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Recap: how errors in input modelling propagate
(Intuition via portfolio optimisation example)

Problem: Find the investment strategy that minimises

p(x, P) = CVaR_,(x, P)
where CVGRl_a(x, P) — EP[¢(X9 5) | ¢(.X, 5) > VaRl—a(xa P)]

Model risk in CVaR minimisation > Gaussian distribution underestimates
0.25 outliers in data (Model error)
Model risk — risk
underestimation! > Leads to underestimation of risk

0.20 ,
(percolation of error)

019 > Alternative: sample distribution +
bootstrap
0.10 l
0.900 0.925 0.950 0.975 > Catch: pClUCi'l'y OF tail Samples —>

Tail level (1-a) fragility to data realisation

Samples relevant to risk evaluation are mis-represented in model!



Recap: how errors in input modelling propagate
(Intuition via portfolio optimisation example)

Problem: Find the investment strategy that minimises

p(x, P) = CVaR_,(x, P)
where CVGRl_a(x, P) — EP[¢(X9 5) | ¢(.X, 5) > VaRl—a(xa P)]

TRUE vs Gaussian densities > Gaussian distribution underestimates

outliers in data (Model error)

Density

— Gaussian fit > Leads to underestimation of risk
= True model (percolation of error)

> Alternative: sample distribution +
bootstrap

Density (full distribution)

> Catch: Paucity of tail samples —
fragility fto data realisation

0.05 0.10 0.15
Loss

Samples relevant to risk evaluation are mis-represented in model!



Model Risk: how errors in input modelling propagate
(Comparing Rates)

Problem: Find the investment strategy that minimises

p(x, P) = CVaR_,(x, P)
where CVGRl_a(X, P) — EP[¢(X9 5) | QD(X, 5) > VaRl—a(xa P)]

What went wrong: The risk measure used was CVaR, which for a Gaussian
portfolio has a closed form!

A O (1 —a
. For Gaussian &: Ci_,(x, P) = pu'x + 1 /TSy PO~ ( )
a

> For true data (heavy tailed): C;_ (x, P) < ae(x),v>0and c(x) >0

Observation: For every x, C,_.(x, P) > C,_,(x, P)

Implication: Minimum possible risk
underestimated!!



Model Risk: how errors in input modelling propagate
(A mathematical Theorem)

e S

Model Risk due fo tail mis-specification: Suppose the data distribution satisfies
Iim inf t77P(||&|] > 1) > 0. — (i)

[— o0

H

l

| for some p > 0. Let P be any distribution that satisfies a
| lim sup t"P(||€|| > £) = 0 — (i) ;
i

[— 00

Then C)_,(x, P) < C)_,(x, P), and hence v* (P) < v (P) as a — 0 where
for any distribution O, vl*_a(Q) = min C,_,(x, O)

— e e e S e N v_‘_‘ITJ

How to interpret the above theorem:
> Equation (i) — Extent of outliers in data

» Equation (ii) — Outliers captured by the nominal model

Mismatch in outliers =— mismatch in minimum risk



Model Risk: how errors in input modelling propagate
(Proof Sketch)

e S

Model Risk due fo tail mis-specification: Suppose the data distribution satisfies
Iim inf t77P(||&|] > 1) > 0. — (i)

[— o0

H
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| for some p > 0. Let P be any distribution that satisfies a
| lim sup t"P(||€|| > £) = 0 — (i) ;
i

[— 00

Then C)_,(x, P) < C)_,(x, P), and hence v* (P) < v (P) as a — 0 where
for any distribution O, vl*_a(Q) = min C,_,(x, O)

— e e e S e N v_‘_‘ITJ

Proof sketch:

- Equation (i) = that for all x, C,_ (x, P) is of order t*
- Equation (i) = that for all x, C,_(x, P) is o(t")
> The above two = vl*_a(P) is of order t”, while vl*_a(f’) =o(t") I



Model Risk: mitigation strategies
(How to reduce model risk?)

Risk minimisation: min p(x, P) where P — nominal distribution
X

Issue: Nominal does not capture features of data relevant fo risk evaluation

Zoomed tail

Model

- Fitted Gaussian
- Fitted Pareto (full)
= True spliced

Gaussian model
underestimates risk

5.0 75 10.0 12.5 15.0
Loss



Model Risk: mitigation strategies
(How to reduce model risk?)

Risk minimisation: min p(x, P) where P — nominal distribution

X

Issue: Nominal does not capture features of data relevant fo risk evaluation

Zoomed talil
0.05
Model
0.04
- Fitted Gaussian
20.03- - Fitted Pareto (full)
0 - True spliced
(D)
)]

5.0 7.5 10.0 12.5 15.0
Loss

> Learning I: Let objective inform model
choice.

(Gaussian fit to the bulk of the data.
Objective — evaluating tail risk)



Model Risk: mitigation strategies
(How to reduce model risk?)

Risk minimisation: min p(x, P) where P — nominal distribution

X

Issue: Nominal does not capture features of data relevant fo risk evaluation

Zoomed tail
0.05
Model
0.04
- Fitted Gaussian
20.03- - Fitted Pareto (full)
0 - True spliced
()
0O

5.0 75 10.0 12.5 15.0
Loss

> Learning I: Let objective inform model
choice.

> Learning II: In evaluation of fail-risks,
the extent of outlier captured in data
and by the model should match

Catch: Outliers are rarely observed
in sample!!

Up next: Extreme Value Theory - A structured way of
modelling tails of data!



Agenda for the course

Session 1

Input Modelling &2
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Copulas and Model
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Extreme Value

Risk Theory &&
The bootstrap The copula Model Risk due to tail
uncertainty
Inverse Transforms Model Risk

Sampling from
multivariate
distributions




Modelling extremes: A motivating example
(Conditional Value at Risk is Fragile)

Problem: In a risk management setting, you are required to assess the
conditional value at risk (CVaR) of their portfolios. You have access to 500
samples of data, and regulatory requirements necessitate them fto compute the
CVaR at a risk level of 99%. They try the following two strategies:

i) Use the data directly
ii) Use a Gaussian model to capture portfolio returns

You having seen some amount of QRM feel that something is fishy, and decide
to intervene to improve their model

i) What could go wrong with either approaches?
ii) Suggest some ways in which this could be fixed
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Modelling extremes: A motivating example
(Pitfall - 1: Underestimation of tail)

Pareto sample with Gaussian fit

Empirical tail histogram
— Fitted Gaussian density

Attempt 1: Gaussian fit
> Tails severely under-represented

» Leads to a downward bias in CVaR
estimation.

8 10 12
Loss
Method CVaR Estimate
Gaussian Fit 3.78
True CVaR 6.96
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Modelling extremes: A motivating example
(Pitfall - 2: Fragility to tail samples)

Expected data (>90% tail) Observed Data (>90% tail) A'|"|'€I’T’lp'|' 5. BOO"'S"'I"OP the data
- S - No data > Bootstrap cannot generate “new”
- Z = {|lf observed here! samples
8 N

| i | > Leads to a fragility of estimates to
) I||| 0 ] Z I.|| actual tail realisations

I [ I | I | S

4 6 8 10 12 8 10 12
Loss Loss
Method CVaR Estimate
Gaussian Fit 3.78

Bootstrap from data (95% CI) (4.32 , 5.59)

True CVaR 6.96
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Modelling extremes: A motivating example
(Summary of pitfalls)

Expected data (>90% tail)

Observed Data (>90% tail)

_ 0
o
- 3 No data
_ 2 2 4l observed here!
N | S o |
o
_ g
| IIII i 0 o _| IIII
— T T T T 1 ©
4 6 8 10 12 8 10 12
Loss Loss

Attempt: Bootstrap (fully model-free)

~ Severe fragility fo actual tail samples

~ Statistically noisy risk evaluations (high

variance estimates)

Pareto sample with Gaussian fit

Empirical tail histogram
— Fitted Gaussian density

|

|

|

|

Density
00 01 02 03 04 05

N —
N g—
o —
0o —

10 12

Loss

Attempt: distributional assumption

> Tails severely under-represented

~ Systematic underestimation (biased
estimates)
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Extreme Value Theory: A first pass
(Intuition)

Toy Assumption : Losses are Pareto distributed, for some (&, 0, 1) > 0,

NS
P(ZZt):(1+t ”)

O

> Tail behaviour is parametric. Therefore, standard estimation techniques suffice to
capture extreme behaviour!

- £ — captures heaviness of tail

Tube plots of estimated tail quantiles

> Gaussian distribution underestimates
quantile —> model risk

30 - Model

— (Gaussian
— Pareto

» Parametric estimation can resolve the
issue if the Pareto model is correct.

- Estimation of & allows for quantification
of tail strength

90.0% 92.5% 95.0% 97.5% 100.0%
Quantile level p



Extreme Value Theory: A first pass
(Failure of naive approach)

Toy Assumption : S ; 65 ;

) f— —1/¢
- o

More realistic: There are small deviations from Pareto!

Tube plots of tail quantiles

- Model > Suppose the density of Z equals
= (Gaussian
x 201 — Pareto (full fit) f(Z) _ Qb(Z)l (Z < 2) + sz—(l/§+l) l(Z > 2)
S

> You fit a Pareto distribution fo this data
distribution and computed VaR...

10 4

090 091 092 093 094 095 096 097 098 0.99
Quantile level p



Extreme Value Theory: A first pass
(Failure of naive approach)

Toy Assumption :

More realistic: There are small deviations from Pareto!

Tube plots of tail quantiles Zoomed tail
0.05
30 - Model Model
B o 0.04 A
aussian - Fitted Gaussian
= Pareto (full fit) > 0034 — Fitted Pareto (full)
20 - D — :
o g True spliced
> [
a
10

090 091 092 093 094 095 096 097 098 0.99
Quantile level p




VaR

Extreme Value Theory: A first pass
(Failure of naive approach)

> Data has a Pareto-like distribution, but only in the tail region!

> Therefore, fitting a model fo the bulk of the data may lead to
model error.

» Moral: The Paretfo story is not all that crazy! It can serve as a
basis for more nuanced models!

Tube plots of tail quantiles Zoomed tail
0.05
30 - Model Model
—— 0.04 A
aussian - Fitted Gaussian
= Pareto (full fit) > 0034 — Fitted Pareto (full)
20 - g) = True spliced
[
a
10

10.0 12.5 15.0
Loss

0.90 0.91 0.92 093 094 0.95 096 097 0.98 0.99 5.0 7.5
Quantile level p
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Extreme Value Theory: what all needs to be captured?
(Extending beyond the naive Pareto approach)

. Histogram with fitted densities
> Example: the density of Z equals

2.0
f(2) = ¢ (2 £ 2) + ez VD 1(z > 2) Model
1.59 — Fitted Gaussian
- In the region {r <2} — loss distribution is 2 | eyt
Gaussian 3
> In the region {f > 2} — loss distribution is
Pareto!

- Two “design principles” from the above example:
» Fit a Pareto-like distribution to the tail of the data (mitigate bias)

> Choose a tail level for which sufficient data for estimation (mitigate variance)

Extreme Value Theory formalises above principles!



Extreme Value Theory: the basic assumption
(Modelling "Pareto-like” distributions)

—1/¢
l‘ —
> Recall: Pareto distribution has P(Z > t) = (1 + ,u) :

O

- For a large t, this implies that P(Z > t) ~ ¢'/5t7 /s

> Pareto distributions are “pure” polynomials: P(Z > ct) ~ c_l/éP(Z > 1)

_og—log plot of Pareto tail for different ¢

1e+00 A
1e-03 \
Talil index
— £=02
1e-06 — £=0.5
— f=1
1 3 10 30

log t

log P(Z >t 1
> This implies gz 2 )N——

log ¢ <

> Larger the above ratio, thicker the
tail of Z.

> A single parameter & controls tail
strength!



Extreme Value Theory: the basic assumption
(Modelling "Pareto-like” distributions)

More realistic: Class of models whose slope of
log-probability tends to a constant in the fails!

_og—log plot of Pareto tail for different ¢

1e+00 -
1e-03 \
Tail index
- £=0.2
1e-06 — £=05
— =1
1 3 10 30

log t

log P(Z >t 1
> This implies gz 2 )N——

log ¢ <

> Larger the above ratio, thicker the
tail of Z.

> A single parameter & controls tail
strength!



Technical preliminaries: Regular variation
(Mathematics behind heavy tails)

Definition (Regular Variation): A function f is said to be regularly varying with

index p if for any x > 0,

L fE)
1m —
oo f(0

xP.

We denote this by f € RV(p).
Note: we can write f(tx) ~ xPf(f) when f € RV(p)

Log-Log plot of fe(t) = t71/% logt

> Functions that are RV are exactly
the class which have linear log-log
plots!

» It is such tails that we will use to

304 generalise Pareto distributions




Technical preliminaries: Regular variation
(Mathematics behind heavy tails)

Definition (Regular Variation): A function f is said to be regularly varying with
index p if for any x > 0,

fix)

lim X’

i~ f(f)

We denote this by f € RV(p).
Note: we can write f(tx) ~ xPf(f) when f € RV(p)

Example la: f(x) = x 2

- f(x) € RV(=2) since f(tx) = x*f(?)

> Side note: All homogeneous functions are regularly varying
Example 1b: f(x) = log(x)

- f(x) € RV(0) since f(tx) ~ f(7) for all x



Technical preliminaries: Regular variation
(Mathematics behind heavy tails)

Definition (Regular Variation): A function f is said to be regularly varying with
index p if for any x > 0,

fix)

lim X’

i~ f(f)

We denote this by f € RV(p).
Note: we can write f(tx) ~ xPf(f) when f € RV(p)

Example 2: f(x) = x~?log(x)

flex) (@) Clog(ty) t —
o r2logr T

_ Write

> Therefore f € RV(—2)

- General Property: if f € RV(p) and g € RV(g), then f X g €ERV(p + q)



The RV class of distributions

(A precise quantification of “approximately” Pareto distributions)

Assumption (Regular Variation): There exists a £ > 0 such that the tail cdf
F(t) = P(Z > 1) is regularly varying with index —1/¢&

Log-Log plot of f(t) = /% logt

- When F € RV, its log-log plot is
approximately a straight line (Pareto-like)

-10 -

logf:(t)

- Mathematically: F(f) = t7V<L(t) where
L € rRV(0)

-30 -

» Results in same tail-index as Pareto

Question: Is the RV class a sufficiently general mathematical
characterisation “Pareto like” tail behaviour?
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Characterising Tails: Max Domain of Attraction
(Asymptotic theory for tails of distributions)

Definition: We say that a probability distribution P is in the max-domain of
attraction of a distribution G if there exist a, > 0 and b, € R such that

max — Y where X, ~Pand Y ~ G

i=1 a,

Notation: P € MDA(G).
Equivalently: F"(a,x + b,) — G(x) for all x for which G is continuous at x

» CLT — statistical behaviour of deviations of mean.
» MDA — statistical behaviour of extremes

Scaled maxima for three distributions in the same MDA

oe 55 Underlying CDF » (Q1): Is there a classification of all
I i [ possible G? (For CLT, this is Normal)
| |:| Student t(v = 2)

» (Q2): Do the parameters of G depend
on the tail of P?

0.00 EF




Characterising Tails: Max Domain of Attraction
(Asymptotic theory for tails of distributions)

Definition: We say that a probability distribution P is in the max-domain of
attraction of a distribution G if there exist a, > 0 and b, € R such that

n X; — bn
max — Y where X, ~Pand Y ~ G
i=1 a,

Notation: P € MDA(G).
Equivalently: F"(a,x + b,) — G(x) for all x for which G is continuous at x

» CLT — statistical behaviour of deviations of mean.
» MDA — statistical behaviour of extremes

Scaled maxima for three distributions in the same MDA Scaled maxima for three distributions in the same MDA
1.2 4

075 55 Underlying CDF Underlying CDF
Is [] Fa 4) 094 [] Fe.6)
Pareto(a=2,x m=1) Pareto(a=3,x m=1)
|:| Student t(v = 2) |:| Student t(v = 3)

Limit seems to Question: can we
depend on tail class characterise this?

H \
“ 1 \
] X \
| 031 \
0.00 = P ——— == 0.0 = S ——




Fisher-Tippet-Gnedenko Therorem: GEV Limit class
(A full characterisation of the MDA condition)

Theorem: Suppose that P € MDA(G). Then, necessarily G is a generalised
Extreme Value (GEV) distribution with parameter & € R:

1. Gr) = exp(—t~"%) if £> 0 for t > 0 (Frechet DOA)

2. Get) =exp(—e™) if £=0, for t € R (Gumbel DOA) and

1/&
exp(—(=0"), t<0
3. Git) = C E<O
1, t >0
Scaled maxima for three distributions in the same MDA Scaled maxima for three distributions in the same MDA
1.2
0.75 "§§ Underlying CDF Underlying CDF

[ ] Fa.4 0.9 [] Fe.6)

Pareto(a=3,x m=1)
|| studentt(v=3)

Pareto(a=2,x m=1)
|:| Student t(v = 2)

P € MDA(G,) P € MDA(G3)

H \
“ 1 \
\ .
] H \
| 0.3 \
N - '!-
EF ,!5‘:- :r‘.—_
0.00 = T ———— == 0.04 = S ————




Fisher-Tippet-Gnedenko Therorem: GEV Limit class
(A full characterisation of the MDA condition)

Theorem: Suppose that P € MDA(G). Then, necessarily G is a generalised
Extreme Value (GEV) distribution with parameter & € R:

1. Gr) = exp(—t~"%) if £> 0 for t > 0 (Frechet DOA)

2. Get) =exp(—e™) if £=0, for t € R (Gumbel DOA) and

_(—p\lE
N Gg(t):{elzxp( (—1) ),ttfoo, £ <0

> Implication: the limiting statistical behaviour of maxima is parametric!

> Characterises "approximately” Pareto behaviour with £ — Pareto index

» £ > (0 — heavy tails (Pareto, Cauchy, F distributions)
» &£ =0 — light tails (Gaussian, Lognormal, Gamma distributions)
» £ < 0 — bounded distributions (Beta, Uniform, truncated distribution)



Fisher-Tippet-Gnedenko Therorem: GEV Limit class
(A full characterisation of the MDA condition)

All
probability distributions on R

¢ >0 A whole bunch

of discrete
distributions

Pareto, Cauchy,
student-t...

Weibull, log-normal,
Gaussian, Exp.

E<0

Uniform, beta,
Truncated




End of Lecture 3



Appendix: Technical Material on Regular variation
(Mathematics behind heavy tails)

Definition (Regular Variation): A function f is said to be regularly varying with
index p if for any x > 0,

fix)

lim X’

—oo f(f)

We denote this by f € RV(p).
Note: we can write f(tx) ~ xPf(f) when f € RV(p)

Important Property: If a monotone function f € RV(p), then f~ € RV(1/p)

Proof Idea:
- Let ¢ = f. Then g(1x) = f~ (f(y)x) where f(y) = 1.

» Then, f(y)x ~ f(yx"P) since f € RV(p)
- Now, g(tx) ~ x'Py. But f())) =t = y = g(b).
- Hence g(tx) ~ xPg(t) = g € RV(1/p).



