
Stochastic Calculus



Quadratic Variation

• Before we look at Quadratic Variation let us consider first order 
variation (FOV).

• FOV gives the amount of up down movement of a function between 0 
and T, with down moves adding to rather than subtracting.



FOV

• In general you first partition [0, T] as

• The maximum step size of the partition is denoted as

• Then 



FOV continued

• We use Mean Value Theorem

• Therefore, we can write



Quadratic Variation

• According to definition of Quadratic variation



Quadratic variation of f (continuous and 
differentiable)
• Using MVT we have

• Which translates to



Quadratic variation of W (Brownian Motion)

• Define sampled Quadratic variation for a partition of [0,T] as

• Prove that the above random variable converges to T as

• This can be shown if the expected value of Q is T and its variance 
converges to 0. 

 



Definition of Brownian Motion

• Definition of Brownian Motion:



In order to prove QV of W 

• We first use:

• Therefore,

• Next we determine that variance of Q 



Variance of Q

• The 4th moment of normal random variable with zero mean is three 
times its variance squared (home work exercise)

• Therefore



Continued ..

• Therefore 



Implication

• We have

• When tj+1-tj is small then (tj+1-tj)
2 is very small

• Or E[ΔWΔW] ≈ Δt



Ito’s Integral

• For a normal integral

• However, W(t) is not differentiable, so 

• You need to use Ito’s integral



Constructing the Ito’s integral

• Figure shows a simple path of Δ(t)

• Then define

• Ito’s integral of the process is



Properties of Ito’s integral



Ito Doeblin Formula

• If W was differentiable, we could write

• However, as W has non zero quadratic variation, the correct formula is



Proof

• Let xj, xj+1 be numbers, then by Taylor expansion:

• We want to find f(W(T))-f(W(0))

• Divide [0,T] into intervals. We look at one such interval [tj,tj+1]
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