalysis� insensitiveandquadraticlossareusedwidely. Image
courtsey [9]

of classi�cationwhenp equalsto oneit becomeshingelossandwhenp equalsto two it is quadraticloss
function.For regressionotherlossfunctionsarequadraticlossl = C(yi � f (x i ))2.

Threethingsareworthnotingabouttheprimal. First,wechooseto useanon-convex formulation,as
opposedto theconvex

P
l w t

l w l =dl [5], sincefor generalkernelcombinations,w t
l w l neednot tendto

zerowhendl tendsto zero. Second,we placer (d) in theobjective andincorporatea scaleparameter
within it ratherthanhaving it asanequalityconstraint(typically

P
l dl = 1 or

P
l d2

l = 1). Third, the
constraintd � 0 canoftenberelaxedto a moregeneralonewhich simply requiresthelearntkernelto
bepositivede�nite. Conversely, theconstraintscanalsobestrengthenedif prior knowledgeis available.
In eithercase,if r d r exists thenthegradientdescentbasedoptimizationis still applicable.However,
theprojectionbackinto thefeasiblesetcangetmoreexpensive.

4.3 GeneralizedMKL : Algorithm

In orderto leverageexisting largescaleoptimizers,we follow thestandardprocedure[100] of reformu-
lating theprimal asa nestedtwo stepoptimization.In theouterloop, thekernelis learntby optimizing
over d while, in theinnerloop, thekernelis held�x edandtheSVM parametersarelearnt.This canbe
achievedby rewriting theprimalasfollows

Min
d

T(d) subjectto d � 0 (4.3)

where T(d) = Min
w ;b

1
2w t w +

X

i

l (yi ; f (x i )) + r (d)

We now needto prove that r d T exists, and calculateit ef�ciently , if we are to utilize gradient

37



descentin theouterloop. This canbeachievedby moving to thedual formulationof T givenby (for
classi�cationandregressionrespectively)

WC (d) = max
�

1t � � 1
2 � t Y K d Y � + r (d) (4.4)

subjectto 1t Y � = 0; 0 � � � C (4.5)

and

WR (d) = max
�

1t Y � � 1
2 � t K d �

+ r (d) � � 1t j� j (4.6)

subjectto 1t � = 0; 0 � j� j � C (4.7)

whereK d is thekernelmatrix for agivend andY is adiagonalmatrixwith thelabelson thediagonal.
Note that we canwrite T = r + P andW = r + D with strongduality holding betweenP and

D. Therefore,T(d) = W(d) for any given valueof d, andit is suf�cient for us to show that W is
differentiableandcalculater d W. Proofof thedifferentiabilityof WC andWR comesfrom Danskin's
Theorem[101]. Sincethe feasibleset is compact,the gradientcan be shown to exist if k, r , r d k
andr d r aresmoothlyvarying functionsof d andif � � , the valueof � that optimizesW, is unique.
Furthermore,a straightforwardextensionof Lemma2 in [100] canbeusedto show thatWC andWR

(aswell asothersobtainedfrom loss functionsfor novelty detection,ranking,etc.) have derivatives
givenby

@T
@dl

=
@W
@dl

=
@r
@dl

� 1
2 � � t @H

@dl
� � (4.8)

whereH = Y K Y for classi�cationandH = K for regression.Thus,in orderto take a gradientstep,
all we needto do is obtain� � . NotethatsinceWC or WR areequivalentto their correspondingsingle
kernelSVM dualswith kernelmatrix K d , � � canbeobtainedby any SVM optimizationpackage.The
�nal algorithmis givenin Algorithm 1 andwereferto it asGeneralizedMKL (GMKL). Thestepsizesn

is chosenbasedon theArmijo rule to guaranteeconvergenceandtheprojectionstep,for theconstraints
d � 0, is as simple as d  max(0; d). Note that the algorithm is virtually unchangedfrom [39]

Algorithm 1 GeneralizedMKL.

1: n  0
2: Initialize d0 randomly.
3: repeat
4: K  k(dn )
5: UseanSVM solverof choiceto solve thesinglekernelproblemwith kernelK andobtain� � .
6: dn+1

l  dn
l � sn

�
@r
@dl

� 1
2 � � t @H

@dl
� �

�

7: Projectdn+1 ontothefeasiblesetif any constraintsareviolated.
8: n  n + 1
9: until converged
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(a)

(b) (c)

Figure4.3: (a) Plot of UCI dataset(Sonar)using�rst two dimensions.(b) Valueof objective function
usingsumof kernels.(c) Valueof objective functionusingproductof kernels.

apartfrom the more generalform of the kernel k and regularizerr . If a fasterrate of convergence
wasrequired,our assumptionscouldbesuitablymodi�ed soasto take secondorderstepsratherthan
performgradientdescent.

Only very mild restrictionshave beenplacedon the form of the learntkernelk andregularizerr .
As regardsk, the only constraintsthat have beenimposedarethat K be strictly positive de�nite for
all valid d andthat r d k existsandbecontinuous.Many kernelscanbeconstructedthatsatisfythese
properties.Onecan,of course,learnthestandardsumof basekernels.Moregenerally, productsof base
kernels,andothercombinationswhichyieldpositivede�nite kernels,canalsobelearntnow. In addition,
onecanalsotunekernelparametersin generalkernelssuchaskd (x i ; x j ) = (d0 +

P
l dl x t

i A l x j )n or
kd (x i ; x j ) = e�

P
l dl x t

i A l x j . Combinedwith asparsitypromotingregularizerond, thiscanbeusedfor
non-lineardimensionalityreductionandfeatureselectionfor appropriatechoicesof A . Note,however,
thatsuchkernelsdonot leadto convex formulations.

As regardsr , we only requirethat its derivative shouldexist andbe continuous. Sinced canbe
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restrictedto the non-negative orthant,variousforms of p-norm regulariserswith p � 1 fall in this
category. In particular, l1 regularizationwith r (d) = � t d or variationsof [12] could be usedfor
learningsparsesolutions. Alternatively, l2 regularizationof the form r (d) = (d � � ) t � � 1(d � � )
can be usedwhen only a small numberof relevant kernelsare presentor if prior knowledgein the
form of � and� is available(for instance,from transferlearning). Finally, for regression,onecould
incorporatethetermlog jK d j into r soasto obtaina MAP estimateof a probabilisticformulation.The
nä�vesubstitution� = K � 1y would thenrenderour formulationnearidenticalto amarginal likelihood
approachin GaussianProcesses.

Toy Example : For toy datasetwe took Sonardatasetfrom UCI repository. From this we picked
two features( seeFigure4.3a). Plotsof theobjective functionscorrespondingto sumandproductof
kernelsis givenin 4.3band4.3crespectively. Althoughtheproductof kernelsis anon-convex function
theobjective functionis smoothwhichenablesto dogradientdescentsearch.

4.4 Multi-class extensions

TheproposedGMKL for binaryclassi�cationproblemcanbeextendedto tacklemulti-classclassi�ca-
tion problems.Multi-classclassi�ersaimsto assignlabelsto instancesusinglearntmodel,wherethe
labelsaredrawn from a�nite setof severalelements.Themostcommonapproachis to reducethesingle
multi-classprobleminto multiple binaryclassi�cationproblems.Eachof theproblemsyield a binary
classi�er, which producean output function that gives relatively large valuesfor examplesfrom the
positive classandrelatively smallvaluesfor examplesfrom thenegative class.Therearetwo common
methodsto build suchbinaryclassi�ers,whereeachclassi�er distinguishesbetween(i) oneof theclass
labelsto therest(one-versus-all)or (ii) betweeneverypossiblepairof classes(one-versus-one).

ConsiderthereareN classesin amulti-classclassi�cationproblem.Classi�erscanbebuilt in oneof
thefollowing two approaches:

1. One-versus-All : HereN binary classi�ersarebuilt, wherei th classi�er is trainedwith the ex-
amplesin the i th classaspositive labelsandothersasnegative labels. For classifyingunseen
samplesoutof theN classi�ers,theclassi�er with thehighestoutputassignstheclass.

2. One-versus-One: Hereclassi�ersarebuilt for every possiblepair of classes.So N (N � 1)=2
classi�ersarebuilt. For new instances,max-winsvotingstrategy is used.In whicheveryclassi�er
assignstheinstanceto oneof thetwo classes,thenthevotefor theassignedclassis increasedby
onevote,and�nally theclasswith maximumvotesis assignedto it.

In the two approachesa differentsetof kernelweightswas learnt for eachclass. Above two ap-
proachesarewidely usedandperformswell in many practicalapplications.

Otherapproachthansplitting into multi-classi�ers is to optimizeall the classi�ers altogether. We
alsoadoptthemulti-classparametersharingstrategy of [5] andextendour generalizedkernellearning
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framework to thefollowing N classprimal

Min
w n ;bn ;d ;� n

l (d) +
NX

n=1

1
2w t

nw n + C1t � n (4.9)

subjectto Y n (� t
nw n + bn ) � 1 � � n (4.10)

� n � 0; d � 0 (4.11)

wherethe subscriptn refersto the nth 1-vs-All problem. Applying the standardnestedoptimization
strategy yieldsthegradientdirection

@T
@dl

=
@W
@dl

=
@l
@dl

� 1
2

NX

n=1

� � t
n Y n

@K n

@dl
Y n � �

n (4.12)

where� �
n arethe supportvectorcoef�cients for the nth 1-vs-All SVM andY n andK n arethe cor-

respondingtraining labelandkernelmatricesrespectively. In summary, theproblemis madetractable
by optimizing all the � s independently, thoughthey areall optimizedjointly with d. This particular
formulationwill beusefulwhenwedotaskslikefeatureselection.Othermulti-classMKL formulations
canbefoundin [92,102].

4.5 Summary

We have proposedMKL canbeextendedto generickernelcombinationssubjectto generalregulariza-
tions on kernelparameters.And we explainedhow it is donewith out compromisingwith ef�ciency.
Wehaveshown how it canbeappliedto multi-classproblems.In thenext chapter, weshow someof the
applicationsof proposedmethod.
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Chapter 5

Applications

5.1 Intr oduction

The GMKL formulationwhich we presentedin the previous chapteris quite generalandcanbe used
for kernelcombination,kernelparametertuning,non-linearfeatureselection,dimensionalityreduction
andotherapplicationswhich arelistedin Chapter1. In this thesis,we focuson following two applica-
tions (i) FeatureSelectionand(ii) Learningdiscriminative partsfor objectcategorization. In both the
applicationsweexploit theweightslearntduringMKL.

Featureselectionis anareaof patternrecognitionwhich is usedto selectasubsetof relevantfeatures
for building robust learningmodels. The basicideaof featureselectionis to remove most irrelevant
andredundantfeaturesfrom thedata,it helpsto improve theperformanceof learningmodelsby (i) En-
hancinggeneralizationcapability. (ii) Improvesthe speedof learningprocess.(iii) Improving model
interpretability. For our experiments,we employ UCI datasets[103] which arepopularfor benchmark-
ing machinelearningalgorithms. In our experiments,we show that for a �x ed numberof selected
features,standardMKL can lag behindour formulation. Statedin anotherway, our formulation is
capableof reachingthe sameclassi�cation accuracy as MKL with only a sixth of the features. We
alsopresentcomparative resultswith AdaBoost,OWL-QN [11], LP-SVM [13], SparseSVM [12] and
BAHSIC [104].

In the secondapplication,our objective is to determineminimal setsof pixels and imageregions
requiredfor a given objectcategorizationtask. Informationpresentin imagescanbe redundantand,
therefore,lookingat theentireimagemightnotbenecessaryfor performingcertainclassi�cationtasks.
In othercases,someimagepartsmight in�uence decisionmakingbut might not becrucial. Suchparts
couldpotentiallybe ignoredwhile still keepingclassi�cationaccuracy above anacceptablethreshold.
Selectingdiscriminativepixelsandregionscandirectly improveef�ciency andcompressionandreduce
datatransmissioncosts. It canalsobeusedto enhanceour understandingof theobjectcategorization
problemat hand,determinethe importanceof context andhighlight artifactsin the training data. We
exploretheuseof multiple kernellearningto selectthemostrelevantpixelsandregionsfor classi�ca-
tion. Resultsarepresentedonbenchmarkproblemssuchasgenderidenti�cation andobjectrecognition
on theCaltech-101[14] andCaltech-256databases[7].
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In the following sectionwe �rst discusssomeof the popularfeatureselectionmethodswhich we
comparewith ourmethod.Thenwegivedetailsof theotherexperimentswhichcomparewith otherother
multiple kernellearningmethods.In thesection5.3we explain theproblemof learningdiscriminative
partsin detailandpresentrelatedexperiments.

5.2 FeatureSelection

5.2.1 Popular Methods

As anapplicationwe applyGeneralizedMKL on featureselectionproblem.We compareour formula-
tion to traditionalMKL aswell asthefollowing featureselectionmethods

Boosting: TheLPBoostformulationof [105] is similar to thatof standardMKL andboostinggen-
eralizesstandardMKL'sdecisionfunction.Boostingcanthereforebeusedto learnlinearcombinations
of basekernels.Individual “weak classi�er” SVMs arepre-learntfrom eachof thegivenbasekernels
and combinedusing AdaBoost. This can be attractive when thereare a large numberof kernelsor
whenkernelsaremadeavailableincrementally. While the computationalcostsarelow, the empirical
resultswerefoundto bepoorasthelearntkernelweightscouldnot in�uence thepre-learntweakclas-
si�ers. Of course,in traditionalboosting,theweakclassi�ersandtheweightsarelearnttogetherand
we presentcomparative resultsto [106] which representsa state-of-the-artboostingmethodfor gender
identi�cation.

OWL-QN [11] : This is a largescaleimplementationof l1 logistic regression.Themethodlearnsa
functionof theform f (x) = w t x by minimizing (1=C)jjwjj 1 +

P
i l (yi ; f (x i )) wherel is thelog loss.

Despitebeinglinear, themethodcansometimesoutperformboosting.Nevertheless,theoverall perfor-
manceis poorascomparedto theotherlinearmethodssinceOWL-QN doesnot have anexplicit bias
term.Onecouldsimulatea biasby addinga constantfeaturebut thecorrespondingweightcouldbeset
to zerodueto thel1 regularization.Whenthis doesn't happen,OWL-QN's performanceis comparable
to LP-SVM andSparse-SVM.

LP-SVM [13] : Thisis thestandardSVM formulationbut with thel2 regularizationonw replacedby
l1 regularization.Weconsiderthelinearformulationwhichlearnsafunctionof theform f (x) = w t x+ b
by minimizing jjwjj1 + C

P
i l (yi ; f (x i )) wherel is thehingeloss. Seeingthat thehingelossis very

similar to the log loss, the formulationappearsto be very similar to OWL-QN. However, dueto the
explicit bias term b which is not includedin the l1 regularization,LP-SVM cansometimesperform
muchbetterthanOWL-QN. Somewhatsurprisingly, theperformanceof thelinearLP-SVM couldeven
bebetterthanthatof non-linearMKL (thoughnotGMKL).

Sparse-SVM[12] : This methoddoesnot useexplicit l1 regularizationto enforcesparsity. Instead,
it placesa direct cardinality constrainton the hyperplanenormal. It learnsa function of the form
f (x) = w t x + b by minimizing jjwjj 2 + C

P
i l (yi ; f (x i )) subjectto jjw jj0 � r , wherel is thehinge

loss. We take theconvex QCQPrelaxation(QCQP-SSVM)proposedby theauthors.Empirically, we
foundtheperformanceof Sparse-SVMto bevery similar to thatof LP-SVM though,beinga QCQP, it
tookmuchlongerto optimize.
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BAHSIC [104] : Thisis aleading�lter methodwhichrunsabackwardselectionalgorithmdiscarding
featuresbasedon their label dependenceasmeasuredby the Hilbert-Schmidtindependencecriterion.
WeuseanRBFkernelfor thedata(thesameasusedby boosting,MKL andGMKL) anda linearkernel
for thelabels.BAHSIC outputsa rankedlist of featuresfrom which a subsetof thedesiredsizecanbe
selected.An SVM with anRBF kernelis thentrainedusingtheselectedfeatures.In our experiments,
we foundbackwardselectionto becomputationallyvery expensive without offering any advantagesin
termsof classi�cationaccuracy. Given identicalkernels,BAHSIC performedsubstantiallyworsethan
GMKL,

5.2.2 Experiments - UCI Datasets

In this sectionwe evaluategeneralizedkernel learningon featureselectionproblems.We investigate
this problemon the UCI datasets.We found out therecanbe asmuchasa 6% to 10% differencein
performancebetweenGMKL and MKL. We also demonstratethat GMKL performsbetterthan the
othermethodsconsidered.

To generatefeatureselectionresults,we canvary thehyper-parameterC in thewrappermethodsto
selectadesirednumberof features.However, thisstrategy doesnotyield goodclassi�cationresultseven
thoughglobally optimalsolutionsareobtained.Low valuesof C encouragedgreatersparsitybut also
permittedmoreclassi�cationerrors. We obtainedmuchbetterresultsby the theoreticallysuboptimal
strategy of �xing C to a largevalue(chosenvia cross-validationsoasto minimizeclassi�cationerror),
learningtheclassi�er, takingthetop rankedcomponentsof w (or d) andrelearningtheclassi�er using
only theselectedfeatures.

This techniquewasusedto generatethe resultsin Tables 5.1 For eachdataset,the very last row
summarizesthenumberof featuresselected(Ns) byeachwrappermethodandtheresultantclassi�cation
accuracy. When the numberof desiredfeatures(Nd) is lessthan Ns, the classi�cation accuracy is
determinedusingtheNd top rankedfeatures.Otherwise,whenNd > Ns, the tableentry is left blank
astheclassi�cationaccuracy eitherplateausor decreasesassuboptimalfeaturesareadded.In sucha
situation,it is betterto chooseonly Ns featuresandmaintainaccuracy.

For experimentson UCI datasets,we follow thestandardexperimentalmethodology[5] where70%
of thepointsareusedfor trainingandtheremaining30%for testing.We use10%of thetrainingdata
for validation. Resultsarereportedover 20 randomsplits of the data. All datasetsarepreprocessed
to have zeromeanandunit variance.An RBF kernelis assignedto eachof theM featuresin a given
dataset.TheM RBF kernelsarethencombinedlinearly for standardMKL andby takingtheir product
for GMKL. The learntkernelsareof the form kd (x i ; x j ) =

P M
l=1 dl e� 
 l (x il � x j l )2

andkd (x i ; x j ) =
Q M

l=1 e� dl (x il � x j l )2
respectively.

Table5.1 lists thefeatureselectionresults.AdaBoosttendedto performtheworstandselectedonly
few featureson average.Thepoorperformancewasdueto the fact thateachof theSVMs waslearnt
independently. The weakclassi�er coef�cients (i.e. kernelweights)did not in�uence the individual
SVM parameters.By contrast,thereis a very tight couplingbetweenthetwo in MKL andGMKL and
thisensuresbetterperformance.

LP-SVM,Sparse-SVMandOWL-QN performevenbetterthanstandardMKL (thoughnotbetterthan
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Nd AdaBoost OWL-QN LP-SVM S-SVM BAHSIC MKL GMKL
5 75:2 � 6:9 84:0 � 6:0 86:7 � 3:1 87:0 � 3:1 87:1 � 3:6 85:1 � 3:2 90:9 � 1:9
10 � 87:6 � 2:2 90:6 � 3:4 90:2 � 3:5 90:2 � 2:6 87:8 � 2:4 93:7 � 2:1
15 � 89:1 � 1:9 93:0 � 2:1 91:9 � 2:0 92:6 � 3:0 87:7 � 2:2 94:1 � 2:1
20 � 89:2 � 1:8 92:8 � 3:0 92:4 � 2:5 93:4 � 2:6 87:8 � 2:8 �
25 � 89:1 � 1:9 92:6 � 2:7 92:4 � 2:7 94:0 � 2:2 87:9 � 2:7 �
30 � � 92:6 � 2:6 92:9 � 2:5 94:3 � 1:9 � �
34 � � 92:6 � 2:6 92:9 � 2:5 94:6 � 2:0 � �

75:1 (9:8) 89:2 (25:2) 92:6 (34:0) 92:9 (34:0) � 88:1 (29:3) 94:4 (16:9)
(a) Ionosphere,N = 246, M = 34, Uniform MKL = 89:9 � 2:5, Uniform GMKL = 94:6 � 2:0

Nd AdaBoost OWL-QN LP-SVM S-SVM BAHSIC MKL GMKL
3 79:4 � 6:5 81:7 � 2:7 76:4 � 4:5 76:1 � 5:8 85:2 � 3:8 83:7 � 4:4 86:3 � 4:1
7 � 82:6 � 3:3 86:2 � 2:7 86:1 � 4:0 88:5 � 3:6 84:7 � 5:2 92:6 � 2:9
11 � 83:5 � 2:8 86:0 � 3:5 86:1 � 3:1 89:4 � 3:6 86:3 � 4:3 �
15 � � 87:0 � 3:3 86:3 � 3:1 89:9 � 3:5 � �
22 � � 87:2 � 3:2 87:2 � 3:0 91:0 � 3:5 � �

80:2 (5:2) 83:6 (11:1) 87:2 (22:0) 87:2 (22:0) � 88:3 (14:6) 92:7 (9:0)
(b) Parkinsons,N = 136, M = 22, Uniform MKL = 87:3 � 3:9, Uniform GMKL = 91:0 � 3:5

Nd AdaBoost OWL-QN LP-SVM S-SVM BAHSIC MKL GMKL
10 64:2 � 4:0 72:8 � 2:9 69:8 � 5:1 72:6 � 3:7 76:5 � 3:5 80:0 � 3:0 81:1 � 3:8
20 65:5 � 4:1 76:0 � 4:4 73:8 � 4:9 76:7 � 4:1 83:6 � 3:3 84:5 � 3:4 89:9 � 2:3
30 65:4 � 4:1 80:8 � 2:5 79:0 � 2:8 79:4 � 3:0 86:7 � 2:8 86:2 � 3:3 92:6 � 1:7
40 � 81:6 � 2:9 81:5 � 3:2 81:8 � 2:8 87:4 � 2:8 87:0 � 3:2 93:3 � 2:0
60 � 83:0 � 1:9 83:6 � 2:8 83:5 � 2:4 90:0 � 2:6 87:8 � 3:3 �
100 � � 83:4 � 2:9 83:3 � 2:5 93:6 � 1:8 � �
166 � � 83:4 � 2:9 83:3 � 2:5 93:8 � 1:9 � �

65:5 (31:1) 83:5 (86:7) 83:4 (166:0) 83:3 (166:0) � 88:2 (73:2) 93:6 (57:9)
(c) Musk,N = 333, M = 166, Uniform MKL = 90:2 � 3:2, Uniform GMKL = 93:8 � 1:9

Nd AdaBoost OWL-QN LP-SVM S-SVM BAHSIC MKL GMKL
5 64:6 � 6:6 68:9 � 5:6 68:0 � 7:9 68:4 � 6:2 61:1 � 6:6 70:4 � 4:5 74:4 � 5:1
10 67:9 � 6:4 68:7 � 4:6 71:5 � 5:4 70:9 � 5:9 73:1 � 6:1 74:6 � 5:6 80:2 � 4:9
15 67:3 � 6:4 71:4 � 3:6 71:4 � 3:3 72:2 � 4:5 74:7 � 7:7 76:5 � 7:0 80:7 � 5:5
20 � 73:1 � 2:6 73:7 � 2:8 74:0 � 3:1 77:9 � 5:7 79:5 � 4:6 82:0 � 5:3
25 � 73:5 � 2:8 74:1 � 3:5 73:6 � 3:6 78:6 � 5:2 81:1 � 4:2 �
30 � 73:9 � 3:2 73:4 � 3:4 73:8 � 3:9 80:8 � 4:7 81:4 � 4:2 �
40 � � 73:6 � 3:8 73:7 � 3:8 81:4 � 3:9 � �
60 � � 73:6 � 3:6 73:5 � 4:0 84:6 � 4:1 � �

67:38 (18:7) 74:7 (39:3) 73:6 (60:0) 73:5 (60:0) � 81:4 (38:6) 82:3 (20:4)
(d) Sonar, N = 145, M = 60, Uniform MKL = 82:9 � 3:4, Uniform GMKL = 84:6 � 4:1

Nd AdaBoost OWL-QN LP-SVM S-SVM BAHSIC MKL GMKL
5 76:7 � 2:2 74:2 � 4:1 75:4 � 2:7 75:5 � 2:7 76:6 � 2:1 67:8 � 6:0 76:1 � 3:8
10 � 77:2 � 5:2 75:9 � 4:6 76:5 � 3:8 77:3 � 2:3 68:7 � 3:3 77:8 � 3:3
15 � 77:8 � 5:5 76:2 � 5:1 77:2 � 5:0 76:2 � 0:0 69:4 � 5:1 78:3 � 3:6
20 � 78:1 � 5:3 78:2 � 5:2 77:7 � 5:2 77:3 � 6:3 70:1 � 5:1 �
25 � � 79:1 � 6:2 77:8 � 5:8 77:4 � 6:4 � �
34 � � 79:0 � 6:2 78:9 � 5:6 77:0 � 6:4 � �

76:7 (5:1) 78:3 (20:8) 79:0 (34:0) 78:9 (34:0) � 69:3 (24:8) 80:0 (16:8)
(e)Wpbc,N = 135, M = 34, Uniform MKL = 72:1 � 5:4, Uniform GMKL = 77:0 � 6:4

Table5.1: UCI resultswith datasetshaving N datapointsandM features.Seetext for details.
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Database SimpleMKL GMKL
Sonar 80:6 � 5:1 (793) 82:3 � 4:8 (60)
Wpbc 76:7 � 1:2 (442) 79:0 � 3:5 (34)
Ionosphere 91:5 � 2:5 (442) 93:0 � 2:1 (34)
Liver 65:9 � 2:3 (091) 72:7 � 4:0 (06)
Pima 76:5 � 2:6 (117) 77:2 � 2:1 (08)

Table5.2: Comparisonwith theresultsin [5]. GMKL achievesslightly betterresultsbut takesfar fewer
kernelsasinput.

Database N M HKL GMKL
Magic04 1024 10 84:4 � 0:8 86:2 � 1:2
Spambase 1024 57 91:9 � 0:7 93:2 � 0:8
Mushroom 1024 22 99:9 � 0:2 100 � 0:0

Table5.3: ComparisonbetweenHKL andGMKL.

GMKL). BAHSIC, which is a non-linear�lter method,follows thesametrendandits performanceis
signi�cantly worsethanGMKL with identicalkernels.Thiswouldsuggestthatwrappermethodsbased
on theright featurerepresentationshouldbepreferableto �lter methodswhichdonotdirectlyoptimize
for classi�cationaccuracy. For a�x ednumberof features,GMKL hasthebestclassi�cationresultseven
ascomparedto MKL or BAHSIC (thoughthevariancecanbehigh for all themethods).Furthermore,a
kernelwith �x eduniform weightsyieldsballparkclassi�cationaccuraciesthoughGMKL canachieve
thesameresultsusingfar fewer features.

Comparison to SimpleMKL and HMKL

Theclassi�cationperformanceof standardMKL canbe improvedby addingextra basekernelswhich
areeithermore informative or help betterapproximatea desiredkernel function. However, this can
leadto a morecomplex andcostlier learningtask. We thereforeleave asidefeatureselectionfor the
momentandcompareour resultsto thosereportedin [5]. Table5.2 lists classi�cationperformanceon
the 5 datasetsof [5]. The numberof kernelsinput to eachmethodarereportedin brackets. As can
beseen,GMKL canachieve slightly betterperformancethanSimpleMKL while trainingon far fewer
kernels. Of course,onecanreducethe numberof kernelsinput to SimpleMKL but this will result in
reducedaccuracy. In thelimit thatonly a singlekernelis usedperfeature,we will getbacktheresults
of Table5.1whereGMKL doesmuchbetterthanstandardMKL.

Theresultsfor Liver wereobtainedusingl2 regularization.This leadto a 7% improvementin per-
formanceover SimpleMKL asa sparserepresentationis not suitablefor this database(thereareonly 6
features).Pimaalsohasvery few featuresbut l1 andl2 regularizationgivecomparableresults.

Finally, we alsocompareresultsto HierarchicalMKL [83]. We usea quadratickernelof the form
kd (x i ; x j ) = (1 +

P
l dl x il x j l )2 ascomparedto the morepowerful kd (x i ; x j ) =

Q
l (1 + x il x j l )4

of [83] which decomposesto a linearcombinationof 5M kernels.Nevertheless,asshown in Table5.3,

46



weachieveslightly betterresultswith lesscomputationalcost.

5.3 Learning discriminati veparts for object categorization

Our objective is to performobjectcategorizationby focusingon only a subsetof thepixelsor regions
presentin an image. Informationpresentin imagescanbe redundantandlooking at the entireimage
might not be necessaryfor performingcertainclassi�cation tasks. Furthermore,even thoughsome
imagepartsmight in�uence decisionmaking,they mightnotbecrucial.Suchpartscouldpotentiallybe
ignoredwhile still keepingtheclassi�cationaccuracy aboveanacceptablethreshold.

Selectingdiscriminative imagepixels canbene�t many potentialapplications. It can improve the
ef�ciency of objectrecognitionalgorithmsandleadto betterimagecompression.For instance,many
mobileandnetwork cameraapplicationsrequiretransmittingimagesto a server for classi�cation. By
detectingandtransmittingonly thediscriminative imageregionsonecanenhancevaluablebatterylife
or reducebandwidthconsumptionwhile payingonly a smallperformancehit in termsof classi�cation
accuracy. In otherareassuchasastronomyandmedicalimaging,thereis greatinterestin designing
specializedcameraswhich take only a few imagemeasurementsratherthancapturingthewholescene.
For instance,in MRI [107], onemight bewilling to slightly sacri�ce classi�cationaccuracy in orderto
gain imagingspeedby makingasfew discriminative imagemeasurementsaspossible.Selectingdis-
criminative regionscanalsobeusedto enhanceourunderstandingof theobjectcategorizationproblem
athand,determinetheimportanceof context andhighlightartifactsin thetrainingdata.

Here, we useMultiple KernelLearning(MKL) to selectthe most relevant pixels and regions for
classi�cation. Our goal is to selectasfew of theseregionsaspossiblewhile minimizing theimpacton
classi�cationperformance.Threescenariosareinvestigateddependingon the form of thedata. First,
when the datais perfectly aligned,a kernel is associatedwith eachpixel in the imageand MKL is
usedto performkernel(pixel) selection.Second,whenthe datahasonly roughalignment,the image
is partitionedinto a grid anda kernelassociatedwith eachgrid elementfollowed by MKL selection.
Finally, whentherecanbeno alignment,a kernelis associatedwith eachcodeword (in a bagof words
framework) andMKL usedto learnthemostdiscriminative codebookentries.Only the imageregions
correspondingto the selectedcodewordsarethenkept. We employ FERET, Caltech101 andCaltech
256datasetsto demonstratethethreescenariosrespectively. Figures5.2, 5.4and5.7illustratethethree
cases.

5.3.1 RelatedWork

Onecanuseinterestpoint detectors[108] to select“important” or “informative” regionsin an image.
Unfortunately, theseregionsarenot learnt to maximizeclassi�cation performanceon the given task
but aredesignedto maximizestabilityandrepeatability. Themethodof [109] doeslearnobject-speci�c
salientpartsfor classi�cation.However, it is gearedtowardsobjectidenti�cation fromverylittle positive
training dataratherthan object categorization. A per imagedistancefunction is learnt for retrieval
in [110,111]. Thealgorithmlearnsweightsfor patchbasedimagefeaturesandcanbeusedto identify
thesalientimageregions. However, our methodselectspixelsandregionsat thecategory, ratherthan
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Nd AdaBoost B&R 2007 OWL-QN LP-SVM S-SVM BAHSIC MKL GMKL
10 76:3 � 0:9 79:5 � 1:9 71:6 � 1:4 84:9 � 1:9 79:5 � 2:6 81:2 � 3:2 80:8 � 0:2 88:7 � 0:8
20 � 82:6 � 0:6 80:5 � 3:3 87:6 � 0:5 85:6 � 0:7 86:5 � 1:3 83:8 � 0:7 93:2 � 0:9
30 � 83:4 � 0:3 84:8 � 0:4 89:3 � 1:1 88:6 � 0:2 89:4 � 2:4 86:3 � 1:6 95:1 � 0:5
50 � 86:9 � 1:0 88:8 � 0:4 90:6 � 0:6 89:5 � 0:2 91:0 � 1:3 89:4 � 0:9 95:5 � 0:7
80 � 88:9 � 0:6 90:4 � 0:2 � 90:6 � 1:1 92:4 � 1:4 90:5 � 0:2 �
100 � 89:5 � 0:2 90:6 � 0:3 � 90:5 � 0:2 94:1 � 1:3 91:3 � 1:3 �
150 � 91:3 � 0:5 90:3 � 0:8 � 90:7 � 0:2 94:5 � 0:7 � �
252 � 93:1 � 0:5 � � 90:8 � 0:0 94:3 � 0:1 � �

76:3 (12:6) � 91 (221:3) 91 (58:3) 90:8 (252) � 91:6 (146:3) 95:5 (69:6)

Table 5.4: Genderidenti�cation results. The �nal row summarizesthe averagenumberof features
selected(in brackets)by eachwrappermethodandthe resultantclassi�cationaccuracy. Seetext for
details.

the image,level. Thesearelearntdirectly for theclassi�cationtaskat hand.Finally, a lot of work has
beendoneon imagesaliency which is relatedto ourwork (see[112,113]andreferenceswithin).

In the �rst scenariowe useMKL asa featureselectiontool for the task. So we comparewith the
methodsdescribedin section5.2andperformanceof MKL to thesemethodsin Section5.3.2.

5.3.2 Experiments

In this sectionwe evaluateour generalizedkernel learningformulation. To test the casewhen the
imagescanbealignedweassessgenderidenti�cation performanceon thebenchmarkFERETsubsetof
faces[10]. It is shown thattheproductsof kernelsformulationcanachievemorethan95%classi�cation
accuracy by samplingasfew as30 pixels in an image. Thus,we canget an eight timescompression
factorwhile sacri�cing lessthanhalf apercentin classi�cationaccuracy. Theseresultsaresigni�cantly
betterthanthe standardMKL formulationwhich achievesonly 86.32%whenrestrictedto 30 pixels.
Similarly, for theunalignedcasein someof theCaltech256classes,we canobtainnearlya threetimes
compressionfactorwhile reducingclassi�cationaccuracy by only 1%. Again, productsof kernelsare
betterthansumsof kernelsby nearly10 to 15%for a �x ed featuresetsize. However, for the roughly
alignedcaseonCaltech101sumsof kernelsyield betterresultsthanproductsof kernels.

Gender Identi�cation

We tacklethe binary genderidenti�cation problemon the benchmarkdatabaseof [10]. The database
hasimagesof 1404maleand711 femalefacesgiving a total of 1755imagesin all (�gure 5.1 shows
sampleimages).Wefollow theexperimentalsetupof [10] anduse1053imagesfor trainingand702for
testing.Resultsarereportedafteraveragingover3 randomsplitsof thetrainingandtestsets.

Eachimagein thedatabasehasbeenpre-processedby [10] to bealignedandhasbeenscaleddown
to have dimensions21 � 12. Thus,eachimagehas252 pixels andwe associatean RBF kernelwith
eachpixel basedon its grey scaleintensitydirectly. For GeneralizedMKL, the 252 basekernelsare
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combinedby taking their productto getkd (x i ; x j ) =
Q 252

l=1 e� dl (x il � x j l )2
wherex il andx j l represent

theintensityof thel th pixel in imagei andj respectively. For standardMKL, thesame252basekernels
arecombinedusingthesumrepresentationto getkd (x i ; x j ) =

P 252
l=1 dl e� 
 m (x il � x j l )2

. Both methods
aresubjectto l1 regularizationon d sothatonly a few kernelsareselected.AdaBoostcanalsobeused
to combinethe252weakclassi�ersderivedfrom theindividual basekernels.Themethodof [106] can
beconsideredasa state-of-the-artboostingvariantfor this problemandoperateson pairsof pixels.We
useRBFkernelsfor BAHSIC aswell while theothermethodsarelinear.

Sinceeachimagecan also be consideredas a 252 dimensionalfeaturevectora numberof linear
featureselectionalgorithmsbecomeapplicable.So,we benchmarka numberof otherfeatureselection
methodspresentedin the previous sectionbesidestwo MKL formulations. Table5.4 lists the feature
selectionresults.Resultsarepresentedsimilarly to thetable5.1Similarto UCI results,AdaBoosttended
to performtheworstandselectedonly 12.6featureson average.Thepoorperformancewasdueto the
fact thateachof the252SVMs waslearntindependently. Theweakclassi�er coef�cients (i.e. kernel
weights)did not in�uence the individual SVM parameters.By contrast,thereis a very tight coupling
betweenthe two in MKL andGMKL andthis ensuresbetterperformance.Of course,otherforms of
boostingdonothavethislimitation andthestate-of-the-artboostingmethodof [106] performsbetterbut
is still signi�cantly inferior to GMKL. Figure5.2shows theweightgivento eachpixel by thedifferent
featureselectionalgorithms(apartfrom themethodof [106] whichdoesnotassignweightsto individual
pixels).

Theperformanceof the linear featureselectionmethodsis quitevariable.Theanalysisis similar to
thatof UCI datasetsexceptthatOWL-QN performspoorlyastheimplicit biasweightgotsetto zerodue
to the l1 regularization.On the otherhand,BAHSIC, LP-SVM andSparse-SVMperformeven better
than standardMKL (thoughnot betterthan GMKL). The comparisonbetweenMKL and GMKL is
evenstarker. GMKL achievesaclassi�cationaccuracy of 93:2%usingasfew as20 featuresand95:1%
usingonly 30features.In comparison,standardMKL achievesjust83:8%and86:3%respectively. This
reinforcesthe observation that choosingthe right kernel representationis muchmore importantthan
converging to the globally optimal solution. Finally, the MKL andGMKL resultsfor �x ed uniform
weightschosenvia cross-validationare92:6 � 0:9 and94:3 � 0:1 respectively. Notethat theseresults

Figure5.1: Samplefacesfrom thedatabaseof [10].
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(a) Male (b) Selected (c) Female (d) Selected

(e) AdaBoost (f) OWL-QN (g) S-SVM (h) LP-SVM (i) SumMKL (j) ProdMKL

Figure5.2: A maleandfemalefaceareshown in (a) and(c) while (b) and(d) depictthetop 30 pixels
selectedusingtheProductMKL formulation.Classi�cationaccuracy usingthese30 pixelsis thesame
asthat obtainedusingall the pixels. The pixel weightslearnton the �rst training testingsplit for the
variousfeatureselectionmethodsareshown in (e)-(j) with black indicatingsmall weightsandwhite
largeweights.Thenumberof pixelsselectedandclassi�cationaccuraciesare:(e) AdaBoost,13 pixels
and76:07%; (f) OWL-QN [11] 51 pixelsand84:61%; (g) Sparse-SVM[12] 55 pixelsand91:31%; (h)
LP-SVM [13] 50pixelsand91:51%; (i) SumMKL 146pixelsand91:02%; and(j) ProdMKL 77pixels
and96:43%.

areobtainedusingall 252features.GMKL canobtaina similar classi�cationaccuracy usingasfew as
25 features.

In summary, therecan be a differenceof almost10% betweenstandardMKL and GMKL for a
�x ed small numberof featuresandwe canachieve an 8x compressionratio by sacri�cing lessthan
half a percentclassi�cationaccuracy. This hasmany practicalimplications. For mobile andnetwork
applicationsthat needto transmitimagesfor classi�cation, this cansigni�cantly prolongbatterylife
andreducebandwidthconsumption.In othercases,this approachcanbeusedto reducethesizeof the
trainingset. This canevenenabletheclassi�er to be loadedinto thevery limited RAM of themobile
or network camera.Finally in medicalimaging,if aninexpensive preprocessingstepcandeterminethe
alignmenttransformation,thenourprocedurecanbeusedto signi�cantly speeduptheimageacquisition
andclassi�cationprocess.
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Caltech101

We now turn to thesituationwhentheimagesarenot well aligned.It is no longermeaningfulto de�ne
kernelson individual pixelssincea pixel lies on differentpartsof anobjectin differentimages.Since
theobjectsareroughlyaligned,imagescaninsteadbepartitionedinto a rectangulargrid wherethereis
alignmentacrossgrid cells(in a mannersimilar to a singlelevel in spatialpyramidmatching[114]). A
kernelcannow bede�ned over featurescomputedin eachgrid cell andMKL canbeappliedto select
kernels(grid cells).

While any feature,or setsof features,couldbeusedwe experimentwith theGist featuresof [115].
Imagesarepartitionedinto a grid of 8 � 8 cellsandthemean�lter responsescalculatedfor eachori-
entationandscaleto geta 20 dimensionalfeaturevectorin eachcell. An RBF kernelis de�ned over
the featurevector in eachcell to get 64 kernels. Theseare thencombinedusing the standardMKL
andGMKL formulationasin thepreviouscase.Notethatthelinearfeatureselectionmethodstried out
in thecaseof genderidenti�cation areno longerapplicable.Boostingwasappliedin [116] to reduce
the dimensionalityof the Gist featurevectorat the imagelevel so as to preserve pairwisedistances.
However, both our methodologyandobjective arevery different. Furthermore,we needto apply the
multi-classMKL formulationin orderto selectacommonsetof imageregionsacrossall categories.

We testtheGMKL formulationon theCaltech101database[14]. It consistsof 102classesof which
101belongsto objectcategoriesandoneis backgroundclass.Samplesof differentclassesis shown in
Figure5.3. Eventhoughthecategoriesin thedatabaseshow a lot of variability therearemany classes
which canbe said to be roughly alignedin termsof scale,orientationandposition. We employ the
standardexperimentalsetup[39] wherewetestonall 102categoriesanduse15imagespercategory for
trainingandadifferent15 for testing.

We �rst look at somequalitative resultsto seewhich regionsaregettingselectedin speci�c classes.
This canrevealdiscriminative partsof objectsaswell asdatabaseartifactsandtherole of context. For
thesequalitative resultsalone,the training setwassplit into disjoint training andvalidationsets. A
1-vs-All classi�er wastrainedusingthe standardMKL formulation. This resultedin a short, ranked
list of grid cellsaccordingto thelearntkernelweights.We furtherdiscardedthosegrid cellsfor which
eliminationdid not resultin adecreasein classi�cationaccuracy asmeasuredon thevalidationset.The
resultsareshown in Figures5.4and5.5.

For the categoriesshown in Figure 5.4, mostly regions on the object are usedto distinguishthe
class. For WindsorChair, only 2 regionsareselected.The backof the chair is quite distinctive but
usingthat region alonecausesconfusionwith a few otherimageswhich have a verticalstripedtexture
in that region. Adding the region on the seatof the chair clearsthis ambiguity. For Motorbikes,the
mostdistinguishingregionslie on the wheel. However, sincethe classis not perfectlyaligned,a few
Motorbike imageshave only their backgroundvisible in thoseregions.Adding thewhite borderregion
which is presentin mostMotorbike images(an artifact of the database)helpsclassifysomeof these
imagesbut thenotherimageswith a white borderstartgettingmisclassi�ed.Adding theregion around
thepillion takescareof suchimages.For Hedgehogs,thetexturedareaonthebackis themostimportant
thoughtheregionaroundtheeyeis necessaryto fully distinguishthecategory. For FacesEasy, theareas
aroundtheneckandfacecontourgetthehighestweightfollowedby theeye andhair. Droppingany of
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Figure5.3: 101classesof Caltech101[14] dataset.
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Figure5.4: Sampleimagesfrom thecategories(from topto bottom)WindsorChair, Motorbike,Hedge-
hogandFacesEasyandtheregionsselectedby SumMKL. Mostly regionson theobjectarebeingused
for distinguishingthecategory. 53



Figure5.5: Sampleimagesfrom the categories(from top to bottom)Car Side,Faces,Leopardsand
Minaret and the regionsselectedby SumMKL. Mostly regionsnot lying on the objectareusedfor
distinguishingthecategory.
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theseregionscausesmisclassi�cations.
Thecategoriesshown in Figure5.5 highlight therole of context andshow artifactsof thedatabase.

Theimagesin thecategoryCarSidecanvarya lot. Theappearanceof theroadis muchmorestableand
thusgetsselectedby thealgorithm.However, to dealwith thecaseswhentheroadis shadowed,some
vegetationregionsatthetopof theimagearealsoselected.TheFacescategoryneedsmany regionssince
the imagesarenot alignedandthealgorithmneedsto look at many regionsto �nd the face.This also
letsthealgorithmlook at thebackgroundwhich is necessaryfor distinguishingFacesfrom FacesEasy
(which hasexactly thesamesetof imagesbut with thebackgroundcropped).For Leopards,themost
distinguishingregionsareat theimagecornerswhicharemostlysky andgrasswith ablackborder. The
textureontheleopardis neededonly to pin down acoupleof imagesfrom otherclasseswhichalsohave
a similar appearancein thecornerregions.Finally, theimagesof minaretshave all beenpre-processed
to have the sameorientation. The rotationartifact providesthe most importantdistinguishingregion
for this class.However, sinceotherclassesalsohave rotationartifactsaswell assimilar looking edges
in that region, the algorithmchoosestwo extra sky regions to compensate.Someof theseexamples
highlight that therearecategoriesin the Caltech101 databasewhich canbe recognizedwithout even
lookingat theobjectof interest.
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Figure5.6: Variationin classi�cationaccuracy with numberof imageregions.

For a morequantitative measure,we applythemulti-classMKL formulationgivenin Section4.4 to
selecta commonsetof imageregionsacrossall 102classes.Using1-vs-1and1-vs-all formulationsa
differentsetof kernelweightswaslearntfor eachclass. In thepresentcontext, this would imply that
eachbinary1-vs-1or 1-vs-All classi�er would selectdifferentsetof features.Whenmany classesare
presentthis couldresultin examiningwholesetof features.Thereforewe useotherformulationwhere
thekernelweightsarejointly learntwith all theclassi�ers.

Thereare64 kernelcorrespondingto the 64 grid cells andthesearecombinedusingthe Sumand
Productformulation. The resultsareplotted in Figure5.6. Note that our intention is not to surpass
thestate-of-the-artin termsof classi�cationaccuracy by combiningmultiple featuresandgettingeven
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With ParameterSharing WithoutParameterSharing
# Regions MKL GMKL MKL GMKL

17 61.00( 12) 65.00( 12) 59.00( 12) 58.00( 12)
34 68.00( 24) 69.00( 22) 64.00( 16) 65.00( 24)
54 69.00( 38) 79.00( 36) 66.00( 34) 68.00( 35)
79 72.00( 58) 85.00( 54) 70.00( 49) 71.00( 49)
102 72.00( 74) 87.00( 68) 70.00( 62) 74.00( 62)
172 72.00(118) 88.00(116) 73.00(111) 74.00(111)
300 72.00(200) 88.00(200) 73.00(200) 74.00(200)

Table 5.5: The variation in classi�cation performanceof Sum and ProductMKL, with and without
parametersharing,asthe numberof selectedregionsis varied. The numberof selectedcodewordsis
shown in brackets.

morecomplex representations.On the contrary, we aim to show that given any descriptor(or any set
of descriptors)we canreducethe numberof imageregionswith only a modestdrop in classi�cation
performance.For instance,theclassi�cationaccuracy obtainedby standardMKL usingall 64 kernels
basedon theGist descriptoris 59:67%(this is comparableto theSVM basedperformanceof leading
individual featuressuchasgeometricblur (62.98%)andself similarity (60.83%)[39]). Our objective
is to reducethenumberof selectedregionsasmuchaspossiblewhile keepingclassi�cationaccuracy
aboveanacceptablethreshold.As it turnsout,virtually thesameclassi�cationaccuracy canbereached
usingonly 40 regions.Usingonly 20 and10 regionstheclassi�cationaccuracy dropsto 90%and75%
of theoriginal. Thepracticalimplicationsaresimilar to thecaseof genderidenti�cation in termsof in-
creasingbatterylife andimagingspeedor reducingbandwidthconsumption.Notethattheperformance
of GMKL is extremelypoorin this case.It would appearthat,in this case,theright featurerepresenta-
tionsis actuallyobtainedby concatenatingtheindividual featuremapsratherthenby takingtheir tensor
product.

Caltech256

In theprevioustwo cases,wheretheimagescouldbealigned,wecouldsamplediscriminativepixelsand
regionsfrom anovel imagewithoutevenlookingat it. This is no longerpossibleif theobjectcanoccur
at any orientation,scaleandpositionin the image. Nevertheless,from a compressionperspective, we
canstill useMKL to selectasetof discriminative imageregions.Wetackletheproblemby usingMKL
to selectthe mostdiscriminative codewords in a codebookandby only keepingthoseimageregions
correspondingto theselectedcodewords.Notethatwechoosenot to learnweightsfor featuresor image
regionsdirectly sincewe wish to avoid any training whendeterminingregionsfor test images(since
trainingafterdeploymentis infeasiblein mostapplicationscenarios).

In moredetail,weuseGeometricBlur [117]with aradiusof 10pixelsto compute300featuresin each
training image. The featuresareclusteredusingK-Meansto learn50 visual codewordsper category.
Thesearethenaggregatedacrosscategoriesto form the codebook.While we have chosena standard
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way of generatingthecodebook,othermethodscouldbeusedaswell [118]. Givena codebook,image
featuresarethenlabeledby thecodewordsvia vectorquantizationto obtainahistogramor bagof visual
wordsmodel.

To apply MKL, we associatean exponential� 2 kernelwith eachcodeword andcombinethemus-
ing the Sum and Productformulation. For Sum MKL, the kernelsare combinedas kd (x i ; x j ) =
P

l dl e
� 
 l

( x il � x j l ) 2

x il + x j l wherex i and x j representthe histogramsof imagei and j respectively and the
subscriptk runsover thecodebookentries(
 l is setasin [39]). For ProductMKL, weusetherepresen-

tationkd (x i ; x j ) =
Q

l e
� dl

( x il � x j l ) 2

x il + x j l . Notethatbothrepresentationscanbeextendedstraightforwardly
to thespatialpyramidmatchingcaseby de�ning thekernelfor a particularcodebookby summingover
grid cells andpyramid levels. Many othermethodshave alsobeenproposedfor selectingcodewords
(for aby nomeansexhaustive list see[118–121]andreferenceswithin) but thesearemethodsbasedon
mutualinformation,or informationbottleneckor relative frequency of occurrencewhereaswe directly
optimizefor theclassi�cationtaskat hand.We alsoreportresultswith andwithout multi-classparam-
etersharing.Whentheparametersaresharedour methodlearnsa commonsetof codewordsacrossall
classes.The without sharingcaseservesasa baseline.In this methodwe learnindividual codeword
rankingsfor eachclassusingthe1-vs-All MKL formulation. Theunionof the top rankedcodewords
from eachclassis thentakento form thecommonsetof selectedcodewords.

The proposedformulation is testedon the following 4 classesfrom the Caltech256 [7] database:
Elk, Fire Truck, FrenchHorn andTeddyBear. We choose10 imagesfrom eachclassfor trainingand
25 for testing. Since50 codewordsarelearnt from eachclasswe obtaina codebookof size200 and
thereforealsohave 200kernels.Table5.5 givesthe results. In this case,GMKL with featuresharing
doessigni�cantly betterthanMKL. This is understandablesinceproductsof kernelswork in a much
higherdimensionalfeaturespaceandaremoreproneto over �tting. Parametersharinghelpsovercome
thisproblemandtheresultsaremuchbetterthanMKL with or withoutparametersharing.For instance,
usingall 300 imageregionsGMKL gets88% and this goesdown by just 1% whenusingonly 102
regions.By contrast,MKL getsonly 73%and72%respectively. Figure5.7showssomesampleimages
andselectedregions.

In termsof practicalapplications,our approachis mostusefulin mobileandnetwork cameraappli-
cationssincethey haveenoughcomputingpowerto extractfeaturesbut typically notenoughmemoryto
storeatrainingset.Ourapproachcanbeusedto minimizethenumberof imageregionstransmittedback
for classi�cationor, if suf�cient compressioncanbeachieved, to compresstraininghistogrammodels
to �t in thedevice'smemory.

5.4 Summary

We tackledthefeatureselectionusingGMKL. Proposedmethodgave goodresultson variousdatasets
not only ascomparedto traditionalMKL but alsoascomparedto state-of-artwrapperand�lter feature
selectionmethods.Wealsotackledtheproblemof learningdiscriminativepixelsandimageregionsfor
objectcategorization. Our objective is to reduceimagerepresentationsizeandwe demonstratedthat
compressionfactorsrangingfrom 1.5 to 8x canbeachievedwith lessthana 1% drop in classi�cation
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Figure5.7: Regionsselectedby GMKL in theCaltech256images.

accuracy. This hassigni�cant practicalimplicationsfor objectrecognitionbasedon mobileor network
cameras.

Weusedourformulationto learnproductsof kernelsandshowedthatthiscouldimproveperformance
by morethan10%in somecases.However, productsof kernelsarealsomoreproneto over �tting and
careshouldbe taken to validatethat they do leadto an appropriatefeaturerepresentationfor a given
problembeforethey areapplied.

58



Chapter 6

Character Recognitionin Images

6.1 Intr oduction

With today's omnipresenceof inexpensive portableconvergentdevicescontainingdigital camerasand
processors,therangeof possiblecomputervisionapplicationshasexperiencedafastgrowth. It is easyto
envisagehow PDAs will aid peoplewhoarecurrentlyunattendedby technology. For instance,camera-
phonewith characterrecognitionsoftwarewill helpthevisually impairedto identify streetsigns,roads
andshopsnames,groceryproducts,etc. This canalsobeof usefor thosewho cannot readtext in the
local language.

Automaticrecognitionof charactersfrom imagesis a problemthat hasbeenapproachedsincethe
earlystagesof computervision,beinganactive research�eld sincethemid 1950.s [122]. Undercon-
trolled situationsthis is oneof themostsuccessfulapplicationsof computervision,andtherearemany
solutionsavailablecommercially. In thesecases,theimageis usuallyacquiredby scanningdocuments
with a relatively high resolution,andusuallya small amountof noiseanddistortionis allowed. Such
methodsarenot expectedto performwell for imagesobtainedfrom photographsin which characters
presentperspective distortion,occlusion,variationsin contrast,color, styleandmotionblur. However
mostof theresearchhasfocusedcharactersfrom theLatin alphabet.

We work heretowardsautomaticreadingof text in naturalscenes.In particular, our focusis on the
recognition of individual charactersin suchscenes.Figures6.2, 6.1 and6.3 highlight why this can
be a deceptively hardtask. Even if the problemsof clutter andtext segmentationwereto be ignored
for the moment,the following sourcesof variability still needto be accountedfor: (a) font style and
thickness;(b) backgroundas well as foregroundcolour and texture; (c) cameraposition which can
introducegeometricdistortions;(d) illumination and(e) imageresolution.All thesefactorscombineto
give theproblema�a vourof objectrecognitionratherthanopticalcharacterrecognitionor handwriting
recognition. In fact,OCR techniquescannotbe appliedout of the box preciselydueto thesefactors.
Furthermore,viable OCR systemshave beendevelopedfor only a few languages.and most Indic
languagesarestill beyondthepaleof currentOCRtechniques.

Many problemsneedto besolvedin orderto readtext in naturalimagesincludingtext localization,
wordandcharactersegmentation,recognition,integrationof languagemodelsandcontext, etc. Onecan
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Figure6.1: Examplesof high visualsimilarity betweensamplesof differentclassescausedmainly by
thelackof visualcontext.

approachtheproblemperformingtheabove tasksin eithertop down or bottomup manner. Our focus,
here,is on the basiccharacterrecognitionaspectof the problem(seeFigures6.1, 6.2 , 6.5 and6.6).
We usedatabaseof imagescontainingEnglishandKannadatext 1 characterscovering uppercaseand
lowercaseof alphabetsandnumbers.In orderto assessthefeasibilityof posingtheproblemasanobject
recognitiontask,we benchmarkthe performanceof variousfeaturesin a bag-of-visual-words(BoV)
representation.Along we alsousestateof art classi�er usedfor objectrecognitiontask,which is based
on Multiple KernelLearning(MKL). The resultsindicatethat even the isolatedcharacterrecognition
taskis challenging.Thenumberof classescanbemoderate(62 for English)or large(657for Kannada)
with very little inter-classvariationashighlightedby Figures6.1and6.2. This problemis particularly
acutefor Kannadawheretwo charactersin the alphabetcandiffer just by the placementof a single
dot like structure. Furthermore,While training data is readily available for somecharactersothers
might occurvery infrequentlyin naturalscenes.We thereforeinvestigatewhethersurrogate training
data,eitherin the form of font generatedcharactersor handwrittencharacters,canbe usedto bolster
recognitionin suchascenario.Wealsopresentbaselinerecognitionresultson thefont andhandwritten
characterdatabasesto contrastthedifferencein performancewhenreadingtext in naturalimages.

6.2 RelatedWork

The taskof characterrecognitionin naturalscenesis relatedto problemsconsideredin camera-based
documentanalysisandrecognition.Mostof thework in this �eld is basedonlocatingandrectifyingthe
text areas(e.g.[123], [124], [125] and[126]), followedby the applicationof OCR techniques[127].
Suchapproachesare thereforelimited to scenarioswhereOCR works well. Furthermore,even the
recti�cation stepis not directly applicableto our problem,as it is basedon the detectionof printed
documentedgesor assumesthattheimageis dominatedby text.

Methodsfor off-line recognitionof handwrittencharacters[128], [129] havesuccessfullytackledthe

1Availableathttp://www.ee.surrey.ac.uk/CVSSP/demos/chars74k/.
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Figure6.2: A smallsetof Kannadacharacters,all from differentclasses.Notethatvowelsoftenchange
asmallportionof thecharacters,or adddisconnectedcomponentsto thecharacter.

problemof intra-classvariationdueto differingwriting styles.However, suchapproachestypically con-
sideronly alimited numberof appearanceclasses,notdealingwith variationsin foreground/background
colourandtexture.

For naturalscenes,someresearchershave designedsystemsthat integratetext detection,segmenta-
tion andrecognitionin asingleframework to accommodatecontextualrelationships.For instance,[130]
usedinsightsfrom naturallanguageprocessingandpresenta Markov chainframework for parsingim-
ages.[131] introducedcompositionmachinesfor constructingprobabilistichierarchicalimagemodels
which accommodatecontextual relationships.This approachallows re-usabilityof partsamongmul-
tiple entitiesandnon-Markovian distributions.[132] proposeda methodthat fusesimagefeaturesand
languageinformation(suchasbi-gramsandletter case)in a singlemodelandintegratesdissimilarity
informationbetweencharacterimages.Theideais thatby comparinginstancesemittedby asource(e.g.
charactersfrom thesamesignboard),they helpensuringthatsimilar instancesaregiventhesamelabel
andvice-versa.

Simplerrecognitionpipelinesbasedon classifyingraw imageshave beenwidely exploredfor digits
recognition(see[133], [134] andotherworkson theMNIST andUSPSdatasets).A morecomplex and
robustapproachis basedon modellingthis asa shapematchingproblem(e.g.[73]): severalshapede-
scriptorsaredetectedandextractedandpoint-by-pointmatchingis computedbetweenpairsof images.
In BoV-basedmethods,insteadof matchingfeaturevectorsof pairsof images,eachimageis represented
by unstructuredfeaturecounts.This robustrepresentationis usedasinput to classi�ers.

We usethe BoV representationwhich, to the bestof our knowledge,hasnot yet beenappliedfor
characterrecognition.Weassessthesuitabilityof six differentfeatureextractorsfor ourdatasets.These
featureextractionmethodsarestateof art methodwhich is widely usedin computervision for object
recognition. For classi�cation,we evaluatenearestneighbour, SVM andthe multiple kernel learning
methodof [39], whichhasachievedstate-of-the-artresultsonbenchmarkobjectrecognitiondatabases.

6.3 Datasets

Our focus is on recognizingcharactersin imagesof naturalscenes.Towardsthis end,we compiled
a databaseof Englishcharacterstaken from imagesof streetscenes.We alsoacquireda databaseof
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hand-drawn charactersandanotherof charactersgeneratedby computerfonts.
For English,we treatupperandlower casecharactersseparatelyandincludedigits to geta total of

62 classes.Kannadadoesnot differentiatebetweenupperandlower casecharacters.It has49 basic
charactersin its alphasyllabary, but consonantsandvowelscancombineto give morethan600visually
distinctclasses.

6.3.1 Natural ImagesDataSet- Img

A setof 1922imagesmostlyof signboards,hoardingsandadvertisementsis collected.It alsoincluded
a few imagesof productsin supermarkets and shops. Someof theseoriginal imagesare shown in
Figure6.3.

Individualcharactersweremanuallysegmentedfrom theseimages.Weexperimentedwith two types
of segmentations:rectangularboundingboxesand�ner polygonalsegmentsasshown in Figure6.4.
For the typesof featuresinvestigatedhere,it turnedout thatpolygonalsegmentationmaskspresented
almostno advantageover boundingboxes.Therefore,all theresultspresentedin Section6.5areusing
theboundingboxsegmentations.

OurEnglishdatasethas12503characters,of which4798werelabeledasbadimagesdueto excessive
occlusion,low resolutionor noise.For our experiments,we usedtheremaining7705characterimages.
Similarly, for Kannada,a total of 4194characterswereextractedout of which only 3345wereused.
Figures6.5and6.6show examplesof theextractedcharacters.Thesedatasetswill bereferredto asthe
Imgdatasets.

6.3.2 Handwritten Dataset- Hnd

Thehandwrittendataset(Hnd) wascapturedusinga tabletPCwith thepenthicknesssetto matchthe
averagethicknessfoundin handpaintedinformationboards.For English,atotalof 3410characterswere
generatedby 55 volunteers.For Kannada,a total of 16425charactersweregeneratedby 25 volunteers.
Somesampleimagesareshown in Figure6.7,6.8.

6.3.3 Font Dataset- Fnt

Thisdatasetis obtainedby synthesizingEnglishcharactersusing254differentfontsin 4 styles(normal,
bold, italic andbold+italic) to generatea total of 62992( 62 x 254x 4 ) characters.Eachimagesis of
128x 128,for eachcharacterandfont type,thefont sizeis adjustedto generateacharacterthatoccupies
mostof theimage;Theimagesarein 256grey levels,with whitebackgroundandblackforeground.The
intermediategrey levelshappenaroundedgesasa resultof antialiasing.Thisdatasetwill bereferredto
astheFnt dataset.
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Figure6.3: Samplesourceimagesusedto extract the charactersfor our datasets.1922imageswere
processed,of which,morethan17000characterswereextracted.901FrontalImagesor 1352Images+
FrontalImagesFromFrontalImages,they extracted12504Englishcharactersand5238Kannadachar-
acters.
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Figure6.4: Samplecharactersandtheir segmentationmasks.

Figure6.5: Samplecharactersof theEnglishimagesset.901FrontalImagesor 1352Images+ Frontal
ImagesFromFrontalImages,they extracted12504Englishcharactersand5238Kannadacharacters.

6.4 FeatureExtraction and Representation

6.4.1 Bagof Words

Bag-of-visual-wordsis a populartechniquefor representingimagecontentfor objectcategory recog-
nition. The ideais to representobjectsashistogramsof featurecounts.This representationquantizes
thecontinuoushigh-dimensionalspaceof imagefeaturesto a manageablevocabulary of visualwords.
This is achieved, for instance,by groupingthe low-level featurescollectedfrom an imagecorpusinto
a speci�ednumberof clustersusinganunsupervisedalgorithmsuchasK-Means(for othermethodsof
generatingthevocabulary see [135]). Onecanthenmapeachfeatureextractedfrom animageontoits
closestvisualwordandrepresenttheimageby ahistogramover thevocabularyof visualwords.

Most of theBoV-basedworksuseunsupervisedconstructionof thevisualvocabularies.It is compu-
tationalyexpensiveto build suchvocabularies,sincesamplesfrom all classesareused.As analternative,
we chosethemethodof [76], which builds onevisualvocabulary perclassandcombinestheresulting
representationsby concatenationof thevectors.This mayleadto richerrepresentations,sincetheclass
labelsaretakeninto account.For all thefeatureextractionmethods,we useda dictionarythatconsists
of 5 centroidsperclass.Thus,for theEnglishcharactersdatabase,eachsampleis describedby a his-
togramof 310dimensions.Thedictionarieswerebuilt usingK-meanswith the� 2 statisticsto evaluate
thedistancebetweenfeaturevectors.
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Figure6.6: A randomselectionof theKannadaimagesdatabase.

Figure6.7: Sampleshand-drawn charactersof theEnglishdatasets.

6.4.2 FeatureExtraction

Weevaluatedsix differenttypesof localfeatures.Not only did wetry outshapeandedgebasedfeatures,
suchasShapeContext, GeometricBlur andSIFT, but alsofeaturesusedfor represent-ing texture,such
as�lter responses,patchesandSpinImages,sincethesewerefoundto work well in [136]. Weexplored
themostcommonlyusedparametersandfeaturedetectionmethodsemployedfor eachdescriptor, with
a little tuning,asdescribedbelow.

As a pre-processingstep,the imagesarenormalizefor zeromeanandunit varianceover the grey
level values. The list below detailsthe parameterschosenfor thesedescriptors.Thesechoiceswere
basedonanumberof preliminaryexperiments.

� ShapeContexts (SC) [73] is a descriptorfor point setsandbinary images. We samplepoints
usingtheSobeledgedetector. Thedescriptoris a log-polarhistogram,whichgivesa� � n vector,
where� is the angularresolutionandn is the radial resolution. We used� = 15 andr = 4,

Figure6.8: Sampleshand-drawn charactersof theKannadadatasets.
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inner radius(r i ) is setto 1
8 andouterradius(r o) is setto 1. Theabove parametersresult in SC

descriptorsof dimension60. Theseparameterspresentagoodtrade-off betweenradialresolution
andangularresolution.No rotationinvariancewasused.

� GeometricBlur (GB) [74] is afeatureextractorwith asamplingmethodsimilar to thatof SC,but
insteadof histogrammingpoints,the region aroundan interestpoint is blurredaccordingto the
distancefrom this point. For eachregion, theedgeorientationsarecountedwith a differentblur
factor. Thisavoidsquantisationproblemsof SCandallows its applicationto grey scaleimages.

� ScaleInvariant Feature Transform (SIFT) [72] areextractedon points locatedby the Harris
Hessian-Laplacedetector, which gives af�ne transformparameters.The featuredescriptoris
computedas a set of orientationhistogramson (4 � 4) pixel neighborhoods.The orientation
histogramsarerelative to the keypoint orientation. The contribution of eachpixel is weighted
by the gradientmagnitude,andby a Gaussianwith � 1.5 timesthe scaleof the keypoint. The
histogramscontain8 bins each,and eachdescriptorcontainsa 4 � 4 array of 16 histograms
aroundthe keypoint. This leadsto featurevectorwith 128 elements.In our experiments,the
detectorusuallylocatedat least100keypointsperimage,but for someimagesnot enoughpoints
wereobtained.

� Spin image[75], [137] is atwo-dimensionalhistogramencodingthedistributionof imagebright-
nessvaluesin theneighborhoodof a particularreferencepoint. The two dimensionsof thehis-
togramared, distancefrom thecentrepoint, andi , the intensityvalue. Sinced andi areinvari-
ant underorthogonaltransformationsof the imageneighborhood,Spin imagesare invariant to
af�ne-normalisedpatches.We used11 bins for distanceand5 for intensityvalue,resultingin
55-dimensionaldescriptors.Thesameinterestpoint locationsusedfor SIFT wereusedfor spin
images.

� Maximum Responseof �lters (MR8) [76] is a texture descriptorbasedon a set of 38 �lters
but only 8 responses.The �lters includea Gaussiananda Laplacianof a Gaussian(LOG) �lter
both at scale� = 10, an edge(�rst derivative) �lter at 6 orientationsand 3 scalesand a bar
(secondderivative)�lter at6 orientationsandthesame3 scales(� x ; � y) = f (1; 3); (2; 6); (4; 12)g.
The responseof the isotropic�lters (GaussianandLOG) areuseddirectly, but the responsesof
the oriented�lters (bar andedge)arecollapsedat eachscaleby usingonly the maximum�lter
responsesacrossall orientations,thereby ensuringrotation invariance. This �lter is extracted
densely, (sampledat each25 � 25 patch),giving a largesetof 8D vectors.Webernormalization
is appliedto theindividual featurevectorsanda thresholddisregardscontinuousregions.

� Patch descriptor (PCH) is the simplestdensefeatureextraction method. For eachposition,
the raw n � n pixel valuesarevectorised,generatingan n2 descriptor. Webernormalizationis
appliedto eachvectorindividually. Weused5� 5 patches.With asmallthresholdonthestandard
deviationof thepixel valuesto disregarduniformareas.Imagesarescaledto 128� 128. For each
patchposition,the5� 5 pixelsareextractedfrom a20� 20pixelsareaby sub-samplingonepixel
for eachfour pixelsperrow andcolumn.
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6.5 Experiments

Thissectiondescribesbaselineexperimentswith threeclassi�cationschemes:(a)nearestneighborclas-
si�cation using� 2 statisticsasa metric; (b) supportvectormachines(SVM); and(c) multiple kernel
learning(MKL). Additionally, on Englishdatasetswe show resultsobtainedby the commercialOCR
systemABBYY FineReader8.0. For an additionalbenchmark,we provide resultsobtainedwith the
datasetof the ICDAR RobustReadingcompetition20032. This setcontains11615imagesof charac-
tersusedin English. The imagesaremorechallengingthanour EnglishImg datasetandit hassome
limitations,suchasthefactthatonly few samplesareavailablefor someof thecharacters.

Most of our experimentsweredonewith our EnglishImg charactersdataset.It is demonstratedthat
the performanceof MKL using only 15 training imagesis nearly 25% betterthatn that of ABBYY
FineReader, acommercialOCRsystem.Also, whenclassifyingtheImg testset,if appropriatefeatures
suchasGeometeriBlur, areused,thena NN classi�er trainedon thesyntheticFnt datasetis a asgood
astheNN classiifertrainedonanequalnumberof Imgsamples.Futhermore,sincesyntheticFnt datais
easyto generate,anNN classi�er trainedonalargeFnt datais easyto generate,anNN classi�er trained
ona largeFnt trainingsetcanperformnearlyaswell asMKL trainedon15Imgsamplesperclass.This
opensup thepossibilityof improving classi�cationaccuracy without having to acquireexpensive Img
trainingdata.

6.5.1 English Datasets

HomogeneousSets

Thesix featureextractionmethodswereevaluatedfor thethreedatasets.Hereweshow resultsobtained
by training and testingwith samplesfrom the sametype: Fnt, Hnd and Img. For someclasses,the
numberof availablesamplesof naturalimageswasjust above 30, sowe choseto keeptheexperiment
setsbalancedand�x the testsetsizeto 15 samplesper classfor all the threedatabases.For the test
sets,we variedthenumberof trainingsamples.This wasrepeatedwith randomselectionsof training
samples.Thenumberof samplesavailablefor training(with no intersectionwith thetestset)was1001,
40 and15 for Fnt, Hnd andImg, respectively. The numberof training splits selectedat randomand
resultsareaveraged.Table6.1shows theresultsobtainedwith trainingsetsof 15samplesperclass.

Theperformanceof GB andSCis signi�cantly betterthanall theotherfeatures.Also, therecanbe
morethana 20%dropin perfomancewhenmoving from trainingandtestingon Fnt or Hnd to training
andtestingon Img. This indicateshow muchmoredif�cult recognizingcharactersin naturalimages
canbe.

The featureswerealsoevaluatedusingSVM with RBF kernel for the Img dataset,leadingto the
resultsshown in table6.2. The kernelparamtergammais choosenthroughcross-validation. As ex-
pected,SVM leadto anincreasein performancewith mostfeatures,exceptwith Patches.Theevaluated
implementationwasamulti-classSVM with one-vs-allclassi�cationscheme.

An additionalexperimentwasperformedwith the multiple kernel learningmethodof [39], which
gave state-of-the-artresultsin the Caltech256challenge.We combinedall the six featureextraction

2http://algoval.essex.ac.uk/icdar
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Feature Fonts Handwritten Images

GB 69:71� 0:64 65:40� 0:58 47:09
SC 64:83� 0:60 67:57� 1:40 34:41
SIFT 46:94� 0:71 44:16� 0:79 20:75
Patches 44:93� 0:65 69:41� 0:72 21:40
SPIN 28:75� 0:76 26:32� 0:42 11:83
MR8 30:71� 0:67 25:33� 0:63 10:43

ABBYY 66:05� 0:00 – 30:77

# trainsplits 10 5 1

Table6.1: Nearestneighbourclassi�cationresults(%) obtainedby differentfeatureextractorson the
English datasets. Thesewere obtainedwith 15 training and 15 testingsamplesper characterclass
chosen.For comparison,theresultswith thecommercialsoftwareABBYY arealsoshown. Thebottom
row indicateshow many setsof training samplesweretaken per classto estimatemeanandstandard
deviationof theclassi�cationresults.

GB 52:58
SC 35:48
SIFT 21:40
Patches 21:29
SPIN 13:66
MR8 11:18

MKL 55:26

Table6.2: Classi�cationresults(%) obtainedwith SVM andwith MKL (combiningall the features)
for theImgsetwith 15 trainingsamplesperclass.

methodsat kernel level andperformedclassi�cationexperimentsusingthe one-vs-allscheme.Using
suchclassi�ersensuretheoptimalcombinationsof differentaspectsof dataoptimally. This resultedon
the accuracy of 55.26%using15 training samplesper class. This representsan improvementof less
than3%over theresultof thebestperformingfeaturealone(GeometricBlur).

As canbeseenfrom theseexperiments,it is possibleto surpasstheperformanceof ABBYY, astate-
of-the-artcommercialOCR system,using15 training imageseven on the syntheticFnt dataset.For
themoredif�cult Img datasetthedifferencein performancebetweenMKL andABBYY is nearly25%
indicatingthatOCRis not suitablefor this task. Nevertheless,giventhat theperformanceusingMKL
is only 55%,thereis till tremendousscopefor improvementin theobjectrecognitionframework.

We alsoperformedexperimentswith the ICDAR dataset,obtainingtheresultsin Table6.3. Dueto
the limitations of this dataset,we �x ed the training setsizeof 5 samplesper classandevaluatedit in
comparisonto ourdataset.As canbeseen,theICDAR resultsareworsethantheImg resultsindicating
that this might beaneventougherdatabase.If we train on Img andteston ICDAR thentheresultcan
improveasmoretrainingdatais added(seeTable6.4).
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Ftr. Images ICDAR

GB 36:9 � 1:0 27:81
SC 26:1 � 1:6 18:32
PCH 13:7 � 1:4 9:67
MR8 6:9 � 0:7 5:48

Table6.3: Nearestneighbourresultsobtainedwith 5 trainingsamplesperclassfor someof thefeatures.
HerewecompareourEnglishImgdatasetandwith theICDAR dataset.

Tr. Spls. 15/class all

GB 32.72 40.97
SC 27.90 34.51

Table6.4: Nearestneighbourresultsobtainedby trainingwith EnglishImgandtestingwith theICDAR
dataset– using15 trainingsamplesperclassandusingthewholeImgsetfor training.

Hybrid Sets

In this subsectionwe show experimentswith hybrid sets,wherewe train on datafrom theFnt andHnd
datasetsandtestonthesame15imagesperclassfrom theImgtestsetusedin thepreviousexperiments.
Theresultsareshown in Table 6.5 andindicatethat for featuressuchasGeometericBlur, trainingon
easilyavailablesyntheitcfonts is asgoodastrainingon original Img data. However, theperformance
obtainedby trainingonHnd is poor.

Feature TrainingonFnt TrainingonHnd

GB 47:16� 0:82 22:95� 0:64
SC 32:39� 1:39 26:82� 1:67
SIFT 9:86� 0:91 4:02� 0:52
Patches 5:65� 0:69 1:83� 0:44
SPIN 2:88� 0:68 2:71� 0:33
MR8 1:87� 0:60 1:61� 0:11

# testsplits 10 5

Table6.5: Nearestneighbourresultswith mixeddatatype: testingthe recognitionof naturalimages
using training datafrom fonts andhandwrittensets,both with 15 training samplesper class. These
resultsshouldbecomparedwith theImgcolumnof Table6.1.

To aid visualizationof the results,Figure 6.9 shows resultsof the experimentsdescribedabove,
separatingpanelsfor thetop threemethods:GeometricBlur, ShapeContextsandPatches.Thereis one
curve for eachtypeof experiment,whereFntImgindicatestrainingwith Fnt andtestingwith Img, and
HndImgindicatestrainingwith Hndandtestingwith Img. Theothercurvesshow resultsby trainingand
testingwith thesamekind of set(Fnt, HndandImg). Notethat,for GeometricBlur, theNN performance
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Figure6.9: Classi�cationresultsfor theEnglishdatasetswith thetop two featureextractionmethods:
GeometricBlur (left), ShapeContexts (centre)andPatches(right). Theplotsshow themeanandSTD
(errorbars)varyingwith thesizeof thetrainingsets.Theseweretakenassub-setsof the15-samples-
per-classsetsof tables6.1and6.5.
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Figure6.10: Classi�cationresultsfor theEnglishdatasetswith theotherfeatureextractionmethods:
MR8 �lter banks(left),SPIN(centre)andSIFT (right). Theplotsshow themeanandSTD (errorbars)
varyingwith thesizeof thetrainingsets.Theseweretakenassub-setsof the15-samples-per-classsets
of tables6.1and6.5.

whentrainedon Fnt andtestedon Img is actuallybetterthanNN performancewhentrainedandtested
on Img

In a practicalsituation,all theavailablefontsor hand-printeddatacouldbeusedto classifyimages.
Table6.6showstheresultsobtainedby trainingwith all availablesamplesfrom Fnt andHndandtesting
with thesametestsetsof 15 samplesperclassdescribedabove. Note that for GB andSC,the results
obtainedby trainingwith Fnt werebetterthanthoseobtainedby trainingwith Img shown in table6.1.
This demonstratesthegeneralisationpower of thesedescriptorsandvalidatesthepossibilityof cheaply
generatedlargesizedsyntheticsetsandusingthemfor training.

Figure6.11showstheconfusionmatrixobtainedfor MKL whentrainedandtestedon15Imgsamples
per class.Onecannotice two patternsof high valuesin parallel to the diagonalline. Thesepatterns
show that,for many characters,thereis a confusionbetweenlower caseanduppercase.If we classify
charactersin acaseinsensitivemanner, theaccuracy turnsout to be57.20%(a10%increase)for GB on
Imgand80.80%(a11%increase)for GB onFnt, bothusing15 trainingsamplesperclass.
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Figure6.11: Top: resultswith themultiple kernelcombinationof all the features(MKL, solid black
line), trainingandtestingwith EnglishImg. For comparison,this panelalsoshows theresultswith the
bestindividual feature,GeometricBlur (asshown in Figure6.9-left). Bottom: theconfusionmatrix of
MKL for thisexperimentwith 15 trainingsamplesperclass.

6.5.2 Kannada Data Sets

TheImgdatasetof Kannadacharacterswasannotatedpersymbol,which includescharactersandsylla-
ble, resultingin a setof 990classes.Sincesomeof theseclassesoccurrarelyin our dataset,we did not
performexperimentstrainingandtestingwith Img. Instead,weonly performedexperimentsontraining
with Hndcharactersandtestingwith Img. Weselectedasubsetof 657classeswhichcoincideswith the
classesacquiredfor theHnddataset.

Table6.7showsbaselineresults.For theseexperiments,randomguesswouldhavea0.15%accuracy.
Thelow accuraciesshow how dif�cult areindic languages, whencomparedto English.

Feature TrainingonFnt TrainingonHnd

GB 54.30 24.62
SC 44.84 31.08
SIFT 11.08 3.12
Patches 7.85 1.72
SPIN 3.44 2.47
MR8 1.94 1.51

Trainingsetsize 1016 55

Table6.6: Classi�cation results(%) obtainedwith the sametestingsetas in table6.5, but herethe
wholesetsof syntheticfontsandhandwrittencharactersareusedfor training,i.e.,1016and55samples
perclass,respectively.
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Ftr. Trn/tstonHnd Trn onHnd, tst on Img

GB 17.74 2.77
SC 29.88 3.49
SIFT 7.63 0.30
Patches 22.98 0.12
SPIN 2.37 0.16
MR8 5.12 0.00

Table6.7: Nearestneighbourresults(%) for theKannadadatasets:(i) trainingwith 12Hndandtesting
with 13Hndsamples,and(ii) trainingwith all Hndandtestingwith all Imgsamples.

6.6 Summary

In this Chapter, we tackledtheproblemof recognizingcharactersin imagesof naturalscenes.We use
a databaseof imagesof streetscenestakenin Bangalore,India andshowedthatevencommercialOCR
systemsarenot well suitedfor readingtext in suchimages.Working in anobjectcategorizationframe-
work, wewereableto improvecharacterrecognitionaccuracy by 25%overanOCRbasedsystem.The
bestresulton theEnglishImg databasewas55.26%andwasobtainedby themultiple kernellearning
(MKL) methodof [39] whentrainedusing15 Img samplesperclass.This couldbe improved further
if we werenot to becasesensitive. Nevertheless,signi�cant improvementsneedto bemadebeforean
acceptableperformancelevel canbereached.

Obtainingandannotatingnaturalimagesfor trainingpurposescanbeexpensiveandtimeconsuming.
We thereforeexploredthepossibilityof trainingon hand-printedandsyntheticallygeneratedfont data.
Theresultsobtainedby trainingonhand-printedcharacterswerenotencouraging.Thiscouldbedueto
the limited variability amongstthewriting stylesthatwe wereableto captureaswell astherelatively
small sizeof the trainingset. On theotherhand,usingsyntheticallygeneratedfonts, theperformance
of nearestneighborclassi�cationbasedonGeometricBlur featureswasextremelygood.For equivalent
sizetraining sets,training on fonts usinga NN classi�er could actuallybe betterthantraining on the
naturalimagesthemselves.Theperformanceobtainedwhentrainingon all thefont datawasnearlyas
goodasthatobtainedusingMKL whentrainedon 15 naturalimagesamplesperclass.This opensup
thepossibilityof harvestingsyntheticallygenerateddataandusingit for training.

As regardsfeatures,theshapebasedfeatures,GeometricBlur andShapeContext, consistentlyout-
performedSIFTaswell astheappearancebasedfeatures.This is notsurprisingsincetheappearanceof
acharacterin naturalimagescanvarya lot but theshaperemainssomewhatconsistent.

We alsopresentedpreliminaryresultson recognizingKannadacharactersbut the problemappears
to be extremelychallengingandcould perhapsbene�t from a compositionalor hierarchicalapproach
giventhelargenumberof visuallydistinctclasses.
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Chapter 7

Conclusions& Futur ework

7.1 Summary and Contrib utions

We have shown how MKL formulationscanbegeneralizedto learngeneralkernelcombinationssub-
ject to generalregularizationon the kernelparameters.While our focuswason binary classi�cation
our approachcanbe appliedto otherlossfunctionsandeven otherformulationssuchasLocal MKL,
multi-classandmulti-labelMKL. Generalizedkernellearningcanbeachievedveryef�ciently basedon
gradientdescentoptimizationandexisting largescaleSVM solvers.As such,it is now possibleto learn
muchricherfeaturerepresentationsascomparedto standardMKL without sacri�cing any ef�ciency in
termsof speedof optimization.

ProposedGMKL formulationbasedonproductsof kernelswasshown to givegoodresultsfor various
featureselectionproblems– not only ascomparedto traditionalMKL but alsoascomparedto leading
wrapperand�lter featureselectionmethods.Of course,taking productsof kernelsmight not always
be the right approachto every problem. In suchcases,our formulation can be usedto learn other
appropriaterepresentationincludingsumsof kernels.Finally, it shouldbenotedthat theclassi�cation
accuracy of GMKL with learnt weightstendsto be much the sameas that obtainedusing uniform
weightschosenthroughcross-validation. Theadvantagein learningwould thereforeseemto lie in the
fact thatGMKL canlearnto achieve thesameclassi�cationaccuracy but usingfar fewer features.We
alsotackledtheproblemof learningdiscriminative pixelsandimageregionsfor objectcategorization.
Our objective is to reduceimagerepresentationsize and we demonstratedthat compressionfactors
rangingfrom 1.5 to 8x canbe achieved with lessthana 1% drop in classi�cationaccuracy. This has
signi�cant practicalimplicationsfor objectrecognitionbasedonmobileor networkcameras.Wetackled
theproblemof recognizingcharactersin imagesof naturalscenes.Weshow thatevencommercialOCR
systemsarenotwell suitedfor readingtext suchimages.Workingin anobjectcategorizationframework,
wewereableto improvecharacterrecognitionaccuracy by 25%overanOCRbasedsystemusingMKL.

In summary, we proposedGMKL which can learn non-linearkernel combinations. Shown how
effective it is, in tackling featureselectionandlearningdiscriminative partsfor objectcategorization.
Shown how theMKL canimprove theperformanceon theproblemof recognitionof characterimages
takenin naturalscenes.Theapplicationsconsideredin thethesisareof practicalimportance,andresults
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demonstratethat learningmuchrichercombinationsof kernelscanrepresentdatain moreappropriate
manner.

7.2 Futur eScope

Although, MKL hasbecomepowerful tools for dataanalysis,�nding the appropriaterepresentation
is still an active researcharea. More experimentsand applicationstowardsregressioncan be done.
Possibleextensionsof the work includes(i) scalingto large kernel matrix (ii) extendingit to other
methodsof multi-classclassi�cation(iii) solvingmulti-labelmulti-classproblems.(iv) scalingto larger
numberof kernelsusingsomeparallelcomputingtechniques.

Not just limiting to classi�cation or regressionproblemsthis techniquescanbe explored towards
dimensionalityreductionor clusteringalgorithms.MKL canalsobeexploredin speci�c to applications
in differentdomainslike in computervision to theproblemsof objectdetection,visuallearning,etc.
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Appendix A

Notation

Symbol Description

SVM SupportVectorMachine
MKL Multiple KernelLearning
GMKL Generalizedmultiplekernellearning
x; y Inputsamplesin vectorform of m� dimensional
k(x; y ) KernelFunction
K KernelMatrix
M Numberof trainingsamples
N Numberof classes
K Numberof kernels
V Vocabularysize
at Transposeof vectora
h; i Innerproduct
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Appendix B

Derivation of MKL

To �nd thebestcoef�cients for thelinearcombinationkernelin MKL kopt =
P

l dl kl , following objec-
tive functioncanbeused.Minimize

J =
1
2

w T w + C
MX

i

� i +
KX

l

dl � l (B.1)

subjectto yi (w t �( x i ) + b) � 1 � � i 8i (B.2)

� i > 0; yi 2 f� 1; 1g 8i (B.3)

d � 0; Ad � p (B.4)

�( x i )t �( x j ) =
KX

l=1

dl �( x i )t
l �( x j ) l (B.5)

whered arekernelparametersandA ; p are the parametersto includeprior knowledgeon kernel
parameterd.

Q(w; b;� ; d; � ; � ; 
 ; � ) =
1
2

w T w + C
MX

i =1

� i +
KX

l=1

dl � l �
MX

i =1

� i
�
yi (w T � (x i ) + b) � 1 + � i

�

�
MX

i =1

� i � i �
KX

l=1


 l dl �
KX

l=1

dl � t A l + p t � (B.6)

1

where� i ; � i ; 
 l ; � l arethenon-negativeLagrangianmultipliersandA l is l th columnof thematrixA .

1Notethat� t (Ad � p) is rewrittenas
P K

l =1 dl � t A l � p t �
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For theoptimalsolutionfollowing KKT conditionsaresatis�ed,

@Q
@w

= 0 =) w =
MX

i =1

� i yi �( x i ) (B.7)

@Q
@b

= 0 =)
MX

i =1

� i yi = 0 (B.8)

@Q
@� i

= 0 =) C = � i + � i (B.9)
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1

2
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dl
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SubstitutingEquationB.7
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� i � j yi yj � l (x i )t � l (x i ) (B.10)

� i f yi (w t x i + b) � 1 + � i g = 0 8 i (B.11)

� i � i = 0 8 i (B.12)

� i � 0; � i � 0; � i � 0; dl � 0 8 i; l (B.13)


 l dl = 0 8 l (B.14)

� t (Ad � p) = 0 (B.15)

where0l is avectorcontainingall zerosof size� l (x i ).
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TakingEquation(B.6), i.e.,

Q =
1
2
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Simplyfying further,
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Usingequation(B.8)
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Substitutingequation(B.9) and(B.10)
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Finally, thedualobjective functionis
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For theconstraintspart,
Similar to SVM, from equations(B.9), (B.13)wehave

0 � � i � C (B.18)

0 � � l (B.19)

Equation(B.8) is rewrittenas,

1t Y� = 0 (B.20)

Equation(B.10) is rewrittenas,
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So,dualformulationis, maximize
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