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Futures and 
Options

• A futures/forward 
contract gives the 
holder the obligation 
to buy or sell at a 
certain price

• An option gives the 
holder the right to 
buy or sell at a certain 
price







Binomial trees

• A stock price is currently $20

• In 3 months it will be either $22 or $18

Stock Price = $18

Stock Price = $22

Stock price = $20



A call option

A 3-month call option on the stock has a strike 
price of 21. 

 

Stock Price = $22

Option Payoff = $1

Stock price = $20

Option Price=?

Stock Price = $18
Option Payoff = $0



Making it riskless

• For a  portfolio that is long  shares and a short 1 call option 
values are         
           
           
         

• Portfolio is riskless when  22 – 1 = 18  or   = 0.25

22 – 1

18



Value of the portfolio

• The riskless portfolio is: 

  long 0.25 shares    

  short 1 call option

• The value of the portfolio in 3 months is 

  22 ×0.25 – 1 = 4.50

• The value of the portfolio today is 

  4.5e–0.04×0.25 = 4.455



Valuing the option

• The portfolio that is 

  long  0.25 shares    

  short  1 option   

     is worth 4.455 (today)

• The value of the shares held today is     
 5.000 (= 0.25 × 20 )

• The value of the option is therefore   

  5.000 – 4.455 = 0.545



A call option

A 3-month call option on the stock has a strike 
price of 21. 

 

Stock Price = $22

Option Payoff = $1

Stock price = $20

Option 

Price=$0.545
Stock Price = $18
Option Payoff = $0



General setting

• A derivative lasts for time T and is dependent on a stock

• Value of a portfolio that is long  shares and short 1 derivative: 
           
           

• The portfolio is riskless when S0u – ƒu = S0d – ƒd  or
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Steps

• Value of the portfolio at time T is S0u – ƒu

• Value of the portfolio today is (S0u – ƒu)e
–rT

• Another expression for the portfolio value today is S0 – f

• Hence 

   ƒ = S0 – (S0u – ƒu )e
–rT 

Substituting for  we obtain

                ƒ = [ pƒu + (1 – p)ƒd ]e
–rT 

where   
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Irrelevance of Stock’s Expected Return

• When we are valuing an option in terms of the price of the 
underlying asset, the probability of up and down movements in 
the real world are irrelevant

• This is an example of a more general result stating that the 
expected return on the underlying asset in the real world is 
irrelevant 



Tree Parameters for asset paying a dividend 
yield of q
Parameters p, u, and d are chosen so that the tree gives correct 
values for the mean & variance of the stock price changes in a 
risk-neutral world

Mean: e(r−q)t    = pu  + (1– p )d 

Variance: 2t = pu2 + (1– p )d 2 – e2(r−q)t

A further condition often imposed is u = 1/ d 



For small t 
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When t is small a solution to the equations is



Tree with more steps



A put Option

S0 = 50;  K = 50;  r =10%;   = 40%;  

   T = 5 months = 0.4167;  t = 1 month = 0.0833

In this case 
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Backward iteration

At each node:

 Upper value = Underlying Asset Price 89.07

 Lower value = Option Price 0.00

Values in red are a result of exercise. 79.35

0.00

70.70 70.70

0.00 0.00

62.99 62.99

0.64 0.00

56.12 56.12 56.12

2.16 1.30 0.00

50.00 50.00 50.00

4.49 3.77 2.66

44.55 44.55 44.55

6.96 6.38 5.45

39.69 39.69

10.36 10.31

35.36 35.36

14.64 14.64

31.50

18.50

28.07

21.93

Node Time: 

0.0000 0.0833 0.1667 0.2500 0.3333 0.4167



Brownian Motion



What we cover

• Building the intuition and definition of Brownian motion

• Properties of Brownian motion

• Concept of Quadratic variation.



Symmetric Random Walks



Properties of SRW

• The increments are independent

• What is the expected value of each increment ?

• What is the variance of the increments ?



Martingale Property

• When k < l



Quadratic Variation of SRW

• The quadratic variation is defined along a path

• QV up to time k along a path is computed by taken all the one step 
increments of M along the path and squaring these increments

• What is the difference between the variance and QV ?



Scaled Symmetric Random Walk

• We want to speed up the coin toss and scale down the step up and 
down values of symmetric random walk



Properties of SSRW

• The increments are independent

• The expectation of increments is:

• The variance of increments is

• SSRW is a martingale



Quadratic variation of SSRW

• The QV for a W(100) up till time 1.37 is

For any t



Brownian motion

• Limiting distribution of a SSRW is a Brownian Motion

• The figure shows the outcome of one series of coin 
tosses

• You can also fix time t and look at outcome of several 
series of coin tosses

• If t = 0.25, the possible values of W(100)(0.25) ?

• What is the probability of W(100)(0.25)=0.1 ?



Distribution of SSRW 
at t

• Figure shows the histogram bar 
centered at 0.1

• The width of the bar is 0.2, then 
what should be the height of 
the bar such that the probability 
of W(100)(0.25)=0.1555?

• What is the variance of 
W(100)(0.25) ?



Limiting distribution of SSRW

• For a fixed t, as n goes to infinity the distribution of scaled random 
walk converges to normal distribution, with mean ?, and variance ?

• PROOF 
• In order to identify a distribution one can identify their moment generating 

functions. 

• For normal density it would be



Proof continued

• Moment generating function for W(n)(t) will be

• The expectation can be taken inside, because of independence of X

• We need to show that as n goes to infinity the above converges to the 
moment generating function of normal distribution



Proof continued

• We need show that

Converges to 

• Take x = 1/sqrt(n)



Apply L’ Hopital’s rule

• Numerator

• Denominator is 2x

• Therefore, 



Again apply L’ Hopital’s rule

• Numerator

• Denominator is 1. Hence



Definition of Brownian Motion

• Brownian motion is obtained as the limiting case of scaled random 
walk
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