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Abstract

Precomputed Radiance Transfer (PRT) is widely used for real-time photorealistic effects. PRT dis-
entangles the rendering equation into transfer and lighting, enabling their precomputation. Transfer
accounts for the cosine-weighted visibility of points in the scene, while Lighting is usually a distant
emitted lighting, e.g., environment. Transfer computation involves tracing several rays into the scene
from every point on the surface. For every ray, the binary visibility is calculated, and a spherical func-
tion is obtained. The spherical function is projected into Spherical Harmonic(SH) domain. SH is a
band-limited representation of spherical functions, and the order of SH decides the representation ca-
pacity of the SH (the higher the SH order better the approximation of a spherical function). The SH
domain also facilitates fast and efficient integral computation by simplifying the integral into simple dot
products and convolutions. The original formulation of PRT by Sloan et al. 2002 provides different
storage requirements for the transfer—vectors in the case of diffuse materials and matrices in the case
of glossy materials. Using matrices for Transfer representation makes it infeasible as the SH orders in-
crease. The work of Triple Product Formulation by Ng et al. in 2004 extended the formulation to allow
simple vector-based Transfer storage even for the case of glossy materials. Prior art stored precomputed
transfer in a tabulated manner in vertex space. These values are fetched with interpolation at each point
for shading. Since the barycentric interpolation is finally employed to calculate the final color across the
geometry apart from the vertex locations, the vertex space methods require densely tessellated mesh ver-
tices to obtain accurate radiance. Sometimes high-density(tessellated) meshes adversely affect runtimes
and memory requirements. This is mainly observed in simple geometries with no additional detailing
but still demanding higher triangle counts (e.g., planes, walls, etc.). The first work provides a solution
by leveraging Texture space, which is more continuous than the Vertex space. We also added additional
functionality to obtain inter-reflection effects in the texture space.
While Texture space methods provide faithful results in meshes, they require non-overlapping, area-
preserving UV mapping, and a high-resolution texture to avoid artifacts. In the subsequent work, we
propose a compact transfer representation that is learnt directly on scene geometry points. Specifically,
we train a small multi-layer perceptron (MLP) to predict the transfer at sampled surface points. Our
approach is most beneficial where inherent mesh storage structure and natural UV mapping are un-
available, such as Implicit Surfaces, as it learns the transfer values directly on the surface. Using our
approach, we demonstrate real-time, photorealistic renderings of diffuse and glossy materials on SDF
geometries with PRT.
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Chapter 1

Introduction

Rendering has been of particular interest to production houses of movies and video games, both

photorealistic and non-photorealistic renderings. While non-photorealistic rendering concentrates on a

wide spectrum of artistic choices requiring manual intervention and validation, photorealism is guided

by the physical modeling of light transport. In this work, we only concentrate on Photorealistic render-

ing. Rendering broadly deals with generating pixels stacked as 2D arrays forming an image. In the real

world, the image captured by a camera collects the incoming light energies onto the sensor array. The

sensor information is captured and processed to obtain an image.

In the case of computer-generated imagery(CGI), the task is usually the inverse of image capture

using the camera. The scene has authored both geometry and lighting. A virtual camera is placed, and

suitable material properties are assumed for the geometric content present in the scene. Panning the

camera around creates the desired set of images. For the formation of this image, the methodologies

used are categorized into two categories: Rasterization and Path Tracing.

1.1 Image Formation Methodologies

1.1.1 Rasterization Graphics Pipeline

Rasterizationis the process of converting vector graphics or 3D models into a raster or bitmap image.

In computer graphics, rasterization is an important step in the rendering pipeline. It involves converting

a set of mathematical equations that describe a 2D or 3D object into pixels or dots that can be displayed

on a screen.

The process of rasterization involves several steps. First, the object is broken down into individual

polygons, which are then projected onto a 2D plane. Next, the pixels that are covered by each polygon

are determined, and the color or texture of each pixel is calculated based on the properties of the polygon.

1



Figure 1.1: Rasterization Graphics Pipeline (image courtesy from learnopengl.com)

1.1.2 Ray Tracing Graphics Pipeline

Ray-tracingis a rendering technique used in computer graphics to create realistic images of 3D

scenes. Unlike rasterization, which projects polygons onto a 2D plane, ray tracing simulates the behavior

of light in a 3D environment, calculating the path of light rays as they interact with objects in the scene.

Ray tracing works by tracing the path of light rays from a virtual camera through each pixel in the

image plane and calculating the color and intensity of each pixel based on the interactions of the light

rays with the objects in the scene. This involves simulating the re�ection, refraction, and absorption of

light as it interacts with surfaces in the scene, as well as the effects of shadows and global illumination.

One of the advantages of ray tracing is that it can produce highly realistic images with accurate

lighting and shadows. This makes it well-suited for creating images of complex scenes, such as those

found in architectural visualization, product design, and �lm animation. Ray tracing can also produce

images with high levels of detail and visual �delity, making it a popular choice for creating photorealistic

images.

However, ray tracing is computationally intensive and requires signi�cant processing power and time

to render images. To address this, various optimizations have been developed, such as using specialized

hardware, parallel processing, and adaptive sampling techniques. The development of real-time ray

tracing has also made it possible to use ray tracing in interactive applications, such as video games and

virtual reality.
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Figure 1.2: Raytracing Pipeline (image courtesy scratchapixel)

While these image formation methodologies exist, there are three fundamental aspects to consider

for the formation of the image:

1. How is the scene geometry represented?(Sec. 1.2)

2. How is the lighting of the scene de�ned?(Sec. 1.3)

3. What is the material property of the scene?(Sec. 1.4)

1.2 Scene Representation

There are various ways of representing the scene geometry. Some of the few are discussed here.

Fig. 1.3 shows a respective depiction of the geometries.

1.2.1 Meshes

A mesh is a 3D representation of an object or surface consisting of a set of vertices and faces.

The vertices de�ne the position of points in 3D space, while the faces connect the vertices to form

triangles, quads, or other polygons. The topology of a mesh de�nes the structure of the connections
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Figure 1.3: Geometric Representation (image courtesy Slides Stanford University)

between vertices and can affect the appearance and properties of the mesh. Meshes are commonly used

in computer graphics, animation, and simulations and can be rendered using various techniques such as

rasterization or path tracing.

Additionally, meshes also ship with hierarchical data arrangements, like vertices, faces, and UV

parameterizations. These act as data storage techniques for rendering related tasks.

1.2.2 Point Cloud

A point cloud is a set of data points in a 3D space that represents the surface geometry of an object

or scene. Each point in the point cloud corresponds to a speci�c location in 3D space and is typically

associated with additional information such as color, intensity, or re�ectivity. Point clouds can be gen-

erated from various sources, such as 3D scanners or LIDAR sensors, and can be used in a wide range

of applications such as 3D modeling, virtual reality, robotics, and autonomous vehicles. However, point

clouds can be computationally expensive to process and analyze due to their large size. Moreover, they

are not commonly used for rendering purposes.

1.2.3 Voxel

Voxel-based representations are commonly used in medical imaging, where a three-dimensional im-

age is generated by stacking a set of two-dimensional images taken at different depths. Voxel-based

representations can also be used in computer graphics, where they can represent the shape of a 3D

object or scene. Voxel data can be processed and manipulated in various ways, such as �ltering or

smoothing, and can be converted into other representations, such as point clouds or meshes.

1.2.4 Implicit Surfaces

Implicit surfaces are a mathematical representation of a 3D object or surface that de�nes the surface

as the zero-level set of a scalar function. The scalar function takes a 3D point as input and outputs

a value, which can be interpreted as the distance of the point from the surface of the object. The
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implicit surface can be described by the equationf (x; y; z) = 0 , wheref is the scalar function. The

sign distance function is a variation of the scalar function used to represent implicit surfaces. The

sign distance function assigns a positive or negative sign to each point in space depending on whether

it is inside or outside of the object represented by the implicit surface. The magnitude of the sign

distance function is the distance of the point from the surface. The sign distance function can be used

to create a signed distance �eld, which can be used in various applications such as collision detection,

rendering, and shape manipulation. Implicit surfaces have some advantages over other representations,

such as meshes or point clouds. They can represent complex and continuous shapes without explicitly

de�ning the topology or structure of the object. Implicit surfaces can also be easily manipulated using

mathematical operations such as blending or deformation. However, implicit surfaces can be tedious to

the author as the complexity of geometry increases.

Of the aforementioned geometric representations, the point cloud and voxels are not commonly used in

rendering tasks. This is due to the fact that rendering usually considers a surface and assigns a proper

color to it at every point, while on the other hand, a point cloud consists of points that are in�nitesimally

small. This leaves out meshes and implicit surfaces. Both of these representations are widely used in

the industry speci�cally in gaming and �lms. While meshes are commonly used to represent a vast

majority of geometric content like the exteriors and interiors of buildings, human body models, etc,

implicit surfaces are commonly used for modeling geometries with high detail and easy mathematical

representation: terrains, tweakable geometries supporting the union, and intersection operations.

In this thesis, we concentrate on theMeshesandImplicit Surfaces, speci�cally SDFbased geometries

for the task of rendering.

1.3 Lighting

Figure 1.4: Light Sources (image courtesy Lecture Slides of University of Sulaimani)

There are several types of lighting commonly used in computer graphics, including:
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• Ambient lighting: Ambient lighting is a uniform lighting technique that provides a base level

of illumination to the entire scene, regardless of the position or orientation of the objects in the

scene.

• Directional lighting: This light simulates a light source that is in�nitely far away, providing par-

allel light rays that illuminate the scene uniformly from one direction.

• Point lighting: Point lighting simulates a light source that is located at a speci�c point in space

and radiates light equally in all directions, creating a realistic sense of illumination and shadow.

• Spotlighting: Spotlighting simulates a light source that is directed towards a speci�c area, creating

a focused cone of light that illuminates objects within the cone and casts shadows outside of it.

• Area lighting: Area lighting simulates a light source that has a �nite size and emits light uniformly

in all directions, providing soft and even illumination across a surface.

• Image-based Lighting: Image-based lighting (IBL) uses an environment map or panoramic image

to simulate the lighting of a scene, providing accurate re�ections and lighting that match the

surrounding environment.

These lighting techniques can be combined and adjusted in various ways to create realistic and

visually appealing scenes in computer graphics. The �rst four types are shown in the Fig. 1.4.

Figure 1.5: Image based Lighting (image courtesy 3delightcloud)

For this thesis, we deal with the last variant of lighting, which is Image-based Lighting. Fig. 1.5. The

environment map shown on the left acts as a light source to illuminate the bust in the middle to result in

the rendering as shown on the right.

1.4 Materials

Real-world materials are complex to model; most rendering algorithm only approximates their prop-

erties. To model them, Bi-directional Re�ectance Distribution functions(BRDFs) are used. BRDF is a
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Figure 1.6: BRDF: Diffuse and Specular Response (image courtesy Alto Blogs)

mathematical model that describes the way light is re�ected off a surface in a speci�c direction. It is

often used to model the appearance of materials in computer graphics, where it is used to calculate the

color of a pixel based on the lighting conditions and the properties of the surface material.

The BRDF function takes as input the incoming light direction, the outgoing light direction, and

the surface normal and outputs a value that represents the re�ectivity of the surface in that direction.

Different materials have different BRDF functions, which determine their appearance and how they

interact with light. For example, a glossy or re�ective material such as polished metal will have a BRDF

function that re�ects light mostly in the direction of the specular re�ection, while a rough or diffuse

material such as a piece of paper will have a BRDF function that scatters light in all directions.

1.5 Appearance Modelling

Now that we have discussed scene representations, lighting conditions, and the material properties,

we will discuss brie�y how these components are combined together to form images that are either

photorealisticor “near”-photorealistic.

1.5.1 Modelling Light Transport with Monte-carlo Ray Tracing

As discussed earlier, the use of path tracing will help obtain realism to the renderings. It is a form

of Monte-Carlo ray tracing that simulates the behavior of light as it bounces off objects in a scene and
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interacts with the camera. When a single bounce is modeled, it is referred to as direct illumination,

while on the other hand, when multiple bounces produce global illumination.

In path tracing, rays are traced from the camera into the scene, and each ray may bounce off one

or more surfaces before reaching a light source or being terminated. At each bounce, the path tracing

algorithm calculates the contribution of the light to the pixel being rendered, taking into account the

surface properties, such as the BRDF, which describes how the surface re�ects light, and the surface

normals. The process is repeated for many rays, and the contributions are averaged to create the �nal

pixel color. Path tracing can produce highly realistic images that accurately simulate the effects of

indirect lighting, re�ections, and refractions.

However, the computational cost of Path Tracing techniques is very high. Techniques such as im-

portance sampling and Russian roulette can be used to reduce computational costs and improve the

convergence of the path-tracing algorithm.

The light transport is governed by the Eq. (1.1) proposed by [21,23]

L o(x; ! o) = L e(x; ! o) +
Z



f r (x; ! o; ! i )L (x

0
; � ! i )jcos� i jd! i ; (1.1)

where

• L o ! �nal radiance at a pointx as observed from the direction of! o

• L e ! emitted radiance from pointx towards! o.

• f ! BRDF

• L ! incoming radiance towardsx from x
0
in the direction of� ! i

• cos� ! cosine of the angle between the incoming direction� ! i and normal atx
0
.

• 
 ! imaginary unit hemisphere around the pointx.

The rendering equation is a complex integral equation that cannot be solved analytically for most

scenes, and numerical methods such as Monte Carlo integration are typically used to approximate the

solution. The Eq. (1.2) shows the approximate formulation of Eq. (1.1) whereN independent samples

of ! j are sampled from a distribution which has a probability ofp(! j ). The quality of the estimate

is dependent on theN as well as the distribution function. A higher sample rate will usually result

in converged and more accurate results. It should also be noted that a wrong distribution from which

sampling is made will adversely affect the obtained result; often, these results are termed biased results.

The use of (multiple) importance sampling strategies improve converges rate times provided a suf�-

cient understanding of the material and/or lighting model is available.

L o(x; ! o) � L e(x; ! o) +
1
N

NX

j =1

f (x; ! o; ! j )L (x
0
; � ! j )jcos� j j

p(! j )
(1.2)
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(a) (b)

(c) (d)

Figure 1.7: Deferred Lighting (image courtesy Shrek 2001)

1.5.2 Deferred Rendering

Due to the computational complexity of Monte-Carlo-based ray tracing, methods like Deferred Ren-

dering/Shading have been employed. These methods provide multi-pass geometric buffers, often re-

ferred to as G-buffers like position, normal, view direction, lighting, etc., and utilize a simple Blin-phong

model [3] to approximate the photorealism. The �rst video game to utilize this technique was SHREK1

in 2001. As can be observed, the lighting of the game changes dynamically. Most of the effects seen

here are shadows either shadow mapped or obtained by multi-pass renders. It is not physically based, as

can be observed in Fig. 1.7d with the shadows and lighting being mimicked using multi-pass rendering

strategies.

While deferred rendering is initially used to approximate the effects of ray tracing, the performance

bene�ts it provides by eliminating the redundant fragments are substantial. In a typically OpenGL-based

rendering pass, there are quite a few fragments. Speci�cally in scenes with a high depth complexity

1https://web.archive.org/web/20131202224623/http://www.electricsheepgames.com/games3
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(multiple objects cover the same screen pixel), the same pixel region will �re multiple fragment shader

outputs and is overwritten once by the nearest point based on theZ -buffering information.

Hence, these aspects of deferred shading are still utilized in the industry to eliminate the excess

fragments and only process the visible geometry in both path-tracing and rasterization frameworks.

1.5.3 Analytical approximation of Path Tracing effects

Another interesting direction to obtain the effects of global illumination is by using analytical ap-

proximations. Recent work on Linearly transformed cosines, which provide a closed-form solution to

the light contribution of an area light [17].

Earlier methods like Ef�cient representation of Irradiance Environment Maps [47] by Ramamoorthi

et al. provide the foundation for distant illumination models. The work proposes to use Spherical

Harmonic(SH) representation to de�ne environmental irradiance. The work does not account for soft

shadows nor renders images in real time.

Subsequent work by Sloan et al. [53] provided a framework for evaluating the �nal radiance at every

point on the scene while also being real-time. It does this by disentangling the components of the

rendering equation.

L p(! o) =
Z



L(! i )� p(! o; ! i )V p(! i )( ! i � n)d! i (1.3)

where! o is viewer direction fromp, ! i is incoming direction on unit hemisphere
 andn is the sur-

face normal atp. L p is the re�ected radiance in direction! o, L is the incoming environment light from

! i , V p is the binary visibility function and� p is the Bi-directional Re�ectance Distribution Function

(BRDF).

The Eq. (1.4) is decomposed into distant lighting and transfer signals as shown below:

L p(! o) =
Z



L(! i )� p(! o; ! i )V p(! i )( ! i � n)d! i (1.4)

The distant lightingL(! i ) and transfer signalV p(! i )( ! i � n) are precomputed individually, and

projected to Spherical Harmonic basis [47].

The calculation of lighting is done by projecting every point on the environment map into spherical

harmonics bases. On the other hand, the Transfer signal is calculated for every geometric point on the

surface of a geometry based on cosine sampling. This is done by shooting numerous rays from every

geometric point, which provides information about visibility in the direction of the ray. Each such

visibility is projected into a spherical harmonic basis, and �nally, an effective transfer signal at the point

accounting for the visibility is obtained in the form of an SH vector.

While the Spherical harmonic-based integration provides a fast rendering framework for producing

real-time soft shadows and dynamic illumination changes, it is constrained by the representative ca-

pacity, constraining it to low-frequency illumination changes and distant lighting, and static scenarios.

Despite these disadvantages, the setting is highly suitable for scene settings where objects are static, for
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example, buildings in the scenes. Hence we choose this fast analytical framework for the exploration of

the real-time rendering scenarios for arbitrary geometric representations.

1.6 Contributions

For this work, we have chosen Spherical Harmonics based Precomputed Radiance Transfer for the

rendering of arbitrary surface geometries. TheLighting is calculated per environment map and only

comprises a memory of a vector or a single matrix. On the other hand,Transfersignal needs to be

calculated and stored for every point on the surface geometry in an ideal scenario. But sampling such

a dense surface is computationally challenging. Hence, prior art like [53] has utilized vertex space for

the storage of Transfer signals.

While usage of densely tessellated meshes results in artifact-free render, lowly sampled/tessellated

meshes suffer greatly to render the desired photorealistic effects. Secondly, when the representation of

the scene is not mesh based, like Implicit surface(SDF), the discrete storage of such a Transfer signal is

infeasible. This thesis tackles both problems and addresses them while maintaining real-time framerates

and providing artifact-free renders.

Transfer Textures for Fast Precomputed Radiance Transfer

In the case of densely tessellated meshes, the barycentric interpolation of the Transfer signal usually

produces faithful results. But in the case of simple geometries (e.g. Walls, Planes, etc) that do not require

high tessellation for accounting for the geometric details, it is often redundant. Hence we propose the

usage of area-preserved UV-map storage of Transfer Signal. This helps produce artifact-free renders as

well as maintain lower memory footprints and computational complexities.

Real-time Rendering of Arbitrary geometries using Learnt Transfer

The absence of the inherent storage schema ( 1) Vertex Mesh and 2) UV mapping ) for storing

transfersignals limit the extension of the PRT framework to implicit surfaces like SDFs. We propose

the use of the Neural Surface Function Approximators [19] to provide a surface mapping from surface

position to Transfer Signal. Major challenges of maintaining faster framerates are handled by checking

various aspects like Fragment Shader capacities for handling Neural Weights and providing a generic

framework employing CUDA.

In both works, the Transfer signal is clubbed with desired Lighting and BRDF using [39] to obtain

�nal radiance at every point. Rendering the whole array of fragments produces the �nal renders of the

scene.
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1.7 Thesis Layout

In this thesis, we divide the content mainly into 5 Chapters. The Chapter 1 discusses brie�y the

problem setting of PRT, the geometric constraints, and some relevant literature to give a broad overview.

In Chapter 2, we provide a study of prior arts existing in the �eld of PRT for real-time rendering and

solutions proposed by various works. Finally, we contrast the prior art with our approach.

In Chapter 3, we present the area-preserved UV-mapped Transfer storage framework for PRT. We

also show qualitative results against the SOTA and �nally report the performance metrics both in render

times and memory footprints.

In Chapter 4, we present a framework that is robust to the geometric representation and can work in

real-time framerates while providing artifact-free renders.

Finally, Chapter 5 concludes the thesis with remarks and future directions.
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Chapter 2

Related Works and Background

In this chapter, we will discuss the relevant literature for the problem addressed in the thesis. We

�rst discuss the existing literature on Precomputed Radiance Transfer. We then discuss their usages

in different scene representational modalities. Later we mention the methods which can be employed

for arbitrary geometric representations. Additionally, we also discuss the relevant literature inspired by

which we build our solution for the two problem settings of Low-poly meshes and arbitrary geometries.

We �nally contrast against the relevant work and provide the required mathematical background for

explaining the integration of the Rendering equation using the suitable band-limited approximation of

Spherical Harmonics.

2.1 Related Work

Spherical Harmonic Representation: Spherical Harmonic (SH) lighting was �rst proposed by [47].

The work focused mainly on representing the environmental lighting in the form of Spherical Harmonics

basis. This representation was aimed to handle low-frequency distant lighting scenarios ef�ciently. The

lower orders of Spherical Harmonic basis were employed in cases of diffuse material lobes while the

specular lobes demanded a high-order SH basis.

Traditional PRT: This compact and ef�cient representation of irradiance maps has led to the devel-

opment of PRT, proposed by [52, 53] to disentangle rendering equations into transfer, lighting, and

material while individually projecting them to the SH domain. Since then, PRT and SH have received

a lot of attention to ef�ciently compute SH basis [55], ef�cient rotation of SH [40], compressing SH

basis [54], microfacet BRDFs [26] and extending PRT for dynamic scenes [69]. But the fundamental

idea of disentangling and relevant mathematical formulation has mostly been unaltered.

For diffuse materials, the transfer signal is stored as a vector while for glossy materials the transfer

signal was stored as a matrix. The matrix representation is used to handle the interaction between the

change of viewing directions. While the matrix representation can faithfully replicate the glossy effects,

the storage of the matrix for every point on the surface was substantially demanding. This problem was
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addressed by the work ofTriple Product Formulation[39] which allows storage of a vector for transfer

even in-case of glossy materials by using the tripling coef�cient matrix.

Triple Product Formulation: Triple products naturally arise in computer graphics in the rendering

equation. Triple products in wavelet basis and spherical harmonics have been studied in depth [39].

Today, state-of-the-art in PRT uses triple products for dynamic relighting for diffuse and glossy scenes.

By itself, the triple product method has a computational complexity ofO(k3). This method can be

made more computationally ef�cient by �xing the lighting [52]. Speci�cally, triple products with

�xed lighting in SH-based PRT achieve a computational complexity ofO(k2) and per-vertex storage

of k-dimensional vector. We augment the triple product method with transfer textures and demonstrate

superior rendering quality and real-time framerates.

As the problem of reducing transfer storage is addressed by the triple product formulation, the storage

of transfer vectors has been handled majorly in two spaces. 1) Vertex Space 2) Texture Space

Vertex Space: Most traditional approaches [26, 41, 46] as well as the newer ones for like polygonal

lighting shading in PRT [2, 63, 64], fast spherical harmonic product [65] store transfer at vertices.

For producing artifact-free renders all of these approaches necessitate dense tessellation to account for

transfer changes at high frequency in the scene. To handle these issues adaptive re-meshing techniques

were proposed by [25] which store transfer at vertices while re-meshing the region where the shadows

are missing. (refer Fig. 2.1)

Texture Space: Works by [22,34] store low-order SH coef�cients at UV-mapped textures to account

for diffuse results con�ning to thediffusematerial models. Additionally, they are also constrained to the

direct illumination model, disregarding the indirect illuminance.

Meshless geometries: The limitation of these methods is they are constrained to mesh representation

either by using a vertex storage approach or by using a texture storage approach.

FEM approachesTo remove the dependency on the mesh representation, Meshless hierarchical trans-

port proposed by [28] samples and stores selective points by accounting for high-�delity changes in the

transport function. But this approach requires multiple re-sampling and weighted k-nearest neighbor

searches to obtain a transfer to a given query point. All of these methods rely on a discrete representa-

tion of transfer.

Irradiance Volumes Another approach to disregard the inherent storage structure present in the mesh

is by using a volumetric grid of spheres providing spatial storage of spherical harmonic transfer coef�-

cients [14]. This method has widely been used in various works like games [18,59], glossy reprojections

[50], compressed representation of precomputations [51], Chrominance [61], and interactive lightmaps

for frostbite BRDF [1]. Recent advances have utilized the representation to obtain dynamic diffuse

global illumination [32], with ef�cient Sign distance improvements over [20], while also extending to
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Neural Light probes [15]. Despite these efforts, the Irradiance Volume representation is prone to light

leaks causing artifacts as shown in Fig. 2.2.

Later and recent efforts like [33] have provided solutions to eliminate light leakages. Nevertheless,

the use of irradiance volumes requires high memory storage in the orders ofN 3. Additionally, the latest

line of works [32] uses UV-mapped spherical probes which hold precomputed values in texture space.

MaintainingN 3 textured precomputations is usually very memory intensive.

Neural Precomputed Radiance Transfer (Neural PRT)Nascent efforts like NeuralPRT by [45] and

Neural Radiance Transfer Fields by [30] take inspiration from PRT, learning latent representation for

transfer with lighting, diffuse and glossy descriptors. Furthermore, they operate in the image space and

perform loss calculations in the image domain, whereas we operate in the SH space. For disentangling

components from the �nal rendered images, they employ large neural MLPs for their constituent ren-

dering components, limiting their run times. We on the other hand stick to traditional formulations of

PRT allowing our method to be easily integrated into existing frameworks like [63,64].

Figure 2.1: Adaptive Tessellation of Geometry to accommodate accurate shadowing effects. Observe

the higher tessellation at the regions under the manifold which alleviates the requirement of dense mesh

structure on the ground plane. (image courtesy [25])
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Figure 2.2: Use of probe also accompanies Light leakage, causing artifacts as shown in the �gure.

Irradiance Volume usually requires careful placement of Light Probes. (image courtesy Blender artist

forums)

Neural Fields In recent times the use of neural �elds, which learn a function representation to augment

the representation of scene parameters has shown promising results. The work of NeRF [35] is one

such classical example. The use of simple MLPs to approximate the radiance of the scene has improved

the novel view generation from a given input set of discrete images. While some follow-up works

like [16, 48] concentrated on making the rendering real-time, some works looked at the semantics

of the Radiance Fields [4, 68]. There have also been works in the direction of editing materials and

lighting [5, 38, 67] and geometry by [6, 66]. Contrary to their efforts our work concentrates mainly on

real-time rendering along with the facilitation of material and lighting edits.

The use of simple MLPs to represent functions like radiance or irradiance has been proposed earlier

in the works of [49]. While the works like [49] try to regress radiance, we aim to regress the transfer.

Recent efforts like [29] have also used MLPs to regress transfer. But the primary concentration of

the work was to handle deformations in the geometry while utilizing harmonic maps of the temporal

changes.

Contrary to efforts of DeepPRT [29] which use neural approximations of transfer, we do not require

UV mapping and our method can pan to arbitrary surface representations. In contrast to works of

NeuralPRT [30,45] which re-model PRT formulation and work in latent space, we stick to the traditional

formulation making our method extendable to works like [63, 64]. On the other hand, we differentiate

over the NeRF [35] greatly as we do not �t a model to understand the scene from a discrete set of images,

rather we regress the irradiance represented in SH while maintaining real-time framerates. Though

works like KiloNeRF [16,48] provide real-time renders they do not facilitate material and lighting edits.

NeRFactor [67] which extends NeRF to facilitate editing lacks real-time rendering.
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2.2 Background

The work of Sloan et al. [53] was introduced to obtain ray-tracing effects in real time. The method

disentangleslighting andcosine-weighted visibilityinto two different parts. The cosine weighted visi-

bility is coined astransfer [53]. The separated entities are precomputed and stored with a change of

basis. As all the sub-functions of the rendering equation are spherical, a suitable spherical domain is

chosen. Taking inspiration from Sloan et al. we also chose to use Spherical Harmonic representation(SH

basis).

The rendering equation for direct lighting at pointp is given by

B p(! o) =
Z



L(! i )� p(! o; ! i )V p(! i )( ! i � n)d! i ; (2.1)

where! o is the direction towards the viewer fromp, ! i is the incoming direction on the unit hemisphere


 andn is the surface normal atp. B p is the re�ected radiance in direction! o, L is the incoming

environment light from! i , V p is the binary visibility function and� p is the Phong Bi-directional Re-

�ectance Distribution Function (BRDF) [3]. Eq. 2.1 is decomposed into the lightingL and transfer

Tp(! i ) = V p(! i )( ! i � n) which are then projected to the SH basis with coef�cientsL i andT p
i respec-

tively. The termT p
i is referred to astransfer.

The original work Sloan et al. has two different representations oftransfer for diffuse and glossy

materials. In the case ofdiffusematerials, theT p
i is a vector ofk-dimension to represent an SH-basis of

transfer. In case ofglossytheT p
i is a matrix of sizek2. The size of the transfer representation increased

by k times. This has been addressed with the help of Triple product formulation [39]. Using [39] it is

only required to store ak-dimensional vector for both glossy and diffuse materials. This paves way for

our idea of learning the transfer vector using a network Chapter 4.

The diffuse case is fairly simple the radianceB p can be directly calculated as:

B p =
X

i

T p
i L i : (2.2)

.

For the calculation of radiance for a glossy surface material, we have to evaluate the triple product

formula [39].

H p
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Z
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j =1

L j yj (! )

1

A d! =
X

ij

� ijk T p
i L j ; (2.3)

The termsL j andT p
i in Eq. 2.3 account forlighting andtransfer respectively. Hence obtainedH p

k is

convolved with BRDFf p to obtain the �nal radianceB p.

B p = H p
k � f p

k (2.4)

The� ijk term here is a tripling-product matrix which is a3D-matrix of dimensioni � j � k. It can be

obtained using the triple-project of basis functions described in [39]. In most works, this tripling matrix

is of the same dimensions across all three axes of the3D matrix. (i.e;i = j = k).
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But the formulation by itself does not constrain the user to use thei = j = k. More elaborately,

we T p
i , can be a vector of sizei , L j can have dimensionality ofj while maintaining(i; j ) 6= k. This

enables �exible detailing of parts of the rendering equation which contain high-frequency details. For

example, BRDF is usually a high-frequency function that requires more coef�cients to represent. In

such cases the dimensionk in � ijk can be increased without re-computing the transfer or lighting. This

is consistent with works like [63,64].

As we only learntransfer in our case, our approach can also leverage and bene�t using the Triple

Product Formulation [39].

2.2.1 Spherical Harmonics

Spherical Harmonics (SH) are orthonormal basis functions on the unit sphere, parameterized by a

direction! = ( �; � ), the bandl and orderm. The real spherical harmonics are given by:

Y l
m (! ) =

s
(2l + 1)

4�
(l � j mj)!
(l + m)!

P l
jmj(cos� )f (jmj� ); (2.5)

whereP l
jmj are the associated Legendre Polynomials. The functionf (jmj� ) is 1 whenm = 0 , and is

equal to
p

2 cos(m� ) whenm > 0 and is equal to
p

2 sin(jmj� ) whenm < 0. Projecting a function to

bandl SH basis results in a vector ofl2 coef�cients, from which the original function can be recovered

by summing over all SH bases [46]. Often, it is convenient to index SH coef�cients with a single index

i = l(l + 1) + m + 1 ranging from1 to n2.

2.3 Contrast

In the early efforts of PRT [53], thetransferwas stored in vertex spaces, which required either a

dense tessellations or adaptive re-meshing [25]. To avoid this, we draw inspiration from thetextured

storagemethods to store transfer functions in UV-mapped spaces. These UV-mapped spaces are more

continuous, providing artifact-free renders. Unlike prior work of [34] restricted to diffuse renders, we

adopt triple product formulation extending the method to glossy materials. We further extend their work

by incorporating glossy materials and inter-re�ections in the Textured PRT frameworks. We discuss this

in detail in the Chapter 3.

In the scenarios of rendering meshless-geometric representation, which lacks an inherent storage

schema, we propose to use neural approximators. This eliminates the high memory requirements caused

by techniques like Irradiance Volumes [14] while providing a continuous representation of transfer. This

approach also avoids dealing with light leaks. We discuss this in detail in the Chapter 4.

Though we utilize neural approximators fortransferregression, we do not follow similar approaches

as NeuralPRT [30, 45]. NeuralPRT proposes using latent representations for all lighting, material, and

transfer signals, invalidating the use of Triple-product formulation. Unlike them, we leverage traditional
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Triple-product-based evaluation to extend current SH-based pipelines to incorporate arbitrary surface

geometries.
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Chapter 3

Transfer Textures for Fast Precomputed Radiance Transfer

Figure 3.1: The above scene shows a minimally tessellated rug, �oor, and table (shown in wireframe

insets). The vertex attribute method (left) fails to capture shadows due to insuf�cient sampling of the

transfer while the use of our transfer textures accurately captures all details for the same tessellation.

In this chapter, we present a storage strategy to alleviate the issue of using dense tessellation for

the work of PRT [53]. We present transfer textures to decouple mesh resolution from transfer storage

and sampling. We do this by utilizing the area-preserving UV spaces of the scenes creatingTransfer

Textures. Transfer textures are UV-mapped textures storing sampledtransfer function at every scene

location. The relatively more continuous nature of textures over the regular vertex attributes provides

artifact-free renders. This alleviates the necessity of redundant tessellation. Our method evaluates �nal

radiance in a fragment shader via sampling theTransfer-Textureunlike vertex color interpolation of the

prior art of [53]. Additionally, we also provide a method to compute 1-bounce indirect illumination

to obtain indirect illumination by �xing the distant lighting. Our method achieves real-time rendering

framerates while obtaining artifact-free renders.
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3.1 Transfer Textures

In this section, we begin with a description of computing and storing a bandl SH projection of trans-

fer on a texture (Sec. 3.1.1). Next, we show how inter-re�ections can be pre-computed and incorporated

into our framework (Sec. 3.1.2). Our implementation is described in Sec. 3.2. Our approach achieves

real-time frame rates and better render quality, especially on low tessellation meshes, as shown in Sec

Sec. 3.3.

Algorithm 1: Pre-computing and storing the transfer texture.
Input: M ; w; h; l : MeshM , width w & heighth, SH bandl.

Output: To: Precomputed transfer texture

1 To  Texture(w, h, l ) // Init. texture.

2 G= GenerateGBuffer(M ) // G-Buffer

3 for t in To do

4 point =G[t.x][t.y].vertex

5 normal =G[t.x][t.y].normal

6 V = ComputeTransfer(point, normal) // Path tracing

7 Vsh = SHProject(V )

8 To[t.x][t.y] = Vsh

9 To = Dilate(To, 3)

3.1.1 Pre-computing Transfer Textures

The computation of transfer involves shooting multiple rays from a pointp in the scene and then

evaluating and projecting the transfer to the SH basis. For transfer textures, there areN scene points

p corresponding to each pixelt in the texture. The mapping betweent andp is de�ned by the UV

coordinates. To ef�ciently compute the transfer texture, we leverage G-Buffers(Alg. 2) to interpolate

vertex positions and normals based on their corresponding UV-Coordinates (Alg. 1, line 2). Next, we

read the G-buffer and the scene geometry and evaluate the transfer function for each pixel in the buffer

(Alg. 1, lines 4-6). The transfer obtained is then projected to SH basis and stored at the same pixel

location in an initially empty textureTo (Alg. 1, lines 7-8). Finally,T0 is dilated to ensure that all points

inside a triangle receive a transfer value. At run-time, we fetch transferTo and use it with the triple

product formulation to obtainB p.
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Algorithm 2: Generate G-Buffer pass.(Vertex and fragment code)

1 Program VertexShader:

2 vec4 glPosition; // In-built variable

3 in vec3 p, n; // Scene Point, Normal

4 in vec2 uv; // UV co-ordinates

5 out vec3 vertex; // Interpolated in Frag.

6 out vec3 normal; // Interpolated in Frag.

7 void main():

8 gl Position = vec4(uv.x, uv.y, 0.0, 1.0);

9 vertex = p; normal = n;

10 Program FragmentShader:

11 in vec3 vertex;

12 in vec3 normal;

13 out vec4 gPos; // G-Buffer

14 out vec4 gNorm; // G-Buffer

15 void main():

16 gPos = vec4(vertex,1.0);

17 gNorm = vec4(normal, 1.0);/ * w ! alpha channel * /
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3.1.2 Pre-computing transfer textures for inter-re�ections

Inter-re�ected radianceB p
i at pointp can be modeled as:

B p
i (! o) =

Z



(1 � V p(! i ))B pq(x; ! i )� p(! o; ! i )( ! i � n)d! i ; (3.1)

whereB pq is the radiance from a secondary hit-pointq towardsp andB p
i is the inter-re�ected radiance

[53]. First, we factor out1 � V p(x; ! i ) by only integrating over rays that hit some geometry. For

a scene pointp1 and a secondary hitq1, the radianceB p1q1 can easily be precomputed given a zero-

bounce transfer textureTo from Alg. 1 (See Fig. 3.2). The radiance fromq1 towardsp1 is obtained

Figure 3.2: Inter-re�ections: The radianceB p1qn (red lines) towards a pointp1 from a secondary

hit-point qn can be computed by �rst fetching transfer atqn using the zero-bounce transfer textureTo,

applying the lightL followed by convolution with the BRDF atqn and evaluation at re�ected direction

along the normal atqn . B p1qn forms an indirect environment map which is projected to SH and stored

atp1 in an additional texture.

using the triple product formulation by fetchingTo to obtain transfer atq1.

This is done for all hit points fromp1. This radiance now forms anindirect environment mapfor

the pointp1, which is then projected to SH basis resulting in ak-vector B pq
i , which is stored in a

separateone-bounce inter-re�ectiontextureT1. At run-time, the inter-re�ected radiance is obtained by

convolvingB pq
i fetched fromT1 with the BRDF SH� p

i and evaluating at the re�ection direction. The

�nal color is given as:B p(! o) + B p
i (! o). Alg. 1 can be easily extended to compute the second bounce

textureT2 and so on. The number of textures required is linear in the number of bounces in this setting,

and the �nal color is just their summation.

3.1.3 Handling dense UV-packing

In the previous section, we described methods for the ef�cient computation of transfer textures.

Usage of these textures requires UV co-ordinates each vertex to be de�ned. To obtain UV unwrapping
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of scene geometry, we usedSmart UV-Unwrapor Light Map Packfrom Blender 3D [7]. One caveat with

UV unwrapping is that dense packing of UV islands may cause overlaps which manifest as rendering

artifacts.Smart UV-Unwrapdoes not guarantee non-overlapping islands whileLight Map Packleads to

texture wastage and tiny pixel coverage for some parts of the geometry. In such scenarios, texture-sets

are bene�cial.

Figure 3.3:Texture sets: TRM:Two Roza, one Monkey, We demonstrate the use of texture-sets with

TRM(right) where 4 small textures are assigned to each piece of geometry against the use of single

texture in case of TRM(left). The artefacts can be seen clearly in the Monkey's eyes and Roza's hair as

depicted in insets. Note that in both cases, the memory requirements are the same (single1024� 1024

texture v/s four512� 512textures).

Consider an example scene as shown in Fig. 3.3. This scene contains 441K triangles, all of which are

packed into a single1024� 1024texture (Fig. 3.3, left). As shown in the insets, this leads to artefacts.

A better approach is to use texture-sets, which means assigning individual textures to each object in

the scene (Fig. 3.3, right). In this case, each UV island can occupy the entire space of the texture thus

eliminating artefacts.

3.2 Implementation Details

We implement Alg. 2 in Python using the ModernGL [11] framework. We generate and store the

resulting G-buffers for each scene in a pre-process step. Alg. 1 is implemented in Python and uses

Embree [62] for ef�cient ray intersection tests. We project to bandl = 5 (25 coef�cients) real spherical
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harmonics. As mentioned in Sec. 3.1.1 dilation is required to ensure that all points in the scene receive a

transfer value. Experimentally, we found a dilation of three to be suf�cient which may need adjustment

depending on the scene complexity. The time taken for generating transfer textures for a scene like in

Fig. 3.1 is approximately three hours.

Our real-time renderer is also implemented in the ModernGL framework. We implement the triple

product (TP) and triple product with �xed light (TPFL) methods augmented with our transfer textures.

Rendering is done in the fragment shader using the generated transfer textures for the respective scene.

We render all scenes with glossy materials with spatially varying roughness on a workstation with an

NVIDIA RTX 3090 with a resolution of 1920� 1080. An important detail is that we use the early depth

pass to prune fragments that are not visible thus avoiding unnecessary computations. We use a texture

resolution of 1024� 1024 texture as we have found it to be best trade-off in between memory and quality

for our scenes.

Table 3.1: Scene con�gurations. We list all scenes used in this paper, with their corresponding number

of triangles and FPS with triple product (TP) and triple product �xed light (TPFL) methods on both

vertex and fragment shaders (with transfer textures). Our approach achieves real-time framerates on all

scenes.

Scene # tris. Vert. (Trad.) Frag. (Ours)

TP TPFL TP TPFL

Dragon ( Fig. 3.4) 1.3M 3.62 41.2 5.2 151.2

TRM ( Fig. 3.4) 441K 10.2 116.2 15.2 202.9

Room ( Fig. 3.1) 21K 352.3 2432.7 83.6 568.2

Plants ( Fig. 3.4) 18K 363.2 2597.6 6.7 168.3

3.3 Results & Evaluation

In this section, we present glossy rendering results including inter-re�ections using transfer textures

on the fragment shader. We compare the renderings with traditional vertex shader based approaches.

We also discuss and demonstrate the use of normal maps with transfer textures which is not possible

with traditional vertex based PRT. Finally, we analyze the memory requirements and give a lower bound

of FPS for tranfer texture usage in a fragment shader. Rendering results are demonstrated on four scenes

whose statistics and performance comparisons are given in Tab. 3.1.
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Figure 3.4: We show results of TP and TPFL on the fragment shader using our transfer textures (Bot-

tom). We compare renderings with traditional vertex shader based approaches on the top. For minimal

tessellations, our method accurately renders shadows whereas previous methods are unable due to in-

suf�cient sampling of transfer. The third row (high-tessellation) shows that renderings using traditional

methods approximately approach the quality of transfer textures on addition of more vertices. Note that

low-FPS in case of Dragon low-tessellation and TRM low-tessellation in vertex based TP and TPFL is

due to their high resolution geometry.
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