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ABSTRACT
The objective of this study is to demonstrate the significance of incorporating a pn'ori
knowledge of the problem in a pattern classification task. The issues of identification,
representation and application of knowledge in the form of fuzzy, rough and probabilistic
uncert ainities are addressed to develop a new pat tern classification methodology. This
thesis demonstrates the significance of modular classification approach to deal with uncertainties effectively in pattern classification tasks. The performance of the proposed
approach is illustrated for the opening bid problem in the game of Contract Bridge.
Building classifiers involves capturing the similarity among the training patterns and
assigning labels for the group of similar patterns. Capturing the similarity among patterns
becomes complicated when a training pattern belongs to more than one class, i.e., the
output classes are overlapping. Thus fuzzy uncertainty appears in form of similarity and
overlap. Due to the lack of details, two input patterns may appear similar whereas the
class labels may not be same. The one-temany relationship between the inputs and
outputs results in rough uncertainty. If the occurrence of the training patterns in the
neighborhood region is small, then due to probabilistic uncertainty assigning the class
labels is difficult. Thus building classifiers essentially involves dealing with fuzzy, rough
and probabilistic uncertainties. In the opening bid problem of Contract Bridge game,
the input is a hand pattern and the output is the class label for the input hand. In
this problem, obtaining a particular hand pattern is probabilistic. The output classes are
fuzzy. The absence of unique class labels for input hands creates rough uncertainty.
In this thesis artificial neural networks are employed as classifiers. Experimentally it
was observed that it is difficult to deal with the issues in uncertainties for the opening bid
problem. Hence, modular neural networks are explored. Modular approach partitions the
classification task into three subclassification tasks, solves each subclassification task, and
eventually integrates the results to obtain the final classification result. In other words,
partitioning of the classification task is carried out such that each subproblem can be
solved in a module by exploiting the local uncertainities and the results of all the modules
can be combined by exploiting the global uncertainities.
The performance of each module can be improved by giving importance to the features
based on their class discrimination capability for the output classes present in the module.
Since both roughness and fuzziness are present and the input features are discrete, the
uncertainity in assigning class labels for a given pattern based on each feature is treated
as rough- fuzzy uncertainty. The more important a feature is for classification, the less is
the rough-fuzzy uncertainty associated with that feature. A rough-fuzzy entropic measure
is proposed to quantify the importance of each feature. Using the importance measure,
the input hands are biased to generate modified feature vectors corresponding to each

module.
One approach of assigning class labels for the modified feature vectors is through direct
classification. It involves partitioning the modified feature space of a module into several
fuzzy output classes. Feedforward neural networks are used to obtain the class labels.
Backpropagation learning algorithm with fuzzy objective functions are used to train the
networks. The networks are configured optimally using evolutionary programming. After
training if a new input pattern is presented to the network, then the network yields the
output as the fuzzy membership value of the input to the output classes.

An alternative approach to assign the class labels on the modified feature vector is
clustering. In this approach, modified feature vectors are clustered, and each cluster
is labelled with class labels. Since the clusters are fuzzy, the modified feature vectors
are clustered using an evolutionary programming-based fuzzy clustering algorithm. The
labelling of the clusters is complicated because two patterns from the same cluster may
belong to entirely different classes. The labelling of the clusters is done using a fumyrough neural network. It captures the fuzzy uncertainty present in the clusters and rough
uncertainty between the clusters and the class labels. If a new input pattern is presented to
the network after training, it yields the output as a class confidence value in terms of fuzzyrough membership value corresponding to the input pattern. In the opening bid problem,
experimentally it was decided to use feedforward neural networks with backpropagation
algorithm to construct the module for the first level bids and fuzzy-rough neural networks
to construct the remaining two modules for the second and third level bids.
When the original classification task is distributed among modules, the modules have
been trained and configured to deal with the uncertainities locally. But the final class
labels, indicated by the outputs of the modules, may be conflicting. To arrive at the
classification result from the conflicting outputs, Sugeno 's fuzzy integral is used. The
outputs of the modules are treated as evidence, and they are fused in a nonlinear fashion
based on their importance. The importance of each evidence is determined using the
fuzzy-roughness associated with the evidence. The final class label of an input is the
output class corresponding to the maximum value of the fuzzy integral.
The main contribution of the thesis are: (1) Demonstrating the significance of uncertainty in pattern classification problems, (2) providing a review on issues in uncertaintydriven pattern classification tasks, (3) application of modular neural networks to deal with
fuzzy, rough and probabilistic uncertainties, (4) use of rough-fuzzy sets to determine the
importance of each feature for classification, (5) development of backpropagation learning
algorithms based on various fuzzy objective functions, (6) proposing rough-fuzzy membership functions and fuzzy-rough membership functions to construct fuzzy-rough neural
networks, and (7) use of fuzzy-rough sets in fuzzy integral to measure the importance of
each module.
Keywords: Classification, uncertainty, modular neural networks, feedforward neural networks, fuzzy sets, rough sets, evolutionary programming, clustering, fuzzy-rough membership functions, fuzzy-rough neural networks and fuzzy integral.
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Chapter 1

INTRODUCTION
Human beings apply their classification ability to perceive patterns in natural scenes,
stock market analysis, mental processes and in many other fields. It would be possible to
build a new breed of intelligent machines if the human classification mechanism can be
successfully emulated on machines. However, this goal appears to be difficult. One major
reason behind it is the presence of uncertainties at different stages of the classification
process. Presence of uncertainties may affect the classification process. The problem is
made simpler by ignoring the uncertainties at every stage of the pattern classification
process, but it results in an inevitable loss of information. The objective of this study is
to demonstrate that incorporation of the knowledge in form of the uncertainties indeed
enables us to design better pattern classifiers. In this thesis, the role fuzzy, rough and
probabilistic uncertainties in a given classification task are discussed. This work illustrates the use of modular classification approach to handle the uncertainties efficiently
in complex pattern classification tasks. The modular approach breaks the classification
task into several subclassification tasks, solves each subclassification task, and eventually
integrates the subclassification results to obtain the final classification result. In other
words, partitioning of the classification task is carried out such that each subproblem
can be solved in a module by exploiting the local uncertainities and the results of all the
modules can be combined by exploiting the global uncertainities. The performance of the
proposed approach is illustrated for the opening bid problem in Contract Bridge game.

1.1

Background: Problem Solving with Uncertainty

Importance of pattern recognition: Intelligence implies the ability to think, reason,
learn and memorise. It is generally related to the human cognitive process. The fact
that the human cognition process is marvellously efficient and effective poses a question
to the scientists: Can some of the functions and attributes of the human reasoning be
emulated on a machine? The reasoning can be for the tasks like classification, grouping,

and prediction. The issues involved in these reasoning tasks are discussed in the field of
pattern recognition.

Exploitat ion of uncertainties may improve the pat tern recognition process:
Many pattern recognition tasks in real life involve uncertainties at various stages. For
instance, the input data to a pattern recognition system may have uncertainties due to
randomness in the system generating the data or due to errors in the measurement of the
data. Uncertainties may also arise in the selection and extraction of the features from the
input data. The output of a recognition task may be vague too. Finally, the knowledge
captured in the form of cause and effect relation is generally soft because the relationship
between the input features and the output can be imprecise or only partially correct.
However, human reasoning process is able to deal with these uncertainities effortlessly to
obtain satisfactory solutions to many pattern recognition problems. Moreover, the decisions based on the soft relations or constraints seem to be robust against small variations
in the parameters or features at every stage. In fact, these variations or uncertainties may
be helping the human beings with updating the acquired knowledge, and thus, helping in
the process of learning.

Unsolved aspects and objective: For solving pattern recognition problems on a
machine, normally crisp quantities are derived from the uncertain data or information
available at every stage. The problem itself is solved using an algorithm consisting of
unarnbigious sequence of processing steps. It is likely that the performance of a pattern recognition system may improve significantly in terms of accuracy, robustness and
learning ability, if the system is designed to deal with ambiguities at different stages of
processing the information. This requires identification of the sources of uncertainties
and capturing the uncertainties in a suitable form for incorporating them for solving the
pattern recognition problem on a machine. The objective of this study is to demonstrate
the significance of incorporating the knowledge of the uncertainties for some real world
pat tern recognition problems.
1.2

Issues in Pattern Classification

Pattern classification is chosen for the study: There are several pattern recognition
tasks, which are relevant for this study, such as pat tern classification, pat tern storage,
pat tern clustering, associative memory recall and pat tern mapping. This thesis considers
pattern classification tasks for discussion throughout the study. The task of pattern clas-

sification is defined as a search for structures in a pattern set, and subsequent labelling of
the structures into categories such that the degree of association is high among the structures of the same category and low between the structures of different categories [Bez81].
Pattern classification finds extensive applications in script recognition, face recognition,
speech recognition, speaker recognition, ECG analysis, radar and sonar signal detection,
weather forecasting, data mining, etc. [TG74] [Fuk89] [BP92].
Presence of uncertainty i n p a t t e r n classification: In a pattern classification task,
the input data is generated by a source, and the data is measured by a set of sensors. The
sensed data is used to extract some relevant features, which in turn are used to associate
class labels corresponding to the problem. To implement the pattern classification task
on a machine, one needs to characterize the associated uncertainties at different stages.
Some of the uncertainties may be identified as resolution, probabilistic, fuzzy and rough
uncertainties. Resolution uncertainty is due to sensors, probabilistic uncertainty is due to
the randomness in physical system generating the data. Fuzzy uncertainty [KY95] [PM86]
is due to the vagueness in the human interpretation of the data at the feature level,
class labels or may be at some intermediate levels. Rough uncertainty [Paw911 is due to
incomplete information or knowledge at various stages.
Example: Let us consider an example of a pattern classification task to illustrate these
uncertainties. Suppose an artificial vision system analyzes a digital image of a dice. Based
on the evidence gathered, the system might suggest that the top face of the dice is either
a 5 or 6, but cannot.be more specific. This kind of uncertainty, known as resolution
uncertainity, arises from the limitations (for example, sensor resolution) of the evidence
gathering system. Again, randomness is involved when the outcome of a dice is predicted
before the dice is cast. This uncertainty, which arises due to the chance or randomness,
is called probabilistic uncertainty. On the other hand, if one is asked to interpret the top
face of the dice as, say high, the uncertainty appears due to vagueness. This is called
fuzzy uncertainty. In this example, rough uncertainty is absent.
Issues: The issues involved in modeling human classification mechanism on a machine
are
(a) Identification of the uncertainties involved in the chosen classification task.
(b) Representation of the problem with uncertainties on a machine. It involves representation of the input, output and the knowledge of the problem at various stages.
(c) Development of a methodology to exploit the uncertainties for solving the classifi-

cation problem.
1.3

Scope: Study of Uncertainties in Opening Bid Problem in Bridge Game

Contract Bridge Problem is chosen to illustrate the efficacy of the proposed
approach: In order to demonstrate the significance of the uncertainties for solving a
pattern classification problem on a machine, the "opening bid" problem in the game of
Contract Bridge has been chosen. Contract Bridge [Khe88] is a card game played in two
stages (for more details see the Appendix A). The aim is to maximize the points gained,
which depend directly upon the number of tricks a side can win. In the first stage, both
the players of each side make bids. Finally, through a bid the player stakes a claim for
the denoted number of tricks. In practice the first few bids are used by the players to
convey information about their hands. In the second stage, the cards are played out to
see if the highest bidder can fulfill the contract.
In Contract Bridge a player makes a bid to convey information about the thirteen
cards in his hand. The bid made by the first player in the game is called the 'opening bid'.
He makes one of the permitted bids based only on the patterns of the cards in his hand,
as he has no a prion' knowledge of the cards in the hands of the other three players. In
the opening bid problem, the input is the distribution of the thirteen cards in the player's
hand, and the output is the legal bid the player makes. It is assumed that the bid is to
be made according to standard conventions, so that no artificial conventions are involved.
The aim is to capture the human reasoning process in the opening bid problem based on
the real input-output pairs of the data collected from players of the Bridge game.

Reason for choosing Contract Bridge Game: One reason for choosing this particular
problem for illustration is that it is easy to collect the data. Moreover, the input is the
crisp data of the thirteen cards pattern, and hence, there is no resolution uncertainty in
the problem. In addition, there is no noise in the input representation. In many pattern
classification problems, preliminary processing of the data (e.g., speech signal) is essential
to extract parameters or features. This in turn may result in loss of information a t the
input stage itself. Expert behavior in games, on the other hand, does not depend on any
of these sensory interactions. This is particularly important if one is to generate faithful
reproductions of human cognition. This is relevant if the objective is not only to attempt
a task typical of humans, but to also try and mimic the human way of doing it. When
the goal is to emulate human expertise, one has to be careful in selecting those areas that

can best be modeled without too many simplifying assumptions [KR89].
In spite of the simplicity in the representation, the opening bid problem is still very
complex. For example, all the hands are not equally likely, and hence, learning all the
hands equally well is not possible. This is true especially, since the hands corresponding
to the higher level bids are very rare. Therefore, one problem is how to learn the rare
hands along with the frequently available hands. In addition, for a given hand, the same
player may make a different bid at a different time, which illustrates the variability in
his reasoning process. This variability is present because the player changes his strategy
based on his experience, vulnerability, etc. Since it is impossible to quantify the influence
of these subjective qualities, two hands may appear same or similar, although they are
not if the unaccounted features are also considered. Two hands with same or similar
patterns may be classified to two different classes. This implies the presence of rough
uncertainity in the bidding process. The output bid can be fuzzy. For example, the bid
can be neither completely one "Diamond" nor one "Spade". In this thesis the following
issues are addressed:
1. How to represent the input hand pattern on a machine and how to interpret the
output bid.
2. How to develop methods to effectively model and classify the input hand pattern to
an output bid. In particular, how to take care of the rough, fuzzy and probabilistic
uncertainty while modeling the bidding system.
In Bridge game, hand patterns containing seven cards or longer suit constitute less
than 5% of the total possible number of hands. Therefore, to make the problem simpler,
the study is kept limited only up to third level bids. However, it must be noted that this
work is not intended to solve the bidding problem. Rather it illustrates the development
of a pattern classification methodology based on the uncertainties associated with the
given classification process.
Portability t o o t h e r problems: The uncertainty-based pattern classification methodology may also be relevant for problems in vision, speech and other decision making fields,
where a large part of the information is lost in representing the problem on a machine.

1.4

Proposed Approach for Capturing the Reasoning Process in Opening Bid
Problem

The goal of this study is to develop a pattern classification technique based on uncertainties a t different stages to capture the human reasoning process. Initially, we survey
various existing techniques for pattern classification. We focus on the role of uncertainties
in these classification techniques. Then an attempt is made to build a feedforward neural
network [Yegg81 for the opening bid problem. Artificial neural network is chosen as a
tool because it offers various advantages like incremental learning, robustness, universal
approximation capability, etc. However, experimentally it has been found that a single
monolithic neural network model may not be suitable for the complete classification task.
Therefore, based on domain specific knowledge, the monolithic classifier is broken into
several modules such that equiprobable classes and overlapping classes are kept in the
same module. It aids, 1) to learn hands with less frequent patterns and highly frequent
patterns equally well, 2) to deal with fuzziness among the close classes locally, and 3) to
deal with roughness within each module locally. A post-processor treats the fuzzy and
rough uncertainities globally, and it combines the results from all the modules to yield
the final classification result.
Following the above track, the input representation has been fine tuned separately
for each module using the concept of rough-fuzzy sets [DP92]. Each module can be a
classifier that relies on the principle of direct classification or classification through clustering [BezSl]. In the direct classification approach, the whole feature space is directly
analysed to delineate the output classes. Classification through clustering approach involves initial clustering of a subset of patterns from the original feature space, and subsequent partitioning of the whole feature space based on the clusters obtained. Following
the first approach, a feedforward neural network is used for each module. These networks
are trained by backpropagat ion algorithm with fuzzy objective functions. Thereafter, each
such network is configured using evolutionary programming [Fog951 technique. Following
the second approach, i.e., classification through clustering, the input data set is optimally
classified using evolutionary programming-based fuzzy clustering technique. Next, using
these clusters a fuzzy-rough neural network is evolved to establish the input-output relationship. Thus, several modules are constructed either by the direct classification method
or by the clustering method. The evidence supplied by these modules are aggregated by a
post-processor which is based on fuzzy integral. Finally, a modular network consisting of
feature analysers, subclassifier modules and a post-processor (Fig. 1.1) is obtained. The
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flow of the ideas described in this thesis is depicted in Fig. 1.2.
1.5

Organization of the Thesis

The organization of the rest of the thesis is as follows:

Chapter 2 is devoted to review different classification stages involved in pattern classification. It also delineates different paradigms used for the classification stages.
Specifically, attention has been paid on the manipulation of the various uncertainities present in the classification process. In a complex pattern classification task,
modular approach is an attractive approach to handle the uncertainties efficiently.
Later part of this chapter reviews several varieties of modular classifiers.
Chapter 3 explores the possibility of capturing the implicit relationship in bidding a
Bridge hand using an artificial neural network. Issues like the role of uncertaini-
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ties, input representation, possible architectures for the network are studied. It
was found experimentally that it is difficult to train a monolithic neural network
for the opening bid problem. This chapter suggests the use of a modular neural
network for attacking the bidding problem. The opening bid classification problem
is partitioned into three subclassification tasks, and one module is assigned for each
subclassification task.

Chapter 4 focuses on fine tuning the input representation for a module based on the
class discriminatory capability of the features for the output classes present in
the module. Since both roughness and fuzziness are present in the opening bid
problem, a rough-fuzzy entropic measure is proposed to quantify the rough-fuzzy
uncertainty associated with each feature. The rough-fuzzy entropy corresponding to
each feature is iteratively minimized to quantify the class discriminatory capability
of the feature. These quantified values are used to derive the modified feature
vectors for each module.
Chapter 5 describes one approach of capturing the relationship between the modified
feature vector and the output classes of a module through direct classification. It
involves partitioning the modified feature space of a module into several decision
regions or output classes. The boundary between any such two regions is fuzzy. This
chapter employs feedforward neural networks to capture the relationship between
the modified feature vector (crisp) and the output classes (fuzzy) present in each
module. Backpropagation learning algorithm with fuzzy objective functions are
used to train the networks. In addition, evolutionary programminpbased technique
is applied to configure each network optimally.

Chapter 6 examines clustering-based approach to capture the input-output relation in
each module. In this approach clustering of the modified feature vectors is followed
by labelling of each cluster with a class label. This chapter proposes a technique
to construct a classifier module in presence of fuzzy and rough uncertainties. The
modified feature vectors are clustered using an evolutionary programminpbased
fuzzy clustering algorithm. The relationship between a cluster and the output class
labels are estimated through the fuzzy-rough membership functions associated with
each input pattern. Using the fuzzy-rough membership functions, a fuwy-rough
neural network is constructed to relate the input and output.
Chapter 7 combines the information supplied by all the modules using a fusion technique
based on Sugeno's fuzzy-integral. In the earlier chapters, the original classification

task is distributed among small modules, and the modules have been trained and
configured to deal with the uncertainities locally. Here, the outputs of all the
modules are treated as evidence, and they are fused in a non-linear fashion based
on their importance. The importance of each evidence is determined using the

fuzzy-roughness associated with the evidence. The final class label of an input is
the output class corresponding to the maximum fuzzy integral value.

Chapter 8 concludes the thesis, by summarising the work and indicating the future
directions of using uncertainties in modular neural network classifiers.

Chapter 2
MODELING PATTERN
CLASSIFICATION PROBLEMS
2.1

Introduction

In the last few years, there has been a large upswing in research activities in the problems of pattern classification [DH79] [Fuk89] [Bow84]. Although far away from human
classification ability, machine classification techniques attempt to mimic the human classification mechanism in several stages. In this chapter we discuss the functions performed
by these stages, the uncertainities pertaining to them, and the working principle of the
various techniques used for these stages. This discussion includes some uncertainty driven
techniques like statistical, fuzzy and rough approaches. When the classification problem
is complex, one greedy approach to solve the problem is modular classification approach.
Following the principle of 'divide and conquer, modular approach breaks the classification
task into several subclassification tasks, solves each subclassification task, and eventually
integrates the subclassification results to obtain the final classification result. In other
words, partitioning of the classification task is carried out such that each subproblem can
be solved in a module by exploiting the local uncertainities, and the results of all the
modules can be combined by exploiting the global uncertainities. Later part of this c h a p
ter summarises the architecture and working principle of some of the existing modular
classifiers.
The organization of the chapter is as follows: In section 2.2 we describe how machines
are used to mimic human classification mechanism. It reviews several methods to perform
classification process on a machine. Section 2.3 analyses issues and architectures of modular classifiers. Section 2.4 attempts to frame the Contract Bridge opening bid problem
as a pattern classification problem.

A Review on Pattern Classification

2.2

A pattern is a description of an object [TG74]. A pattern can be a concrete item which
can be recognized by human sensory organs, like eyes and ears [TG74]. Image pattern,
speech pattern, hand pattern of a Bridge player, etc., are the examples of concrete items.
On the other hand, a pattern may be an abstract item, like a pattern of thought process,
which we can recognize with our sensors like eyes and ears closed [TG74]. The task
of pattern classification is defined as a search for the structures in a pattern set, and
subsequent labelling of the structures into categories such that the degree of association
is high among the structures of the same category and low between the structures of
different categories [Be2811 [KY95]. In this chapter we address the pat tern classification
problem based on the concrete patterns only.
In section 2.2.1 we describe how machines are used to mimic human classification
mechanism. Section 2.2.2 discusses several methods to represent the classification process on a machine. It also describes the basic five stages involved in a machine-based
pattern classification technique. Section 2.2.3 analyses several aspects of the first stage,
i.e., feature extraction stage. Section 2.2.4 reviews a few methods used for the second
stage, i.e., how to interpret the structures present in the input data set. Section 2.2.5
discusses various current methodologies to discover the structure present inside the data.
Issues involved in the last stage, i.e., generalization, are discussed in section 2.2.6. The
relationships among the topics discussed in this section are illustrated in Fig. 2.1.

2.2.1

How Human Classification Mechanism is Mimicked on Machines

Let us take a real life pattern classification example. Suppose, one is asked to determine
whether a particular person is a European or an Asian. He cannot do it unless he has
already seen a set of European and Asian people, or someone has told him about the
difference explicitly. While observing a set of European or Asian people, he gathers
some experience about them. In other words, gathering experience means, based on
certain characteristics of these people, he extracts some common property from them.
For instance, he watches their height, eye color, etc., and based on that he realizes most
of the Europeans are tall and their eye colours are not black. The opposite is true for
the Asians. Now, he tries to find whether a new person is tall or his eye color is black,
and based on that he can determine that person's identity (assuming that the person can
come only from any one of those two classes). If he can decide the identity of most of

Pattern Classification on Machines

I
1

rn

Mimicking Human Classification on Machines

rn

Process Description

I

- Symbolic Process Description
- Numeric Process Description

1

*

*

1

rn

Relational data
Object data

Feature Analysis

- Preprocessing
- Feature Selection
- Feature Extraction

1

rn

Structure Analysis

- Direct Classification
- Classification Through Clustering

1I rn

Abstraction: Search for the Structure

-

Search During Training

*
r

*

1

-

1 rn

Supervised
Reinforcement
Unsupervised

Search During Testing

Classifier Types

-

Deterministic Classifiers: Crisp Rule Base System

- Statistical Classifiers

*

Parametric

* Nonpararnetric

*

-

Semiparametric

Fuzzy Classifiers

*

Fuzzy
+ Fuzzy
+ Fuzzy
t Fuzzy

relation
pattern matching
clustering
K-nearest neighbors

- Rough Classifiers
- Hybrid Classifiers
Neuro-Fuzzy

* Neuro-Rough

* Neuro-Evolutionary
1
1

I

I

I

rn

Fuzzy-Rough
Fuzzy-Evolutionary
Rough-Evolutionary

Generalization
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persons he encounters, then he is called intelligent. It is because his ability to extract the
common property out of these two classes is good.
In order to mimic the above mentioned human classification mechanism on a machine, several instances (e.g., a set of Europeans and Asians) of the problem are collected.
Care should be taken to collect the sample data randomly from the whole population.
To represent these instances on a machine, typical properties, termed as features (e.g.,
height and eye color), are extracted from each instance. These features represent the
given problem in a higher dimensional feature space. Feature extraction is a difficult
task as less number of features may not be sufficient to represent the problem, whereas
too many features can affect the classifier system (this phenomenon is known as curse of
dimensionality [Bis95]). In addition, we do not know how many features are sufficient, or
which feature is necessary (e.g., in the above example color of each person's cloth need not
to be noted). The features form some structures in the feature space. The interpretation
of the structures depends on the pattern recognition task and situation. For instance, in
recognizing English characters, twenty six different class structures are present. On the
other hand, in distinguishing English characters from Arabic characters, only two structures are interpreted [Fu68]. Now, the task of pattern classifier is to search the structure.
This search becomes complicated because of the presence of uncertainties associated with
the structure. Thus, the whole pattern classification process involves manipulation of
the information supplied by the instances. The instances contain the information about
the process generating them, and the extracted features reflect this information. The
structures present inside the features represent the information in an organized manner
so that the relationship among the variables in the classification process can be identified.
Finally, in the last step, a search process recognizes the information from the structure.
Now, if a new pattern is encountered, the machine detects the structure in which the input
pattern belongs, and based on the structure the pattern is classified. Therefore, once the
structure is found, the machine is capable of dealing with new situations to some extent.
The ability to deal with new situations can be evaluated by testing the ciassifier with
several new examples, for which we know the answers for comparison. If the performance
of the pattern classifier with this so called test data is good, then we say that the machine
has generalized well.
An important assumption in the pattern classification task (for humans as well as
machines) is that nature is by and large stable-what is known yesterday is true for today
and tomorrow. In other words, it means that to some extent today's experience is valid

tomorrow. This assumption is essential; otherwise, there would have been no meaning of
gathering experience through learning and using this experience further for generalization.
Realizing the pattern classification task by a machine becomes complicated due to
various uncertainties. A few of them are known, among them fewer we can model. Some
of them are

Resolution uncertainty: Caused by inaccurate measurement in measuring instruments.
Probabilistic uncertainty: Caused by randomness in physical systems.
Fuzzy uncertainty: Caused by vagueness in human reasoning.
Rough uncertainty: Caused by our incomplete knowledge about the classification
system we are trying to model.
Although all the above four are uncertainties, they are basically different from each
other. The fuzzy uncertainity differs from the probabilistic uncertainty and resolution
uncertainty, because it deals with situations where set-boundaries are not sharply defined. The probabilistic uncertainity and resolution uncertainity are not due to the ambiguity about the set-boundaries; rather about the belongingness of elements or events
to crisp sets [PB94]. Specifically, fuzziness deals with vagueness between the overlap
ping sets [Be2941 [KY95], while probability concerns the likelihood of randomness of
the phenomenon. On the other hand, rough sets deal with coarse nonoverlapping concepts [DP90] [DP92]. Both roughness and fuzziness do not depend on the occurrence
of the event; whereas probability does. Fuzziness lies in the subsets defined by the linguistic values, like tall, big, whereas indiscernibility is a property of the referential itself,
as perceived by some observers, not of its subsets [DP92]. In fuzzy sets each granule of
knowledge can have only one membership value to a particular class. However, rough
sets assert that each granule may have different membership values to the same class.
Fuzzy sets deal with overlapping classes and fine concepts; whereas rough sets deal with
nonoverlapping classes and coarse concepts. In a pattern classification problem, all or
some of the above uncertainities may be present.
For simplicity, most of the pattern classification problems can be decomposed into five
different stages. f i o m an abstract point of view, the division of the classification problem
into five different stages may seem to be quite arbitrary. The entire process can be viewed
as a single mapping from the object space to the decision space. Optimum mapping is
the one for which the probability of error is minimum. In practice, this leads to a very
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complicated calculation, which is in fact currently impossible to solve [Dud70]. In many
cases depending upon the given problem certain stages can be skipped (Fig. 2.2). For
instance, in a few applications it is possible to consider the raw input data as features,
and hence, there is no need of any separate feature analysis stage. The five stages are
discussed in the next five subsections.
2.2.2

Process Description

The first stage concerns the way the classification process will be represented. The following are some of the methods for this stage:

2.2.2.1

Symbolic process description

The classification process can be represented in terms of different symbols. In the decade
of the 1980s symbolic approach became a dominant theory to explain how intelligence
is produced and how it can do certain useful tasks. Using this method it is possible to
write programs that work with symbols rather than numbers. Symbols can be equal or
not equal, and that is the only relationship defined between the symbols. Hence, it is
not possible to know if one symbol is less than another symbol. Of course, in symbol
processing programs, the symbols do get represented by numbers. Besides the use of
symbols, the symbol processing programs consists of a large number of rules. The most
significant outcome of the symbolic approach is the development of the knowledge-based

ezpert systems [LS95]. It tends to capture the higher level human reasoning functions in
the form of a set of if-then rules or knowledge. A typical set of two symbolic rules in
chromosome identification can be

If the input is

If the input is

then the output class is C1

c

then the output class is C2

If a new chromosome is encountered, then the structure of the chromosome is matched
with the if part of each rule. The class label of the new chromosome is the class label
corresponding to the then part of the matched rule.
Eventhough in symbolic approach symbols can only be equal or not equal, and there
are no other relations defined for them, quite often "symbolic" programs end up using
integers or reds as part of the program, and it is called symbolic anyway eventhough by
the strictest standard doing so no longer makes the program completely symbolic, only
partly symbolic. Drawbacks of the symbolic approach are the following: (a) It does not
take care of pattern variability, (b) it needs large number of rules when the inputs are
continuous, and (c) it does not employ efficient learning mechanisms to acquire the rules.
Symbolic approach is useful in syntactic pattern recognitaon technique [Fu82]. This a p

proach deals with the patterns which are rich in structural information, i.e., the patterns
that contain most of their information in their structures, rather than in numeric values.
In this approach the input patterns are divided into several parts, and one symbol, called
primitive, is assigned to each part. Each primitive has no direct relationship to the structure of the pattern. A pattern is represented by the knowledge about how primitives must
be combined to make up the entire pattern, and how primitives are related to each other.
In the syntactic met hods, building classifiers consist of constructing rules for combining
primitives to obtain the structure of a given object. The methods are formulated around
the concept of formal languages with each primitive represented as a terminal symbol and
a grammar inferred for each pattern class. When a new pattern comes, it is represented
as a set of primitives, and the primitives are matched against the antecedent parts of the
rules to determine the output class. The pattern grammar used for these rules can be
made more effective by using stochastic grammar (in presence of randomness) or fuzzy
grammar (in presence of vagueness). It should be noted that existence of a recognizable
physical structure is essential for the success of the syntactic approach. Syntactic pattern
recognition research has been largely confined to pictorial patterns, which are characterized by recognizable shapes, such as characters, chromosomes, finger prints, etc. Many of
the major problems associated with the design of a syntactic pat tern recognition system
have been only partially developed. For instance, not much progress has been achieved
in deriving general training algorithms for syntactic systems [TG74] [PM86] [Fu68].
2.2.2.2

Numerical process description

The most familiar choice of representing objects or patterns are by numbers. Unlike
symbolic approach, in numerical approach, the information about the classification process
is extracted from the following types of numerical data:

Object data: Object data can be the numerical representation of some physical
entities, like images and hand patterns of a card game.
Relational data: It may happen that, instead of an object data set, we have
access to a set of numerical relationships between pairs of objects; that is, the
relationship represents the extent to which the objects are related. For example, in
numerical taxonomy, the relationship between species families can be assigned by
human experts. Here, we do not have any access to the object or species, rather the
relationship among them. Relational data are found in diverse application fields,

e.g., cognitive maps, influence diagrams, etc. [Bez96].
In this review, we shall discuss the other stages of pattern classification process assuming the representation is numeric. In addition, the word "data" will always imply the
object data.
2.2.3

Feature Analysis

Feature analysis can be defined as a method that is used to explain and improve the data
collected during the process description. It consists of the following three steps:

Preprocessing: A preprocessor is used in this step to perform some or all of the following functions: (a) Strengthening features, i.e., edges, specific frequencies, etc., (b) provide invariance to translations, rotations, and scale changes of the input data, (c) noise
suppression, and (d) formatting the processed data for acceptance by the recognition
device [Vig7O].
Feature selection: Feature selection seeks a small number of features by obtaining a
subset from the original set, either by discarding poor features or selecting good ones.
Feature selection can take place by minimizing some objective function. The choice of
the objective function may be classifier independent, or it may be based on particular
classifier's accuracy to judge whether a feature subset is superior to another subset. The
former approach is known as absolute feature selection approach or filter approach and
the later approach is known as perfomzance-dependent feature selection approach or m a p per approach [BL98] [SB97] [WAM97]. The objective functions are carefully designed so
that interclass distance of the input data set decreases, but the intraclass distance increases [DH79]. The distances may be Euclidean, Mahalonobis or some other standard
distance measure, or it may be the distance between two probability distributions. The
objective function like mean square error is based on Euclidean distance, and the objective
functions like entropy and divergence are based on the distance between two probability
distributions [Fuk89]. It is also possible to transform or rotate the axes of the input data
set so that the interclass distance decreases and the intraclass distance decreases. Principal component analysis and Karhunen Loeve transform are based on this idea [DH79].
Note that in these cases the transformation of axes is actually a linear mapping. A natural
extension of this scheme is nonlinear mapping [Fuk89]. Till now, nonlinear mapping has
not become popular as it is very difficult to handle.

Feature extraction: It deals with developing some new features based on the already

selected features. From preprocessing and feature selection steps, the designer of classifier
obtains the features that he knows or suspects are important. These may prove to be
inadequate, or may provide a format not suitable for the decision mechanism. For example, in statistical feature extraction, a sample set of preclassified pat terns is analyzed, and
the statistical information collected from this sample set is used to augment the known
feature list and to reformat the feature profile [Vig70].
The presence of noise, missing attributes, missing attribute values, etc., can make the
feature analysis difficult [FSW97]. In addition, the presence of uncertainties can make
this stage more complex. For instance, the input features may be vague in terms like tall,
almost 5, etc. The features that are present may be insufficient for a particular class.
This creates rough uncertainty in the classification task.
Practically, the methods by which initial features are obtained are often intuitive and
empirical, drawing upon the designer's knowledge about and experience with the problem.
The main guideline here is that the features should be invariant to (or, at least insensitive
to) irrelevant variations, such as limited amount of translation, rotation, scale change,
etc., while emphasizing differences that are important for distinguishing between patterns
of different types. These features are ranked to select only the most important features
(feature selection), and then some new features may be augmented with the extracted
features (feature extraction).
Feature analysis serves several functions. Firstly, by reducing the input patterns to
its essential features, the memory requirement to store the input patterns can be reduced.
Secondly, by reducing the input data to more independent features, a considerable amount
of invariance to exact form is obtained. Finally, by extracting more than the minimum
number of features required, a degree of invariance to noise and background may be
achieved [DL97].
2.2.4

Structure Analysis

The structure (spatial) present in the feature space represents certain common properties
of the feature. Building classifiers may be impossible if such common property is not
present in the data; then even a look-up table scheme would be sufficient. For instance, it
is impossible to capture any common property from a set of names while classifying them
into two classes, below 50 years and above 50 years. Moreover, the feature selection may
not be proper when the feature is deep hidden due to many surface features. In this case

there may not exist any structure a t all. For example, if we represent a large dimensional
parity problem by a string of 0 and 1, then each character of the string does not carry
any common property, which can be utilized to classify the input strings to even or odd
parity. On the other hand, if we extract a feature that represents the sum total of all 0's
and 1's present in the string, then there is certainly a structure. It is because, when this
sum total is odd, it represents an odd parity, and when it is even it represents an even
parity.
Interpretation of the structure in the feature space depends on the method followed in
classification. Let X denote the original population of the data from which the example
data set X has been drawn, i.e., X

c X.

A C-class classification can be carried out in

the following two ways:
1. Direct classification: X is used to train the classifier, i.e., to delineate the output

classes in X into different decision regions [Bez81]. Therefore, the stmcture in the
space X is directly analysed.
2. Classification through clustering: This technique involves initial grouping or

clustering of X , and subsequent partitioning of the set X based on the obtained
structure. Therefore, the st mcture in the training data space X is analysed. Later,
based on this structure, the structure of the space X is analysed.
In the classification through clustering, the structure is analysed in the space formed by
X . Since this step needs clustering as a prerequisite, we will discuss the basic concepts
of clustering in brief. Clustering can be defined as follows [Bez81] [DJ87] [Har75]: Given
a set X = {x,,x,, . . . ,x,) of feature vectors, find an integer K (2 5 K < n) and a
K number of partitions of X which exhibit categorically homogeneous subsets. There
exists many clustering algorithms. Among them, the simplest and popular one is Kmeans clustering algorithm [DH79]. It starts with K random initial cluster centers. The
algorithm considers each input pattern sequentially, and assigns the input pattern to the
nearest (in Euclidean distance sense) cluster center. After the assignment is over for all the
input patterns, each cluster center is updated so that it becomes the mean of the patterns
that are associated with it. Same procedure is repeated for several iterations until there is
no appreciable change in the position of the cluster centers. After clustering, each pattern
belongs to only one cluster, and a structure evolves in the training set X. Most of the
clustering algorithms assume that K is known a priori. To find the approximate value of

K for a given set of data, various methods based on cluster validity exist [DJ87].

Presence of uncertainities may make the boundaries of the classes or clusters overlapping. It may also happen that the same cluster represent patterns from more than
one class. It is because the relation between the input structure and the output class labels is one-to-many. Thus, uncertainities make the structure analysis difficult, and these
difficulties are manifested in the next stage.

2.2.5

Abstraction: Search for Structure

This stage involves exploring structures using all the available information so that the
obtained structure can be used for classifying a new sample with unknown class. Mathematically, let X denote the feature space from which X has been drawn, i.e., X

c X.

A classifier for X is a device or means whereby X itself is partitioned into C decision
regions. Explicit representation of these regions depends on the nature of X (i.e., data),
the way in which the regions are formed (i.e., structure), and the model we choose for
searching [Bez8:1]. X is often employed to "train" the classifier, that is, to delineate the
decision regions in X. The resulting structure may enable the machine to classify subsequent observations rapidly and automatically. The training method adopted in this stage
can take place mainly in the following two ways:
1. Supervised: In this process a known set of input-output pairs is used to teach
the classifier system first how to classify, and then let the system go ahead freely
classifying other new patterns. In this case we usually need some a priori information, i.e., a training set consisting of a set of input-output pairs, to form the basis
of teaching.

2. Reinforcement: In many classification problems, it is not possible to obtain a
known set of input-output pairs. The output may be known only partially. This
partial information may state that the actual output is "too high" or "50% correct". Unlike the supervised learning, here the teacher signal only says how bad
a particular output is, and provides no hints on what the right answer should
be [LL96].
It is possible, but not necessary, to conduct the search by first clustering the patterns in

X. The clustering can take place in supervised or unsupervised fashion. In the supervised
clustering, all the training data from a particular class are collected, and the clustering is
carried out on this set of data. In the unsupervised clustering, the clustering is done on
the whole training set.

In some search operations, there is no training. The search operation is left for the
testing phase. Hence, the testing becomes time consuming, and thus, it makes these
algorithms unsuitable for online testing. Some of these algorithms are called lazy algo-

rithms [WAM97].
When a new input comes, it is classified based on in which part of the structure it falls.
However, the boundaries among the different parts of the structure may be ambiguous.
Due to this uncertainty, classifiers can be of the following types:

2.2.5.1

Deterministic classifiers: C r i s p rule base

If the boundaries of the different parts of the structure are not ambiguous, then the test
pattern can be classified without any uncertainty. It happens in deterministic class$ers.
An example of deterministic classifiers is a crisp rule base system.
Instead of representing knowledge in a relatively declarative, static way (as a set of
things that are true), crisp rule base systems represent knowledge in terms of a set of

if-then rules, a set of facts, and some interpreter controlling the application of the rules
when the facts are given. A typical rule in the rule base is

If the input is 23, then the output class is Cz
Note that this rule is different from the symbolic rule describe in section 2.2.2.1. Here the
input is a number, but in a symbolic rule the input must be a symbol. There are numerous techniques to construct a rule base from a set of data. Among them one important
approach is evolutionary computation (EC) theoretic approach [Fog94b] [BHS97] [Fog98].
EC is a technique to encompass a variety of population-based problem solving techniques
that mimic the natural process of Darwinian evolution. Current research in the evolutionary computation has resulted in powerful and versatile problem solving mechanisms
for global searching, adaptation, learning and optimization in a variety of pattern recognition domains. The main avenues for research in evolutionary computation are genetic

algorithms [Ho175] [Go1891 [Davg11, genetic programming [Koz92], evolutionary strategies [Sch81] and evolutionary programming [FOW66] [FogSlb] [Fog95]. Genetic algorithms deal with chromosomal operators, while genetic programming stresses on operators of more general hierarchical structures. Evolutionary strategies emphasize behavioral
changes a t the level of the individuals, whereas evolutionary programming focuses on behavioral changes at the level of the species. The common factor underlying all these
approaches is the emphasis on an ensemble of solution structures, and the evaluation

and evolution of these structures through specialized operators that mimic their biological counterparts, in response to an ever changing environment. Specifically, all of them
maintain a population of trial solutions, impose random changes to those solutions, and
incorporate the use of selection to determine which solutions are to be maintained into
future generation and which are to be removed from the pool of trials.
From a mathematical point of view, all the EC techniques are controlled, parallel,
stochastic search and optimization techniques. There are, two different training a p
proaches for exploiting these optimization techniques to evolve the classification rules.
In one method (also known as Pitt's approach in genetic algorithm community [Mic92]),
each element of the population represents one complete classification rule set. Consequently, the complete population is an ensemble of many rule sets. In the process of
evolution the rules compete among themselves, the weak individual dies, the strong survives and reproduces. In the other approach (also known as Michigan approach in genetic
algorithm community [Mic92]), the whole population represents only one rule base, i.e.,
each member of the population represents a single rule. The second method is more time
and space efficient. But, it needs, (a) delicate credit assignments, for which a heuristic
method should distribute positive or negative credits among the members of the p o p
ulation, and (b) the members of the population, i.e., different parts of the network, to
cooperate with each other so that they can build the complete rule base [Mic92] [WC96].
For both the training approaches, generally supervised or reinforcement learnings are
used. The difficulties that most of the EC algorithms face are the optimal balance in
exploration and exploitation, and premature convergence. EC keeps a balance between
what already has worked best and exploring possibilities that might evolve into something even better [CHL96]. But, the balance is not optimal in practice. Moreover, in
spite of the in-built stochasticity, EC algorithm may get stuck in local minima. This kind
of premature convergence takes place mainly when all the new offsprings are similar to
the existing offsprings (thus virtually stops the exploration of new space in the search
domain). In order to reduce these problems, there are various strategies like modification
of EC operators, increasing population diversity, etc.
Crisp rule base can be applied to a classification problem provided the input features
are discrete. To accommodate the continuous features, one approach is to discretize the
input feature with inevitable loss of information. When the input features are distorted
due to noise and measurement errors, the variation in the input features increases rapidly.
If discretization is carried out on this feature set, then the distortion may become very

high, and eventually the classification performance may decrease significantly. Note that
EC does not use any uncertainity inherent to the problem; it introduces probabilistic
uncertainty externally to make the search operation more efficient.
2.2.5.2

Statistical classifiers

In many classification problems, which deal with measuring and interpreting physical
events, statistical considerations become important in pattern recognition because of the
randomness in the pattern generation process. Here the randomness comes from the
physical process which generates it. For instance, in the Asian-European example, if we
have certain statistical ideas about the occurences of the persons in the two differnt classes,
we can derive a classification technique which is optimal in the sense that, on the average,
its use yields lowest probability of committing errors, provided the cost of misclassification
is equal for all the classes and no cost is associated with correct classification. This
statistically optimal classification technique is a generally accepted standard for classifiers
where the outputs come from [0, 1) and sum of them is equal to 1. Henceforth, these
kinds of classifiers will be called probabilistic classifiers. One such classification technique
is Bayes classification technique. The assumption needed for using the Bayes classifier is
that the feature vectors are random vectors whose conditional density function depends
on its class. Let the class conditional probability density function, p(x(i),along with a

priori probability (P,) of each class be known. The Bayes classification rule states that
the input x belongs to the class i with probability

The Bayes classifier is defined as the classifier which computes p(i)x), where i =
1 , 2 , .. . , C. The output class label is determined by maximum a posteriori probability.
That is, the class label is c, if p(c)x) = maxi{p(i(x)). While implementing Bayes classifiers, in many cases, we do not have any idea about the input distribution. There are the
following three methods to estimate the class conditional distribution of the inputs.

P a r a m e t r i c estimates: In this approach a functional form p(xli, 8 ) for the probability density p(x1i) is assumed, where 8 is a parameter vector. The parameter vector is
then optimized by fitting the model to the data set. It leads to the parametric estimation of the Bayes classifier. Unsupervised maximum likelihood classifier and supervised

maximum likelihood class~jierare the two classifiers that are based on this idea [Bez96].
The drawback of this method is that the chosen form of parametric function may not be
able to provide a good representation of the true probability density, and the number of
parameters in the model grows with the size of the data set.

Nonparametric estimates: In many pattern classification problems the classification

of an input pattern is based on the training data, where the respective sample size of each
class is small, and possibly not representative of the actual probability distributions. In
these situations, nonparametric models are attractive as they do not assume any particular
form of the density function.
There are mainly two types of nonparametric classifiers. One type consists of procedures for estimating the density function p(x(i)from the sample patterns. The approach
based on Parzen Window falls in this category [DH79]. Another type consists of procedures for directly estimating the a posterion' probabilities p(i1x). It is accomplished by
collecting a set of correctly classified samples, and by classifying each new pattern using
the evidence of the nearby sample observations. One such approach, popularly known as
K-nearest neighbours (KNN) algorithm [DK82], is used as a simple nonparametric supervised method for the assignment of a class label to the input pattern based on the class
labels represented by the K-closest (in some distance sense) neighbors of the input. It
can be shown that the error rate of 1-NN (i.e., K = l ) is bounded above by no more than
twice the optimal Bayes error rate, and moreover, when K increases with infinite number
of training data, the error rate approaches the Bayes optimal rate asymptotically [CH67].
This algorithm is also a typical example of lazy algorithm mentioned in section 2.2.5. The
advantage of this algorithm is that it does not need any a priori knowledge about the
structure present in the training data. Like other nonparametric techniques, in KNN also
the number of samples is greater than the number that would be required if we know the
form of the density. The demand for a large number of samples grows exponentially with
the dimension of the feature vector. Consequently, when the number of test data is large
or K is large, KNN takes large amount of time.

Semiparametric estimates: This approach is a compromise between parametric and

non-parametric approaches, and it tries to enjoy the advantages of both parametric and
non-parametric approaches [Bis95]. It allows a general class of of functional forms in which

the number of adaptive parameters can be varied independently from the size of the data
set. Artificial neural networks can be regarded as typical examples of this approach.
The Bayes classifier gives optimal classification performance for the probabilistic classifiers [Bez96], provided the parameters of the input distribution are estimated from the
inputs collected over the whole input space. In practice, the parameters of input distribution are estimated based only on a finite number of training data. As a result, the
performance of the resultant Bayes classifier is no longer optimal, but its performances
approaches the optimal one as the number of input data is made very large (theoretically,
it is infinity). Nevertheless, the Bayes classifier, based on a finite number of training
samples, is used to compare the performance of the other probabilistic classifiers.

Artificial neural network (ANN) [Arb95], a semiparametric model, needs special attention, and in what follows we will describe it in detail. An ANN is an interconnected
assembly of simple processing units or nodes, whose functionality is loosely based on the
biological neuron. The processing ability of the network is stored in the inter-unit connection strengths, or weights, obtained by a process of adaptation to, or learning from, a
set of training patterns [BL96:I [Rip96]. Some of the advantages of using ANNs are [RY95]
1. Any continuous input-output function can be captured by ANNs.
2. ANN models can learn the statistical distributions underlying the input patterns.

Hence, ANN-based classifiers do not need to know the input probability distribution
explicitly.

3. Certain ANN models can act as constraint satisfaction models. Such networks can
be used to represent different domain-specific constraints [RY96], [RY97] [RPY97].

4. Information stored in an ANN is not represented locally, rather it is distributed
over the entire network through synaptic weights. Hence, ANNs are fault tolerant
in the sense that even if some connections are snapped or some of the processing
elements are damaged, performance of the networks is not affected significantly.
5. ANNs take care of pattern variability. Moreover, ANNs do not need any inputoutput rule to be known.

6. ANNs can learn incrementally, and hence, they do not need a huge data storage.
7. Other advantages like parallel computation, robustness, etc., make ANNs attractive.

Based on the architectures, ANNs can be classified into the following three groups:
1) Feedforward, 2) feedback, and 3) feedforward and feedback. Although all these three

types of networks can be used for classification, generally feedforward networks are used
for classification. Here, we shall describe the following three feedforward neural networks
that are useful for classification.

Feedforward neural networks with backpropagation algorithm: A feedforward
neural network (FFNN) with backpropagation (BP) algorithm consist of elementary p r s
cessors arranged in a distributive fashion so that the whole network can classify patterns
in an autonomous manner. Specifically, the network consists of several layers where each
layer contains several processing units (Fig 2.3). There is a complete connection between
the layers, but there is no connection within the layers. The input-output relation is c a p
tured through the change of weights associated with the connections. Given a training
set of input-output pairs {(xl, yl), (x2,y2),. . . , (x,, y,)), the backpropagation algorithm
provides a supervised procedure for changing the weights in an FFNN to classify the
given input patterns correctly. It uses supervised learning mechanism implemented in
two phases. In the forward phase, the input pattern xi is propagated from the input layer
to the output layer, and as a result, it produces an actual output 0,. Then, in the second
phase, the error signal resulting from the difference between yi and oi is backpropagated
from the output layer to the previous layer to update the weights. The weight updating
continues until the error becomes very small [SY96]. Note that the classification mechanism adopted here is direct classification. The advantage of this method is that it can
partition the input space X even when the class boundary is very complicated. But the
disadvantage with this approach is that it takes a long time to train, and in many cases
the training may not converge.

.

Radial basis function neural networks: A radial basis function neural network [HH93]
is a three-layer network (Fig. 2.4)) whose output nodes form a linear combination of the
basis functions computed by the hidden layer nodes. The basis functions in the hidden
layer produce a localized response to input stimulus. Hence, they produce a significant
nonzero response only when the input falls within a small localized region of the input
space. Popularly used basis function is of the following type:

where of is the output of the jth hidden node, x is the input pattern of dimension N, m,
and

0;are

the center and variance (assume that the variance is same along all dimensions)

Fig. 2.3: A three layered feedforward neural network. It has three input
nodes, three hidden nodes and two output classes. The input is x and the
output is the class confidence values for the classes C1and C2.
of the Gaussian functions of the j t h hidden node, respectively. The hidden node outputs
are in the range from zero to one such that the closer the input is to the center of the
Gaussian, the larger is the response of the node. The output layer node equations are
given by

where oi is the output of the kth output node and wk, is the weight from the j t h hidden
node to the kth output node. The class label of the input x is assigned as c where
og = max{o~,oi, . . . , o$). In radial basis function neural networks, the parameters used
in the hidden layer are generally obtained through supervised clustering. The weights
between the hidden and output layer are learned in a supervised fashion using WidrowHofflearning rule [Hay94]. Note that here classification is carried out through clustering.
The advantage of this method is that the training is fast. However, if the estimated number
of clusters and the cluster structure are not close to the original one, the classification
result may be poor.

Probabilistic neural networks: A probabilistic neural network is a three layered feedforward network [Spe9O] [RY98]consisting of an input layer, a pattern layer and a summation layer (Fig. 2.5). The input layer contains N nodes to accept an N-dimensional input
pattern. The pattern layer consists of C pools of pattern units, where K t h pool contains
Sk number of pattern units. Here, C is the number of classes, and Skis the number of
training patterns for the class Ck.Each node in the pattern layer is connected from every
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Fig. 2.4: A typical radial basis function neural network. It has three input
nodes, four hidden nodes and two output classes. The input is x and the
output is the class confidence value corresponding to the classes C1 and C2.
node in the input layer. The summation layer consists of C number of summation units,
one unit for each pool in the pattern layer. Pattern units of the kth pool in the pattern
layer are connected to the corresponding kth summation unit in the summation layer.
Training of the network consists of storing each training vector x j (1 5 j 5 Sk)
of the class Ck as the weight W k j connecting the input layer and the j t h pattern unit
in the kth pool of the pattern layer. The connection weight from each pattern unit in
Note that
the kth pool and the summation unit for the kth class is assigned as .

*

the training is a one-pass supervised algorithm, and hence, it is trivial in this case.
For any input vector x, output of the j t h pattern unit belonging to the kth pool is
exp (- Ilx - wkj112 /2cij), where c k , is a smoothing parameter for the Gaussian

activation function of that unit. Output of the kth summation unit is [RY95]

The class label of the input x is assigned as c where o: = max{o';, o:, . . . , o 3 The problem with this network is that the testing time is very high. To alleviate it,
supervised clustering scheme can be adopted. But, if the estimated number of clusters
and the cluster structure are not close to the original one, then the classification result
may decrease significantly.

Fig. 2.5: A typical probabilistic neural network. It has three input nodes,
four hidden nodes and two output classes. The input is x and the output is
the class confidence value corresponding to the classes Cl and C2.
There exist various other interesting neural networks classifiers like Hopfield networks,
Kohonen's self-organization map (SOM) networks [Hay941 [RY95], adaptive resonance
theory (ART) networks [Hay94],etc.
2.2.5.3

Fuzzy classifiers

The concept of fuzzy sets was first introduced by L. Zadeh in 1965 [Zad65], as a mathematical way to represent the vagueness present in the human reasoning. Fuzzy sets can
be considered as a generalization of classical set theory. In the classical set, an element
of the universe either belongs to or does not belong to a set. That is, the belongingness
of the element is crisp-it is either yes (in the set) or no (not in the set). In fuzzy sets,
the belongingness of the element can be anything in between yes or no; for instance, a
set of tall persons. We cannot identify a person as tall in a yeslno manner, as there
does not exist any well-defined boundary for the set tall [PP96] [ESY92]. A fuzzy set
is mathematically a mapping (known as membership function) from the universe of discourse to [0, 11. The higher the membership value of an input pattern to a class, the more
is the belongingness of the pattern to the class [DPSO] [Kan82] [Kan86] [KF93]. Therefore, any concept that uses fuzzy sets requires the membership function to be defined.
This function is usually designed by taking into consideration the requirements and constraints of the problem. Fig. 2.6(a) shows one possible membership function for the set
tall. There are many other possible membership functions for the set tall. Nonuniqueness
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I

Fig. 2.6: Fuzzy membership functions for (a) fuzzy set tall and (b) fuzzy
number close to 4.
of membership functions may raise a question: How does a designer know which one to
use? In fact, the designer can obtain the membership function from an expert (subjective
computation) or from the data (objective computation) [PP96] [Bezgl] [BP92] [Bez96].
Following the idea of fuzzy sets, the concept of crisp numbers has been generalized to
fuzzy numbers [KG851 (Fig. 2.6(b)). The reasoning with fuzzy sets and fuzzy numbers is
known as fuzzy logic [Kos93].
Since many classical pattern recognition techniques are based on conventional set
theory, fuzzy sets can be fruitfully used to generalize these techniques. In traditional
two-state classifiers, where a class A is defined as a subset of a universal set X , any input
pattern x E X can either be a member or not be a member of the given class A. This
property of whether or not a pattern x of the universal set belongs to the class A can be
defined by a characteristic function

PAW=

:X

+ {0,1) as follows:

1 : if and only if x E A
0 : if and only if x $ A

In real life situations, however, boundaries between the classes may be overlapping. Hence,
it is uncertain whether an input pattern belongs totally to the class A. To take care of such
situations, in fuzzy sets [BezSl] the concept of characteristic function has been modified
to membership function PA : X + [O, 11.
The training of a C-class classifier for a set of input patterns K =

{XI,

x2, . . . , x,,)

is basically an assignment of the membership values pc(x,) on each x, E X , Vc =
1,2,. . . , C, V i = 1,2,. . . , n. If the membership values are crisp, then X is partitioned into
C subgroups during the training process. In the fuzzy context, C subgroups of X are the
set of values {pc(xi)) that can be conveniently arranged on a C x n matrix

U = [p,(xi)].

Based on the characteristic of U, classification can be of the following three types [PB95]:
1. C r i s p classification:

2. Constrained fuzzy classification:

3. Possibilist ic classification:

It is obvious Mhc c Mfc c Mpc. The implementation of the crisp classifiers has been
discussed in the context of crisp rule base system (section 2.2.5.1). If we replace the
membership values by probabilities, then the constrained fuzzy classifiers become the
probabilistic classifiers (discussed in section 2.2.5.2). The interpretations of the output
(say a) for the two classifier models are different. The probabilistic interpretation means
that the probability that the input pattern belongs to the class Cc is a. On the other hand,
the fuzzy interpretation is as follows: The grade of membership of the input pattern to the

class Cc is a. The first statement implies that if we take the same input pattern n times,
cm times it belongs to the class Cc [PedSO] [Bez94]. In contrast, the second statement
expresses that the input is close to the center of the class prototype Cc with a degree a ,
that is, the input is similar to the class Cc with a degree a. The user is not interested in
repeating the experiments but in the class assignment. Therefore, in many cases it may
be appealing to consider the output of the classifiers as fuzzy membership values rather
than a posteriori probabilities. In these cases fuzzy sets can be used to implement the
classifiers based on the constrained fuzzy classification and possibilistic classification.
Fig. 2.7 examines the role played by crisp, constrained fuzzy and possibilistic*classification approaches in a 2-class problem. Here, both the patterns A and B are equidistant

from the two classes. In crisp classification, the membership value of A in one class will
be 1, and in the other class it will be 0. It is true for the pattern B also. Obviously, this
kind of membership assignment does not reflect the actual classification situation as A
and B partially belong to both the classes. In constrained fuzzy membership assignment,
both the patterns A and B will be assigned the membership values equal to 0.5. Although
this membership assignment is better than the crisp counterpart, it fails to consider the
pattern A as a more typical one than the pattern B. It is because, here the membership assignment is a relative one, and it depends on the membership values to both the
classes. In possibilistic membership assignment, the pattern A will receive equal membership values to both the classes. It is true for B also. But, the membership of B to any
class will be always less than that of pattern A. Therefore, the possibilistic assignment
may not be summed up to one, and thus, it can distinguish between equal evidence and
ignorance [Zad78] [KK93] [Sha76] [DP88]. This property of the possibilistic assignment
makes it attractive compared to the crisp membership assignment and constrained fuzzy
membership assignment.
Broadly speaking, there are the following four ways to apply the fuzzy classification
techniques:

Fuzzy relation approach: The input and output of any classifier system is s u p
posed to be related by some relation. If there is no such relations, it is impossible to
build any classifier. On the other hand, if there exists any relation, in a crisp case,
any two points (one from input space and another from output space) from the
input-output space are either related or not. In fuzzy relations, these two points
can be related with a varying degree. The value of the degree is expressed as a
membership value that lies in between 0 and 1. Therefore, the fuzzy relation subsumes the crisp relation. The search for a structure involves discovering the fuzzy
relation. One scheme to realize the fuzzy relation is construction of a fuzzy rule
base system [DHR93]. A fuzzy rule base system consists of a set of fuzzy if-then
rules like

If a person is very tall and ve ry fair, then he is a European with high confidence.
If a person is very tall and faa'r, then he is an African with low confidence.

Fig. 2.7: (a) The crisp membership values of pattern A and B in both the
classes are either 0 or 1. The constrained fuzzy membership values of the
pattern A and B in both the classes are about 0.5, which does not consider
the fact that B is much less representative of either class than A is. (b) The
crisp membership values of pattern A in both the classes are either 0 or 1. The
constrained fuzzy membership values of the pattern A in both the classes are
about 0.5. On the other hand, possibilistic membership values of the pattern
A in both the classes are 1 as it belongs to both the classes completely.

where the terms tall, fair are called fuzzy linguistic values. The fuzzy rule-base
system is useful where it is difficult or impossible to model the given classification
system with classical approach. In this case a set of fuzzy if-then rules along with
the fuzzy linguistic values are collected from experts. If a new input comes, the
input is matched against the if part of each if-then rule, and the response of each
rule is obtained through fuzzy implication. The response of each rule is weighed
according to the extent to which each fuzzy rule fires. The response of all the
fuzzy rules for a particular output class are combined to obtain the confidence with
which the input is classified to that class. The final class label can be determined
by taking the class with maximum confidence. It can be observed that there is
no learning associated with the fuzzy-rule base system. Consequently, the designer
has to rely completely on the expert's opinions to build the rule base, which may

be difficult in some cases.
a

Fuzzy pattern matching approach: A slightly different way of classification
is the information fusion approach offered by fuzzy integrals. Here, a decision
to associate an input pattern to a class is accomplished through the fusion of
the information coming from several sources in form of features. Fuzzy integral
combines the objective evidence supplied by the features in a nonlinear way with
the importance of that feature set for recognition purpose. Instead of treating
each feature identically, it stresses those features or sets of features which provide
the most evidence toward the determination of class memberships. Therefore, it
results in a convenient framework to produce different nonlinear classification rules
for different classes within the same problem and with the same over all feature
set [KQ88] [Gra96]. However, when the number of features is N, this technique
may need 0(2N)
computations.

a

Fuzzy clustering approach: Fuzzy clustering is similar to the conventional clustering as described in section 2.2.4. However, unlike the conventional one, in fuzzy
clustering each input pattern belongs to all the clusters with different degrees or
membership values. Thus, each cluster is a fuzzy set. If the sum of memberships
of a pattern to all the clusters is equal to one, then it is called constrained fuzzy
clustering. If the sum is not necessarily equal to one, then it is called possibilistic
clustering. There is fuzzy K-means clustering algorithm which realizes the constrained fuzzy clustering method. Modifications of this algorithm form possibilistic
angle are known as possibilistic K-means algorithm [KK93] and mixed K-means
clustering algorithm [PPB97]. If the value of K is not close to the actual number of
clusters, then the clustering result may be far away from the reality. To know the
approximate number of clusters present in the data set, various indices like partition
coefficient and entropy indices [Bez81], Xi+Beni index [XB91], Fukuyama-Sugeno
index [FS89] [PB95], fuzzy hypervolume [GG89], etc., exist. The clustering algorithms can be used to group the input data set. Then a class label (crisp or fuzzy)
is assigned to each cluster. Thus, a classifier can be constructed through fuzzy
clustering.

Other approaches: Among the other methods, fuzzy K-nearest neighbors algorithm [KGG85]and fuzzy decision trees are popular. In the conventional K-nearest
neighbors algorithm, each neighbor is considered equally important to assign the
class label to the input sample. However, when two classes overlap each other, a

more typical neighbor should be given more weightage. In fuzzy K-nearest neighbors algorithm, this philosophy is implemented. Thus, fuzzy K-nearest neighbors
algorithm subsumes the conventional K-nearest neighbors algorithm, and in many
cases the first one becomes more powerful than the later one. Like the conventional
crisp K-nearest neighbors algorithm, the fuzzy counterpart also suffers from the
problem of long testing time.
2.2.5.4

Rough classifiers

In any classification task the aim is to form classes of objects which are not noticeably
different. These indiscernible or indistinguishable objects can be viewed as basic building
blocks (concepts) used to build up a knowledge base about the real world. For instance,
if the objects are classified according to color (red, black) and shape (triangle, square
and circle), then the indiscernible objects are red triangles, black squares, red circles, etc.
Thus, these two attributes make a partition in the set of objects and the universe becomes
coarse. If two red triangles with different areas belong to different classes, it is impossible
for anyone to classify these two red triangles based on the given two attributes. This
kind of uncertainty is referred to as rough uncertainty [Paw821 [PBSZ95] [Paw95]. The
rough uncertainty is formulated in terms of rough sets [Paw821 [PBSZ95]. Obviously, the
rough uncertainty can be completely avoided if we can successfully extract the essential
features so that distinct feature vectors are used to represent different objects. But, it
may not be possible to guarantee as our knowledge about the system generating the data
is limited [SS93].
Let us consider a 2-class problem where each input pattern has only one feature. Two
input patterns xl and 2 2 are called related if xl = 22. This is obviously an equivalence
relation. From linear algebra we know that this equivalence relation partitions the input
space into (say m) equivalence classes. If all the patterns from an equivalence class (say
[x]) have the same label (let C1), then we can allot a single rule to describe the inputoutput relationship for all the patterns that belong to the equivalent class. The rule
is
If the input is x, then the output class label is C1
Thus, by partitioning the input space into m equivalence classes, it is possible to obtain a
rule base consisting of m deterministic rules. However, in presence of rough uncertainity,
i.e., when more than one pattern from the same equivalence class carries a different label

(let

Cz),
a one-to-many relationship exits between the equivalence class and the class la-

bels. Hence we cannot use the deterministic rules any more. One possible way to describe
the inpu t-output relationship is to construct nondeterministic rules such as [Paw911

C1with confidence factor rl
If the input is x, then the output class label is C2with confidence factor r2
If the input is x, then the output class label is

where rl and

r2

can be determined from the input data. Note that here more than one

&(C1)represent the set of all equivalence
classes, where each equivalent class contains patterns only from the class C1.Let R(C1)
rule is present with the same if part. Let

represent all the equivalence classes, where each equivalent class contains some pat tern
from

C1.In X(C1)some equivalence class may contain patterns from classes other than

Clas well. Now, one simple scheme of assigning the value of r1 is r1 =
r2

a.
Similarly,
R(C1)

can be assigned. This concept can be extended for an input with more than one

feature. Thus, in general, any classification problem can be mapped onto two sets of
rules-one set is deterministic and another set is nondeterministic. If there is no rough
uncertainty, then the nondeterministic rules do not exist. In other words, the deterministic
and nondeterministic rules are needed for the equivalence classes where the class labelling
is not unique. When a new input comes, the input is matched with the if part of each
deterministic rule. A rule fires if there is a match. The class label corresponding to the
input is decided by the rule that fires. If the input does not match with the if part of
any deterministic rule, then the input is matched with the if part of the nondeterministic
rules. The class label is decided based on the confidence factor associated with each
nondeterministic rule.
One problem with the rough approach is that it is mainly applicable when the number
of equivalence classes is small. When the features are continuous, the number of equivalent
classes may be very high. To circumvent this problem, continuous features are usually
transformed to discrete features with inevitable loss of information. Moreover, approaches
based on rough set cannot be used where the input features or the output classes are fuzzy.
2.2.5.5

Hybrid classifiers

Table 2.1 summarises the relative merits and demerits of artificial neural networks, fuzzy
logic, rough sets and evolutionary computation techniques for pattern classification tasks.
To exploit the rough and fuzzy uncertainities present in a classification process, it is beneficial to incorporate the concepts of rough sets and fuzzy logic in the framework of neural

networks. This kind of model is useful, because these three methods approach the design
of classifiers from quite different angles. Neural networks supply the brute force method
necessary to accommodate and interpret large amount of input data. Rough sets and fuzzy
logic provide a structural framework that utilises and exploits these low level results. For
efficient implementation of this kind of hybrid model, we need a good search and optimization strategy. For this purpose, one can use evolutionary programming, which represents
a potentially powerful pathway to machine learning and self organization [AH95]. In what
follows, we are focussing on these hybrid techniques from the pattern classification angle.

Table 2.1: Relative merits of artificial neural network (ANN), fuzzy logic
(FL), evolutionary computation (EC) and rough set (RS). The symbols B,
SB, SG and G represent bad, somewhat bad, somewhat good and good, respectively [JSM97]
Property

ANN FL EC

RS

B

SG

Mathematical modeling

B

SG

Learning ability
Knowledge representation

G
B

B S G B
G SB G

Expert knowledge
Nonlinearity

B
G

G B S G

Optimization ability

S

G
G

G
B

G

B
B

Fault tolerance
Uncertainty tolerance
Real- time operation

Neuro-Fuzzy classifiers: It has been recognized that the areas of neural networks
and fuzzy logic are strongly interconnected [LL96]. An important connection between
ANN and fuzzy logic-based systems is that both of them can approximate continuous
functions [JSM97]. Use of fuzzy concepts in ANNs is also supported by the fact that the
psycho-physiological process involved in the human reasoning does not employ precise
mathematical formulation [PM86]. There are the following two approaches to fuse these

two approaches:

Fuzzy-neural networks: This type of classifier consists of an ANN equipped
with the capability of handling fuzzy information. Specifically, fuzziness can be
incorporated in an ANN at the following levels: (a) At output and target levels,
(b) at input level, and (c) at each neuron level in terms of weight value, basis
function and,output function. The appropriate level of incorporation of the theory
of fuzzy logic depends on the given problem.

Neural-fuzzy systems: This type of classifier consists of a fuzzy system augmented by ANNs to enhance the flexibility, speed and adaptability of the fuzzy
system. For instance, neural networks can be used to tune the membership values
or fuzzy rules. Thus, neural network learning can reduce the development time and
cost while improving the performance of a fuzzy system.
While training an ANN for a classification task, we generally use crisp target values,
which can be either zero or one. This kind of target assignment can be generalized by
exploiting fuzzy sets, where target values can be anything in between zero and one. In
[PM92] ANN outputs are interpreted as fuzzy membership values, and using this idea
the conventional mean square error objective function has been extended to various fuzzy
objective functions. The learning laws are derived by minimizing the fuzzy objective
functions in a gradient descent manner. It has been found that incorporation of fuzziness
in the objective functions leads to better classification rate.
ANNs adopt numerical computations for learning. But numerical quantities suffer
from lack of representative power [Pao89]. There are many applications where information
cannot be obtained in terms of numerical values. Instead it is possible to represent the
information in linguistic values only [LL95] [KL79]. In [WM97]Wang et al. have proposed
fuzzy basis functions to design a radial basis function network [Hay94],which can accept
both numerical inputs as well as fuzzy linguistic inputs. In [Ped92] Pedrycz has proposed
an ANN model based on fuzzy logical connectives. Instead of using linear basis functions,
he has utilized fuzzy aggregation operators. In [PR93] and [HP94], this technique has
been extended to a more general one where inhibitory and excitatory characteristics of
the inputs are captured by employing direct and complemented, i.e., negated input signals.
The advantage of this approach is that problem-specific fuzzy a pn'ori knowledge can be
incorporated into the network easily. In [IFT93] Ishibuchi et al. have proposed an ANN
learning algorithm where expert's a priori knowledge, in terms of fuzzy if-then rules, can

be exploited to learn the information supplied by the numerical data.
Fuzzy logic can be employed to speed up the training of an ANN. In [CAMC92] a
fuzzy rule base is used to dynamically adapt the learning rate and momentum parameters
of a feedforward neural network with backpropagation learning algorithm. In a similar
approach [COB92], Choi et al. have proposed an incremental updating scheme to control
the value of vigilance parameters of ART networks.
The difficulty in constructing fuzzy rule base systems is that the membership function, number of rules and precedent parts of the rules can be supplied only by the experts.
In many cases, it is difficult to get an expert, and in some cases, even for the experts it
becomes difficult to construct the rules. This problem can be reduced if ANNs learning
mechanism can be incorporated in the fuzzy rule base systems to construct fuzzy neural
systems. Since ANNs can approximate continuous functions, ANNs (for example, feedforward neural networks with backpropagation algorithm) can be used to realise membership
functions with arbitrary shape. If the membership function has a regular shape like bell
shape or triangular shape, it can even be modeled by a simple neuron with sigmoidal
function [LL96]. Fuzzy OR and fuzzy AND need min and max operators. Since they
are nondifferentiable, it is difficult to learn them. Hence, the concept of differential minimum and maximum operators, i.e., softmin and softmax, have been introduced [LL96].
Thus, fuzzy logic connectives, i.e., fuzzy NOT, fuzzy OR and fuzzy AND, are modeled by
ANNs. Keller et al. have proposed [KKR92] fuzzy inference network, where membership
functions and fuzzy logic connectives are implemented through ANNs. This network is
made more powerful by incorporating learning facilities. The resultant network is called
fuzzy aggregata'on network [KT92].
In many cases, it is possible to view the same classifier as a neural network and
a fuzzy rule base system. For instance, feedforward neural networks with backpropagation algorithm and radial basis function network can be seen as fuzzy rule base systems [BCR97] [JS93] [HHMS96]. In these networks the output functions present in the
hidden nodes act as the membership functions for some linguistic values.

Neuro-Rough classifiers: In ANNs one critical problem is to determine how many
input units are necessary. Obviously, it depends on the number of features present in the
input data. Using rough sets, it may be possible to decrease the dimension of the input
data without losing any information. A set of features is sufficient to classify all the input

patterns if the rough ambiguity for this set of features is equal to zero. If we know the
amount of rough ambiguity present, then using it as a criterion we can select a proper
set of features from the given set of data [PWZ88]. In [PBSZ95] it is claimed that for
a classification task the number of hidden units needed in a feedforward neural network
is equal to the minimal number of features required to represent the data set without
increasing the rough uncertainty. One way to accelerate the training of a network is to
initialize the weights of the networks in such a manner that the initial decision region is
closer to the desired one. For that, a set of training data is collected, and the knowledge
extracted from them through rough sets is used to initialize the ANN [BMP97].

Neuro-Evolutionary classifiers: From a mathematical point of view, all the evolutionary computation (EC) techniques are controlled, parallel, stochastic search and optimization techniques. Since different learning techniques used in ANNs hinge on the
optimization of various objective functions, it is possible to employ EC for learning
weights, learning network architectures, learning the learning laws, input feature selection,
etc. [Yao93]. For instance, in a feedforward neural network, gradient-based local search
methods [Hay941 can be substituted by EC for weight training [SF951 [MTH89] [Has95].
In some cases, a more ambitious approach may be to exploit local search methods like grac
dient descent, and global search methods like EC, simultaneously [RF96]. The advantages
of local search methods are better accuracy and fast computation. The disadvantages of
the local search methods are stagnation at the suboptimal solutions and sensitiveness to
the initialization. On the other hand, EC is a global search method which can avoid
local optima, and does not have the initialization problem. However, EC can suffer from
extremely slow convergence before arriving at the accurate solution. This is because, EC
uses minimal a prior2 knowledge, and does not exploit available local information [RF96].
In fact, in the search space EC is good for exploration, whereas the gradient descent is
good for exploitation. Therefore, by utilizing both of them, merits of both methods, i.e.,
speed, accuracy, reliability and fast computation, can be achieved. Yao e t al. [YL97]
have proposed one such method to evolve the topology (weights and architecture) of
a feedforward neural network, where they exploit both evolutionary programming and
backpropagation algorithm, simultaneously. In EC techniques, the whole population set
evolves over and over again, generations after generations. At the last generation, the
network which has the highest fitness is considered to be the desired optimal network for
the given task. Instead of choosing a single network as the desired network, in [YL98]

all the networks in the population are considered as the desired networks. The final result is obtained by combining all the individuals in the last generation to make best use
of all the information contained in the whole population. This result confirms the fact
that a population contains more information than a single individual, and EC is used
to exploit that information. In particular, in [YL98] the outputs of all the networks in
the population are combined, and the output class is determined by a majority voting
method. In [WC96] [Whig61 [BZ95], EC-based techniques are used successfully to optimally configure radial basis function networks so that the networks generalize well. In
another development, Angeline et al. [ASP941 have used EC to configure recurrent neural
networks. It should be noted that, gradient-based approach is not useful here as it needs
the objective function to be differentiable. Using EC, Jockusch et al. [JR94] have introduced a training strategy for self-organizing maps [Koh89] [Koh9O], where it is possible
to find the number of output units for the self-organizing maps automatically. In their
scheme the training of the self-organizing maps is less likely to be stuck in local optima.
Currently, researchers are working on different evolutionary methods which can be utilized to learn weights, architectures and learning laws, simultaneously [Yao93]. The search
space for these problems are prohibitively large, and they need a large computing time.
These drawbacks may be reduced if parallel machines are used to implement the search
operation [BR94],or the search operation is made more efficient and less time consuming
by using adaptive EC operators [SP94] [LD95].

Fuzzy-Rough classifiers: Rough set theory was proposed as a mathematical tool in
order to deal with inexact, noisy or incomplete information. It aims to provide a formal
framework for automated transformation of data into classification knowledge. The starting premise is that the universe is coarse and some object in the data set may become
indiscernible, resulting in a partition of the universe. In contrast, fuzzy set theory provides an effective means of handling uncertainty in various systems, including those in the
application of rough set theory. But the premise of granularity in knowledge is absent in
fuzzy set theory, and the focus is on the fact that concepts in the universe of discourse tend
to be gradual rather than crisp. Therefore, rough sets are a calculus of partitions, while
fuzzy sets are a continuous generalization of set-characteristic functions [DP92] [Sl092].
Hence, it is possible to integrate roughness and fuzziness, and the resultant model of
uncertainty is expected to be stronger than either. These hybrid notions develop in a
natural way when a linguistic category, denoting a set of objects, must be approximated
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in terms of already existing labels, or when the indescernibility relation between objects
no longer obeys the ideal laws of equivalence, and the relation is a matter of degree.
Direct application of rough sets to minimize a fuzzy rule base classifier was proposed
by Tanaka et al. [TI921 [TIS92]. They extracted a fuzzy rule base for a given medical
classification problem. They also proposed a method to reduce significantly the number
of input variables of the fuzzy rule base. The advantage of their method is that the
inconsistency of the test data and experts' diagnoses can be clarified, and inconsistent
data can be removed. In addition, unlike the rule base generated by rough approach (see
section 2.2.5.4), the fuzzy rule base is applicable to inputs with continuous features.

Fuzzy-Evolutionary classifiers: Currently, the combination of EC and fuzzy logic is
taking place mainly along the following two directions [HHVLV94] [CHL96] [HM97]:
1. The use of fuzzy logic-based techniques for either improving EC behavior and mod-

eling EC components, or to manage problems in an imprecise environment, where
the imprecision is modeled by fuzzy sets.
2. The application of ECs in various optimization and search problems involving fuzzy
systems.
Several techniques related to fuzzy logic have been used for improving EC behavior
and modeling EC components (like using fuzzy connectives to design crossover in genetic
algorithm, fuzzy population diversity measure, etc. [CHL96]). These techniques concern
different parts of EC development in the following ways:
1. Expert knowledge (represented as fuzzy rules) is used to compute dynamically the

EC parameters. The aim is to obtain suitable exploitation/exploration relationships
throughout the EC execution. In this way, a knowledge base is used for controlling
the evaluation process and for avoiding the undesired behavior, like premature
convergence.
2. A fuzzy stop criterion forces the EC to reach optimal solutions with a user-defined
accuracy.
There are two main directions for applying ECs in a fuzzy environment. The first one
exploits an EC to manage fuzzy valued variables. In the second approach, the variables
consist of associated fuzzy sets, and hence, the fitness is actually a fuzzy valued fitness.

The first proposal considers variables with fuzzy values in the representation, and the
second proposal considers nonfuzzy value variables but with a fuzzy evaluation (e.g.,
fuzzy fitness).
In [BH94] [FS93] [YKSS95] attempts are made to develop EC-based clustering techniques. These algorithms are less prone to get stuck in local minima. Moreover, they do
not suffer from the initialization problems as observed in the fuzzy K-means algorithm.
These clusters are used to construct fuzzy rules. In [INYT95] [NIT961 genetic algorithm
is used t o evolve a fuzzy rule base system suitable for a given classification task. A good
bibliography on fuzzy-evolutionary techniques is provided in [OC97].

Rough-Evolutionary classifiers: One major difficulty in a classification problem is
to find the optimal number of features. It can be viewed in rough set domain as to
discover the minimum number of features necessary for the classification problem without
increasing the rough uncertainity associated with the classification task. Although it is
possible to apply brute force method to find all possible combinations of the features,
and subsequently take the best one as the optimal one, it may involve large amount of
computation. This problem may be reduced if we use EC to find the minimum number
of features [PBSZ95]. Here, rough set theoretic measure acts as a guideline to choose the
correct set of features [Wro95] [HPA'97].

In addition to the above techniques, hybrid techniques like neuro-fuzzy-rough, neuro-

fuzzy-evolutionary, fuzzy-rough-evolutionary, neuro-fuzzy-rough-evolutionary, etc., are
also possible. These integration techniques are based on partnerships, in which each
of the partners contributes a distinct methodology for solving the problem [AH95]. There
are several other attractive paradigms which can be used for the hybrid techniques. For
instance, artificial ant system [DMC96], cultural evolution [Be189], immunity net [HC96],

cellular automata [TM87] and DNA computing [Ad1941 seem to be attractive and viable
approaches.

2.2.6

Generalization

A great deal of episodic evidence has been presented in the literature to support the claim
that, once a classifier has been trained on a sufficient number of samples, it can then label
a new and previously unseen input. It should be noticed that, without the ability to
generalize, much of the cases for using classifiers would simply collapse. A simple look
up table would suffice if one were interested merely in constructing a classifier that could
reproduce the known input-output pairs [Nee961 [Vid97]. The training of a classifier with
a data set leads the classifier to learn the input-output relationship. When a test set is
applied, this relationship is extended so that it holds for the test data. However, there
can be more than one relationship if the training data sequence, classifier size, learning
algorithm, etc., are varied. All these relationships may be valid on the given training set,
however, when extended on a different test set many of them may not be valid. Hence,
the task of the generalization is to choose the relationship which holds for most of the
test data [HKPgl]. In order to choose the best relationship, we should be able to impose
certain constraints on all possible input-output relationships. It can be accomplished if
there is a structure present in the feature space, and the relationship between this structure
and the class labels is not random. Since the parameters for classifier design depend on
the structure in the feature space and the input-output relationship, the generalization
capability of a classifier is largely influenced by the following three factors:
1. Training data: This refers to how well the training set consisting of input-output

pairs represent the input-output relationship. Obviously, if the input-ou tpu t relationship is noisy or random, then the generalization ability of the classifier becomes
very poor.
2. Size and structure of the classifier: If the size of the classifier is large, then it
needs a large number of parameters. It may lead to memorisation of the training
examples if the training set size is not large. Moreover, while training a large
classifier, all the parameters may not get involved in the training process as they
balance each others effect on the output. Consequently, training error becomes low.
However, such free parameters may result in a large variation of the classification
efficiency for different test sets [Sus92]. As a consequence, the structure present in
the data set is not captured and the generalization ability remains low. In contrast,
if the classifier size is small, then it may not be sufficient enough to capture the
input-output relationship.

3. Training methodology: The training algorithm, the presentation of the input

data during training, the stopping criterion, all affect the performance of the classifier. Use of improper stopping criteria may cause overtraining which may lead to
memorisation.
In order to study the generalization capability, we must be able to quantify it. That

is, it should be possible to evaluate a classifier, and decide whether its generalization is
"good" or not. However, the notion of "good" or "reasonable" themselves are not welldefined. It varies from person to person and is problem dependent. For instance, when
the desired output is obtained on most occasions, it is considered as "good" generalization
in certain cases. On the other hand, in certain other types of problems, generalization is
considered to be "good" if the classifier yields the desired output for a very rare situation
which never occurred before. Various methods of measuring generalization are used in
practice [Liu95], [MCHK94]. We can classify them into two categories: measure of model
fit and measure of performance. The first one measures how close the actual classifier
function is to the desired one based on the training result. The second one focuses on the
difference between the actual classification rate and the desired classification rate after
the final class label is assigned to each test pattern with inevitable loss of information.
Therefore, the first one measures how good the approximation is, based on the training
and when there is no loss of information. The second one stresses on how good the
approximation is after the information is lost due to crisp labelling on the test patterns.
Let n be the number of patterns in the training set X = {(xl, yl), (XZ, YZ), . . . ,
(x,, y,)), C be the number of output classes and y be the desired output corresponding
to the input x. Then, some measures based on the model-fit criterion are
1. Kullback-Leibler measure: This measure of generalization quantifies the differ-

ence between the actual classification function and the classifier function obtained
by training [Hay94]. The Kullback-Leibler measure (ekl) is given mathematically
by the following equation:

eki = -

/ p(xj

YPO~

[rn]

f(~,x)
f ( ~ 1 ~ dxdy
) ~
dxdy = - /p(xl y)iog [p(y x)p(x)]

(2.4)

where p(ylx) is the conditional probability distribution of the sample x given the
output y , p(x) is the probability distribution of the input x, f (ylx) is the probabiIity distribution approximated by the classifier after training and the integral is over

the whole input-output space. Since p(x) = f (x) for a given input distribution, we
can redefine ekl as

The Kullback-Leibler measure is difficult to calculate as it requires prior knowledge
about the actual classification function p being realized.
2. Cross-Validation measure: Cross-validation measure estimates generalization
error by making use of the training data [Liu95]. In this method, generalization
error ekl given by equation (2.5), is estimated as follows:

3. Mean square error measure: One of the the most commonly used measure of

generalization for the pattern classification task is how large the Euclidean distance
is between the actual output of the classifiers (after the training is over) and the
desired one. Like the previous two cases, this measure depends on the training set
only. The measure is

where o; is the actual output when the training pattern

is applied to the classifier.

4. An information criterion (AIC): This measure [Aka741 is also known as
Akaike's information criterion. Although memorisation trend in a classifier is related to the size or the number of the free parameters ( kf ) of the classifier, the above
three measures do not consider the classifiers size. AIC is a measure which considers mean square error measure as well as the size of the classifier. It is formulated

as
e

~ = ~n log
c

emse
(T)
+ 2kf

A popular measure based on the performance criterion is error rate measure. The
easiest way to assess the error rate is to choose a misclassification count on the test set.
I

e,, = -z ( n o . of misclassifications for class c)
72°C c=l

where nu is the number of test samples. This measure is extensively used because it is
simple and easy to implement. It can be viewed as a variation of the cross-validation
measure. If we have some idea about the a prion' probability PCfor the cth class, the
above measure can be modified as
,e,

1
=-

nuC

Pc(no. of misclassifications for class c)

c=l

Note that in all the above cases the less the measure is, the better is the generalization
capability. Other than the above measures, there exist many other measures, e.g., leaveone-out measure, entropic measure, BIC, etc. [Rip96].
Although a relatively small fraction of the overall work done on the pattern classifiers
is on the theoretical analysis of generalization, these studies are marked by a variety of a p
proaches. Some of the issues like how much training data is needed, i.e., sample complezity,
and how much time is needed for a particular level of generalization, i.e., computational
complezity, are formalised and investigated within the field of computational leaning theory. One popular approach in computational learning theory is probably approximately
correct (PAC) learning theory approach [Hau92] [BEHW89] [Natgl]. Most of the theoretical studies assume noiseless synthetic input data, where the raw data represent features.
The input-output relationships are assumed to be random. Application of the theoretical
results are still limited because the results inferred based on these assumptions are far
from the real life situations. Despite these limitations, the theoretical results indeed give
us some idea about the extent of the influence of the classifier size, classifier architecture
and the training set size on generalization. Due to the limitations of the theoretical studies, there are several heuristics adopted to enhance the generalization capability of the
classifiers. These techniques can be broadly classified into two parts:
1. Problem-independent techniques: These methods deal with the functioning
of the classifiers, methods of presentation of the data, etc. They include pruning
of the extra parameters used in the classifiers, generating more training data by
introducing noise, accelerating the training algorithms (so that large data set can be
used for training), stopping training after some point (so that overtraining cannot
take place).
2. Problem-dependent techniques: These methods include special design of the
classifiers after taking care of the problem-specific knowledge. For example, if we
know that the clusters formed in the input space is of shell type, then we can cluster

the input by using fuzzy shell clustering algorithm [FK96]. Classification can be
achieved subsequently by labelling the clusters. We may also incorporate domain
specific constraint to limit the classification function realizable by the classifier. In
other words, we can bias the classifier to have less variance in the performance of
the classifier [Bis95].
2.2.7

Conclusion

From the review presented in this chapter, it is quite obvious that the stages of pattern
classification are involved. As Bezdek rightly pointed out in [Bez81] that if we could
choose "optimal" features, clustering and classification would be trivial. But we often
attempt to discover the optimal features by clustering the feature vectors. Also, if we
could design an "optimal" classifier, then the features selected would be immaterial. The
current state of research in pattern classification can be characterized as follows:
1. Basic concepts of pattern classification are being used in many real life applications.
2. Theoretical foundation have gained substantial base.
3. Most of the current research methods use numerical representation. This trend is

growing because of the availability of the computing power.

4. Efforts are being made to combine the symbolic and numerical approach for problems in which such information can be obtained from physical systems.
5. The role of uncertainties in a given problem is being examined to avoid possible
loss of information. The uncertainities captured in the initial stages are exploited
for problem solving till the final stage of solution.
However, the pattern classification ability of the existing machines is still far away
from the human classification ability for the following reasons:
1. Humans perceive everything as a pattern, whereas for machines everything is data.
Even in a routine data consisting of integer numbers (like telephone numbers, bank
account numbers, car numbers), humans tend to perceive a pattern peg98].
2. Functionally also humans and machines differ in the sense that humans understand
patterns, whereas machines can be said to recognize patterns in data. In other
words, humans can get the whole object in the data eventhough there is no clear
identification of subpatterns in the data. For example, consider the name of a

person written in a handwritten cursive script. Eventhough the individual patterns
for each letter may not be evident, the name is understood due to the visual hints
provided in the written script [Yeg98].

3. Human beings are capable of making mental patterns in their biological neural
network from an input data given in the form of numbers, text, picture, sounds,
etc., using their sensory mechanisms of vision, sound, touch, smell and t a t e . These
mental patterns are formed even when the data is noisy or deformed due to variations such as translation, rotation and scaling. The patterns are also formed from
a temporal sequence of data as in the case of speech and pictures. Another major
characteristic of a human being is the ability to learn continuously from examples.
These aspects are not at all well understood in order to implement them efficiently
in an algorithmic fashion in a machine [Yeg98].
4. Human beings have the capability to gather information from both data and rule,
simultaneously. Still most -of the machine classification techniques are based on
either data or rules.
5. For classification, human beings generalize most of the common objects and memorise uncommon objects. Moreover, in human classification there is a smooth transition from memorisation to generalization and vice versa. These abilities are totally
absent in the techniques adopted by machines.
6. In pattern classification on machines, we face the problem of inductive bias or the

a priori bias of the designer. The problem of inductive bias is that the resulting
representation and search strategies provide us a medium for encoding an already
interpreted world. They do not offer us any mechanism for questioning our interpretation, generating new viewpoints or changing perspectives when they are
unproductive [LS95].
7. In pattern classification several uncertainties exist, We still do not know how to

model these uncertainities. For instance, Fig. 2.8(a) can be classified to any one
of the two classes as shown in Fig. 2.8(b) and Fig. 2.8(c). The classes are not
fuzzy. It appears that rough uncertainty is also not present. Moreover, there are
no probabilistic and resolution uncertainties involved. Still, the exact classification
result may not be known!
The above issues will continue to motivate researchers to explore methods to match
the performance of human classification.

Fig. 2.8: The psychological uncertainty which we do not know how to model.
(a) A cube, and (b) and (c) are its two different interpretations. Apparently no
fuzzy, rough and probabilistic uncertainties are involved in the interpretation.
Still it is uncertain which interpretation we should follow.

M o d u l a r Classifiers

2.3

2.3.1

Background of Modular Classifiers

In the last section we have discussed the role of uncertainties in pattern classification.
In many problems, it is difficult to deal with uncertainties in a monolithic classifier.
Therefore, it is useful to divide the classification task among several small subclassifiers,
and then combine their individual solutions to obtain the final classification result. In
this section, we review various modular approaches,'which are based on the divide and
conquer technique.
Human brain consists of about 10'' neurons and 1015 connections. Due to its highly
organized architecture, the brain manages to execute a myriad of functions and yet maintains a compact size. Execution of mental functions are allocated to different parts of
the brain. Split brain patients in which the connection between the two hemispheres is
completely severed can live an almost normal life, which shows that the hemispheres indeed function to a large extent independently. It has been found that in each hemisphere,
part of the brain has a regular structure in layers, streams and many microscopic levels.
Modules containing little more than a hundred cells, also known as minicolumns, have
been proposed as the basic functional modular unit of the cerebral cortex.

A functional advantage of the anatomical separation of different areas of the brain
might be minimization of mutual interference between simultaneous processing and execution of different tasks. For example, we have no problem in driving a car while listening
to the radio. Studies with multiple tasks can easily be performed in parallel, while the
simultaneous execution of similar tasks (e.g., presentation of two auditory or two visual
messages) causes more interference. Some tasks are processed in distinct streams of modules and do not interfere with each other. Other tasks require simultaneous access to a
single module, and are, therefore, much more likely to interfere mutually. This evidence
suggests that modular approach is not merely advantageous, but essential.

In many complex pattern classification tasks (e.g., script recognition [CK95b],speech
recognition [SY96],etc.), where the number of classes is large and the similarity amongst
the classes is high, a monolithic classifier, also known as all-class-one-classifier, either
may not converge or may take large amount of time to converge during training. But
the all-class-one-classifier needs lesser storage and leads to better generalization if they
converge. It is also possible to develop a classifier based on the concept of one-classone-classifier [Kun93] architecture, where a separate classifier is trained for each class.

This kind of local approach offers the following advantages: (a) fast learning, (b) r e
quires a few training examples, and hence, it can operate in real time. This approach
requires a large number of subclassifiers, and also the discrimininatory capability of the
one-class-one-classifieris poor [SY96]. Therefore we need something in between these two
extremes, where advantages of both all-class-oneclassifier and oneclass-oneclassifier can
be enjoyed. Motivated by the biological evidence, pattern recognition in real life problems can be approached using classifiers that are in between oneclass-oneclassifier and
all-class-oneclassifier. In this approach, modularity is viewed as a manifestation of the
principle of divide and conquer. In [Hay94],[JJ93],modular classifier is defined as follows:

" A classifier is called a modular classifier if the computation performed by the classifier
can be decomposed into two or more modules that operate on distinct inputs without communicating with each other. The outputs of the modules are mediated by a n integrating
unit that is not permitted to feed information back to the modules". Thus the principle
of modular classifiers can be thought as Some Class One Classifier. Modular classifiers
have the advantages of both all-class-one-classifierand one-class-oneclassifier approaches,
like quick convergence, parallel training, better generalization, etc. The use of modular
classifier systems was discussed as far back as the mid 1980's by Barto and Hinton. Jacob
in [JJ93] presented a taxonomy for a class of modular hierarchical connectionist models. Modular approaches find applications in handwritten character recognition, texture
recognition and speech recognition [SY98e].
2.3.2

Advantages of Modular Classifiers

The main advantages of the modular approach are as follows ??:
1. The modules can be constructed using different techniques. For example, some

modules can be based on ANN, where the input-output relationship can be explained only through input-output patterns. Some other modules can be based on
fuzzy rule base systems, where expert's knowledge is easy to obtain in form of rules.
2. Generally modularity results in an architecture of lesser complexity, and hence, is
easier and faster to train. The generalization capability may also enhanced due to
the reduction in complexity [CK95a].
3. Training of the modules can be done in parallel. Therefore, it takes less time to
train a modular classifier.
4. Different feature sets can be used to train different modules. This flexibility allows

us to use the appropriate set of features for each module so that within-class distance decreases and between-class distance increases. Therefore, the training time
decreases and generalization ability increases.
5. Each module can be trained on different input data set. It decreases the training
time and increases the generalization capability.
6. If the modular classifier is built carefully, then it can capture discontinuous input-

output functions [JJ93]. In contrast, the monolithic counterpart does not have this
capability.
7. In a modular approach existing modules can be retrained easily. If a new pattern
is added, only the related modules need to be retrained. In the modular approach,
new modules can also be appended easily.
2.3.3

Issues in Modular Approach

In order to construct a modular classifier systematically, we need to consider mainly three
points. Firstly, the given classification task has to be decomposed into subtasks. Secondly,
an appropriate classification task has to be assigned for each module. Finally, intermodule
communication has to be evolved. The following are some of the issues in constructing a
modular classifier:
1. Depending on the decomposition criterion: The classes can be grouped based

on the closeness of the class prototypes in the feature space. A clustering algorithm
can be employed for this purpose. Another way is to employ domain-specific knowledge to partition the classification task.
2. Choice of classifiers for each module: Various types of classifiers, e.g., feedforward neural networks with backpropagation learning algorithm, radial-basis function neural networks, probabilistic neural networks, fuzzy rule base system, etc.,
can be used in each module.
3. Interpretation of the outputs of each module: The output of each module
can be interpreted as an a posten'ori probability, belief or fuzzy membership values.
4. Choice of the preprocessor or postprocessor: It depends on which principle
we are adopting to make a module active. In other words, the task may be SO
distributed that only one module is active or all the modules are active. The first
method needs a preprocessor to decide which module should be active, and the

Categorization of Modular Classifiers
(a) Depending on Task
Functional
Categorical
(b) Depending on Decomposition Criterion
Problem decomposition
Class decomposition
(c) Depending on Topology
Preprocessor-based
Postprocessor-based
Hierarchical
(d) Depending on Fusion Criterion
Maximum output approach
Weighted output approach
Dempster-Shepherd approach
Fuzzy integral approach

Fig. 2.9: Types of modular classifiers.
later method needs a postprocessor so that the results of all the modules can be
fused.
2.3.4

Types of Modular Classifiers

It is possible to group modular classifiers based on various criteria. They are as follows
(Fig. 2.9):
1. Depending on the task: One way to decompose a classifier is to create modules

that serve very different functions, not different versions of the same function. The
top-down structure of a large software projects is an example, where each procedure
has its own function. This is called functional modularisation [DY97]. Another way
is to decompose the classifier such that the modules perform different versions of

the same job. It is called categorical modularisation. This can be thought of as a
set of experts giving their individual opinions on the same subject.
2. Selection of grouping criterion:
(a) Problem decomposition: The designer decomposes the modules based on
his knowledge about the classification problem (Fig. 2.10). Sufficient prior
knowledge is essential when this is carried out before the learning takes
place [TMBC92]. Another variation is to perform the decomposition a u t s
matically when the learning takes place [JJNH911.
(b) Class decomposition: The original classification problem is divided into
several sets of subproblems according to the inherent relations among the
training data [AMMR93] (Fig. 2.11). It can be done before learning or during
learning [LI98]. If it is done before learning, domain specific knowledge is
needed. Compared to the problem decomposition, the class decomposition
approach needs more computation. But, the later one becomes attractive
when there is no prior knowledge about the problem.

3 Depending on the topology: Architecturally, modular classifiers can also
be subdivided as follows:

1) Preprocessor-based, 2) hierarchical-based and

3) postprocessor-based. In Fig. 2.12, these three variations along with a monolithic
classifier are shown. The Fig. 2.12(a) depicts a monolithic classifier. Here only one
module is present. In Fig. 2.12(b), the selector or preprocessor analyzes the input,
and decides which module should be used to classify the input. As a result, only
one module will be active for each input pattern. This type of topology needs the
preprocessor to be highly accurate. Fig. 2.12(c) employs a set of modules arranged
in a hierarchical fashion. Although the input goes to all the modules directly, the
top one becomes active first. If it can classify the input, then the classification of
the input is over. Otherwise, it triggers the module just below it. In this way, the
control flows from the top to the bottom. It is as if a set of experts are present
and we are asking them the same question sequentially, and the whole session is
over as soon as someone is able to provide an answer. Note that in some cases the
answer given by a particular expert may be wrong also, and there is no scope for
the experts, who are hierarchically below him, to rectify the answer. Hence, the
drawback of this kind of approach is that if the higher level modules fails t o trigger
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Fig. 2.10: Construction of modular classifiers based on the concept of problem
decomposit ion.

I

Fig. 2.11: Construction of modular classifiers based on the concept of class
decomposition.

or mistakenly triggers any lower level module, then the whole classification problem becomes erroneous. Hence, the accuracy of this model largely depends on the
classification accuracy of the higher level modules. Since it is difficult to train each
module such that it fires correctly for all the test examples, the efficiency of the
whole classifier is not usually high. In Fig. 2.12(d), a postprocessor or integrator
combines the results of all modules. When some test input is used, all the modules
become active in parallel, and the output result of all of them are fused by the integrator. Note that, in the hierarchical and postprocessor-based modular classifier,
the feature set for each module can easily be made different from others. It is also
possible to house both selectors and integrators in the same system [RRM+96].

4 Depending on the fusion method: For the task of catagorization, the following

fusion methods exist:
(a) Maximum output approach: The class label of the input can be decided
based on the winner-take-all policy. It means that the class label of the input
pattern is assigned to j, where oj = max ok, and ok is the output correk=1,2, ...,C
sponding to the kth output class. Although this is the simplest method, this
kind of assignment may not be justified, as all the subclassifiers are independently trained on different sets of data.
(b) Gating or weighted output approach: Compared to the above approach, a
better approach is to declare the j t h class winner, if the j t h class corresponds
to max {gkok), where gk is the importance associated with the class Ck.
k=1,2,

...,C

One possible choice for gk is the a posteriori probability of the class Ck. The
drawback of this method is that the probability constraint

C

k=1,2, ...,C

gk = 1

cannot discriminate between lack of evidence and ignorance [K096].
(c) Dempster-Shafer theoretic approach: Dempster-Shafer's theory [Sha76]
replaces the additivity requirement of probability measure theory with either a
superadditivity or subadditivity requirements. Therefore, Dempster-Shafer's
theory can distinguish between lack of evidence and negative evidence. In
Dempster-Shafer's theory, each information source, i.e., module, generates a
belief function over the power set of the hypotheses (i.e., output classes), which
are then combined using Dempster-Shafer's rule [Sha76]. The calculation can
have exponential complexity with large number of output classes.

v
Integrator

Fig. 2.12: Four types of modular classifiers: (a) monolithic, (b) preprocessor-based, (c) hierarchical and (d) postprocessor-based. Y, C and M denote
the input feature vector, the output classes and the subclassifiers, respectively.

(d) F'uzzy integral theoretic approach: In the fuzzy integral approach, the
outputs of the modules are processed further so that the interactions among
the outputs are also exploited for the final classification result. For an input
pattern x, each module (say sth) generates a partial evidence hk({<,}) to

<,

denotes the output of the sth module. The
support the kth class, where
term gk may be replaced by a more specific term gk({<,}), where gk({<,})
denotes the importance of in characterizing the class Ck, With the help of
gk({<,)), s = 1,2,.. . , 5, the fuzzy integral Fkfor the class Ck combines all

<,

the partial evidence, i.e., hk(ts)VS = 1 , 2 , .. . , S, in a nonlinear fashion. The
final class label corresponding to the input is j , if Fj =

max (3k).

k=1,2,

...,M

Like Dempster-Shafer approach, fuzzy integral-based approach also can distinguish between equal evidence and ignorance. In the fuzzy integral, the frame of
discernment contains the information sources related to a particular hypothesis (i.e., an output class) under consideration, whereas in the Dempster-Shafer
theory, the frame of discernment contains all possible hypotheses (i.e., all possible output classes). Thus, the fuzzy integral approach has a means to assess
the importance of all groups of information sources towards supporting a particular hypothesis as well as the degree to which each information source s u p
ports the hypothesis. In contrast, the Dempster-Shafer theory does not have
this advantage [KGT+94]. In addition, the fuzzy integral is computationally
more efficient than a strict Dempster-Shafer approach. In the Dempster-Shafer
theory, each information source generates a belief function over the power set
of the hypotheses, which are then combined using Dempster-Shafer's rule. The
calculation can have exponential complexity with the number of hypotheses,
i.e., with the number of output classes (C). In the fuzzy integral, the measure
needs to be calculated only for S subsets, where S is the number of modules
involved with each hypothesis [KGT+94]. Fuzzy integral is beneficial because
in many modular classifiers, C >> S.
For the task of functional modularisation the following methods exist:
(a) Majority voting: The simplest linear combination method is majority vating. That is, the output of the most number of modules will be the output of
ensemble. If there is a tie, then the output of the module (among those in the
tie) with the lowest error rate on a test set will be selected as the ensemble
output. Another method is to keep the number of modules odd so that the

conflict cannot arise.
(b) Weighted averaging: The weights are fixed in proportion to how each module performs on a test set. When the weights summed up to one, the weights
can be viewed as a priori probability of the module to classify an input accurately. When t his additivity constraint is relaxed, Dempster-Shafer approach and fuzzy integral-based approach become suitable tools to use. The
advantages and disadvantages of Dempster-Shafer and fuzzy integral-based
approaches are similar to that of categorical modularisation.
2.4

Opening Bid Problem in Contract Bridge as a Pattern Classification
Problem

The opening bid problem is an exercise of high level perception. It involves classifying the
pattern in a hand to a single output corresponding to the bid for the hand. A classifier
does precisely this. Given a set of input hands and the corresponding opening bids,
the classifiers try to capture the implicit relation between the two. Once the classifier
has been trained to generalize, 'then it can respond meaningfully to a new hand. In
the opening bid problem we can immediately spot the presence of probabilistic, fuzzy and
rough uncertainties. The card pattern, what one gets after shuffling is purely probabilistic;
on the other hand, whether the player will classify a particular input hand as an 1D or
1H is basically fuzzy. Here the classes corresponding to 1D and 1H are overlapping. The
relation between the input pattern and the corresponding output bid is not unique even
among the expert players (see Table 2.2). Some player may consider the hand pattern
"97-5AKQ8754-AK2" as ID or some may consider it as 2C. It is because the playing
strategy of the players for the remaining part of the play, vulnerability, etc., are different
and are difficult to model. Hence the same input hand may belong to different classes,
although the classes are not overlapping. This situation creates rough uncertainty. It is
to be noted that in the card problem resolution uncertainty is absent. It may be present,
if one is asked to classify the input hand based on the image of the input hand taken by
a camera. It is because there may be some ambiguity in identifying, for example, a card
as a Heart or a Club due to the poor resolution of the image. In this thesis we are not
considering resolution uncertainty.
For the opening bid problem, we have chosen numerical representation of the object
data. The raw input acts as a feature vector which is later refined. The structure present

Table 2.2: Variations in players' bids. Sets of 80 hands were bid by human
players. It can be observed that for every set, the players differed on a significant number of hands, suggesting that more than one correct bid may exist.
No. of

No. of hands for which

who bid In numbers

In %

1

2

14

17.50

2

3

17

21.25

3

2

26

32.50

4

2

24

30.00

5

2

14

17.50

6

2

13

16.25

7

2

17

21.25

8

2

29

36.25

in the feature space can be interpreted in terms of direct classification and classification
through clustering. For the opening bid problem, we need to have some classifier with fast
learning and quick classification capability in the presence of fuzzy, rough and probabilistic uncertainties. ANNs seem to be a possible candidate for this purpose. Conventional
ANNs are not suitable to deal with fuzzy and rough uncertainties efficiently. Hence,
in this thesis an attempt is made to develop hybrid learning models, where the neurocomputing paradigm is integrated with fuzzy and rough paradigms. Following this line,
modular classification approach is adopted to deal with the uncertainties in the opening
bid problem. The performance of the resultant model is evaluated in terms of error rate
measure.
The next chapter explores the possibility of capturing the implicit relationship in
bidding a Bridge hand using an artificial neural network. We study issues like the role of
uncertainities in the opening bid problem, input representation, possible architectures for
the network.

Chapter 3
PRELIMINARY STUDIES ON BIDDING
PROBLEM USING ARTIFICIAL
NEURAL NETWORKS
3.1

Introduction

The objective of this chapter is to study different issues like the role of uncertainities, input representation, possible classifier architectures for the opening bid problem. Since it
is not easy to find a recognizable structure in a hand pattern, we opted for numerical r e p
resentations, rather than symbolic representations, to describe the classification process.
Initially we at tempted to construct a deterministic classification model for the opening
bid system. It is because the deterministic model can be simple, and the representation
problem for this type of model is the least. As a deterministic model, a crisp rule base
approach is considered. To construct the rule base, we need to extract the rules of the
following type from the expert bidders:
If the input hand pattern is A J 9 3, K 8 4, K 7 4 3, A 9, then the output bid is 1 s
When an input hand is used for testing, the hand is matched against the if part of each
rule. The class label is indicated by the output class of the rule that fires.
Extracting the rules from the experts are difficult because players normally use these
rules only as a guideline, and often they make bids for which they cannot articulate their
reasoning in terms of the given rules. For instance, for a hand containing 4 Spades and 4
Diamonds, a rule may suggest opening IS, or possibly ID. But for the two hands given
below, which are only slightly different, a player may choose different bids as

This change comes because the player uses subtle reasoning process, and he is also concerned about his next bid. There are other patterns too in the hand for such a reasoning.
For example, "K84" is a "support" for a possible bid of 2H by partner, while "K8" is not.
"A94" in Clubs, on the other hand, is an openable suit if the hand has no five carder. One
could possibly list all such possibilities as rules, but the number of rules will be too many
(it is approximately the number of possible hands, i.e., 6.35 x 10"). Constructing, such a
large rule base is an impossible task. If the size of the rule base is decreased to a moderate
one, then the rule base cannot cover many hand patterns and situations. Consequently,
when a hand pattern outside the rule base is encountered, the rule base approach fails to
indicate the output. In other words, the system is not generalizable; it works just like a
look-up table.
The above drawback of the deterministic model motivated us to exploit uncertainities
such that the classification system becomes robust and generalizable. The rule base
works as long as the input comes only from the points of the input space at which the
input-output relationship is defined. Let us call these points reference points. The model
can be made more powerful, if we can assign some certainty factors (to belong to the
output classes) on the neighborhood points of the reference points. Thus the inputoutput relation becomes defined for all the points in the input space. In this work, the
neighborhood points are viewed as similar to the reference point, and hence, the certainty
factors associated with the neighborhood points are expected to be close to that of the
reference point. Thus fuzzy uncertainty is introduced in terms of similarity to make the
problem generalizable.

In order to incorporate the fuzzy uncertainty in the opening bid problem, we have
used artificial neural networks (ANNs). The reasons behind choosing ANNs over other
possible classifiers are various benefits like incremental learning, robustness, universal
approximation capability. From section 2.2.4, we know that there are the following two
possible schemes to use ANNs as classifiers: Direct classification and classification through
clustering. We first experiment ANNs with direct classification techniques. For this study,
we explore the possibility of training a multilayer feedforward neural network (FFNN)
with backpropagation (BP) training algorithm [RHW86]. It tries to capture the implicit
reasoning involved from several examples of input (pattern)-output (bid) pairs of data.
In order to perform this study the following issues need to be considered:
1. Collection of data.

2. Representation of the hand.

3. Interpretation of the output bid.
4. Architecture of the network.
5. Training of the network.
The first issue deals with the collection of input data that have to be used for training
as well as for testing. To collect variety of inputs, the collection of data should be random.
Moreover, care should be taken to partition the data for training and testing so that both
have similar probability distribution. Second issue is how to represent the input data on
a machine. Although we have decided numerical representation for the input hands, there
exist several possible numerical representations. The exact choice will be dictated by the
classification performance with the representation. The third issue is the interpretation
of the output results. It is quite possible that during testing the network produces a bid
which is different from a player's bid. But, then the player should also decide whether the
network bid is reasonable for the given hand. The fourth and fifth issues are regarding
the type of the network and the training methodology that have to be used. These issues
are discussed in this chapter.
Initially, we at tempted to train a monolithic ANN for all the classes. But the network
did not converge. One possible reason may be that the network was unable to handle,
resolve and exploit the associated uncertainties globally. This problem may be reduced if
the classification task is partitioned. Partitioning should be such that each subproblem is
solved in a module by exploiting the local uncertainities and the results of all the modules
are combined by exploiting the global uncertainities. To verify it empirically, we break the
monolithic classifier into several modules using some domain specific knowledge, and test
the classification performance of each model. The experiments conducted in this chapter
advocate the use of a modular network instead of a monolithic network.
The organization of the chapter is as follows: Section 3.2 discusses the representation
of the problem. Section 3.3 demonstrates the performance of the feedforward neural
networks with different architectures.

3.2
3.2.1

Representation of Opening Bid Problem on Machines
Data Generation and Collection

The hands used for training the network were generated by a program which simulates
shufEling of the cards. The distribution of the hand patterns generated by the program

matches the distribution given in Table 3.1. A representative set of 19 hands are given in
Table 3.2. Note that the hands which contain suits of maximum length 5 constitute about
80% of all the hands. On the other hand, for the bids of 2H and 2S, the input may require
the following features: A six card suit, with no singleton or void in the hand, about 8 to
10 high card points, with most of the high cards in the bid suit. To successfully learn
these bids, it is necessary to have a large number of these samples in the training set.
It would mean a correspondingly large training set, and hence, a large training period.
We have used a generating program to produce the hands according to a given set of
constraints, for example, the length of the Heart suit should be at least 6 and the number
of points should be at least 6. In this way, we can produce more hands for which we want
the system to learn the patterns. The expert's bids were collected from the experts in
IIT open Bridge Tournament, 1994.
3.2.2

Representation of Input Patterns

The inputs can be represented as a fifty-two dimensional raw data as shown in Fig. 3.l(a).
Each component of this vector is either 0 or 1. The value 0 and 1 indicate the presencelabsence of the card in the hand. Since each player has thirteen cards, the number
of 1's in the raw data is equal to thirteen. For example, the first hand in Table 3.2 and
the corresponding input pattern vector are given by

Hand:
Input Pattern:

K753-K J8-K87-K76
0100000101010010100100000001000011000000100000110000

The input can also be represented in the form of feature patterns as shown in Fig. 3.l(b).
These patterns are based on the evaluation of the strength of the hands by a bidding
system. In this representation there are 16 components of the raw data vector, which can
take values between -1 and +4. Thirteen components are used to represent the cards,
while three are used as markers (-1) between suits. In this representation an attempt was
made to feed some feature information in the form of relative weights given t o various
cards. For example, on the cards Ace, King, Queen, Jack, 10, 9, 8, . . . , 2 we have assigned
the following weights: +4, +3, +2, +1, +0.9, +0.8, +0.7, +0.6, . . . , +0.1. These weights
were close to the points given to the cards in most bidding systems.
Our initial experiments showed that the first representation is preferable. During
training we found that the network converged with the first representation, whereas the

Table 3.1: Distribution of hand patterns. Numbers under total sum up the
values for all possible ways of choosing suits for the given pattern or shape.
Values listed lnder spe :zfic are fi na n 2d suits h
length.
No. Pattern Specific
Total No. Pattern Specific

1
1

4-4-3-2

(in %)

(in %) -

(in %)

1.796

21.5512

24

0.016

0.1924

2

4-3-3-3

2.634

10.5361

25

0.010

0.1176

3

4-4-4-1

0.748

2.9932

26

0.005

0.1085

27

0.002

0.0452

28

0.0003

0.0031

4

5-3-3-2

1.293

15.5165

5

5-4-3-1

0.539

12.9307

6

5-4-2-2

0.882

10.5797

29

0.001

0.0178

7

5-5-2-1

0.264

3.1739

30

0.0004

0.0100

8

5-4-4-0

0.104

1.2433

31

0.0007

0.0082

9

5-5-3-0

0.075

0.8952

32

0.00008

0.0010

10

6-3-2-2

0.470

5.6429

33

0.00004

0.0011

11

6-4-2-1

0.196

4.7021

34

0.0004

0.0001

12

6-3-3-1

3.448

0.287

35

0.00001

0.00015

13

6-4-3-0

0.055

1.3262

14

6-5-1-1

0.059

0.7053

36

0.000002

0.00002

15

6-5-2-0

0.027

0.6511

37

0.000001

0.00001

16

6-6-1-0

0.006

0.0723
38

0.0000003

0.000003

39

0.000000002

0.0000000009

17

7-3-2-1

0.078

1.8808

18

7-2-2-2

0.128

0.5129

19

7-4-1-1

0.033

0.3918

20

7-4-2-0

0.015

0.3617

21

7-3-3-0

0.022

0.2652

22

7-5-1-0

0.005

0.1065

23

7-6-0-0

0.0005

0.0056

Table 3.2: Sample hands generated by the shuffling problem. Bids are made
by the authors, to illustrate the preparation of the training set. In this training
set some less frequent hands are present which are generated specially to ease
learning. "T" im lies the card number 10.
points
Hands

I

r"

QT-76-AQJ752-AJ3

14

A-KQJ9873-J98-T6
AK842-AKT93-6-82

11

14

Desired bid
(by authors)

Hand 1 -

S : K753
H : KJ8
D : K87
C : K76

4

(a) Representation 1

(b) Representation 2

Fig. 3.1: Illustration of input layer patterns for two hands. In representation 1 the input is in raw form, while in representation 2 some features (high
card points) have been extracted. The networks perform better with the raw
information.

feature based representation failed to converge in some cases. This is interesting because
the information in the second case is in an interpreted or an abstracted form. It appears
that abstraction from raw data, if not done properly, may not be useful for generalising
the network. Experiments described in this chapter therefore use the first representation.

3.3

Studies on Network Architecture and Training

This section describes the development of the network architecture by trial and error
procedure. The training algorithm was the BP algorithm. The input layer has 52 nodes,
one for each card. Each node has a value 1, if the card is present, or 0, if the card is not
present in the given hand. In the following, we describe our trial experiments for evolving
a suitable

ANN architecture for the bidding problem.

Experiment with monolithic networks: An approach using 13 output nodes to c a p
ture all the bids from Pass to 3 s was explored. Three nodes were assigned to the three
levels of bids, five were assigned to the suits and one node was kept for "Pass" bid. Thus,
for each input, except for a "Pass" hand, two output nodes are expected to be active, one
for the level of the bid, and the other for the suit. The training set consists of 1000 hands.
Different network architectures were examined. Two of them are (a) 30 and 20 nodes in
the first and second hidden layers, and (b) 30 and 6 nodes in the first and second hidden
layers. It was found that the network did not converge. This was probably because there
were a large number of bids (some 2 level bids and all 3 level bids) for which very few
training patterns were available. For the subsequent experiments, we decided t o use a
simpler format for output nodes with one output node for each bid. Therefore, we used
fifteen output nodes to study the network behaviour. This time also the network failed
to converge.
Experiment with 1-Level networks: To resolve the convergence problem, we reduced
the number of output nodes to seven, by restricting the bids to 1 level only, including
"Pass1' (P) and the "Unknown" (U) category bids. When the input is not from the first
level bids, then the class label "Unknown" is assigned as the desired class label. The
resulting network consists of 52 input nodes, 7 output nodes and one hidden layer. The
number of nodes in the hidden layer was varied to study its effect on the performance.

A training set of size 1000 is chosen. Table 3.3 gives the total sum of squared error for
40, 45, 50, 55 and 60 hidden nodes. We observed that the network converged for various
number of hidden nodes. The network with 50 hidden nodes gave the highest accuracy of

Table 3.3: Mean square error of the 1-Level network after training. Here 52
input nodes and 7 output nodes are used. The number of iterations is 5000,
and the number of hands is 1000.
No. of
Mean square
I hidden nodes I error I

69% correct bids on the test set, when compared with the bids made by an expert player.
The test data consisted of 500 randomly generated hands. Some test results are given
in Table 3.4 and 3.5. It should be noted that while evaluating the performance, if the
output of the network was also acceptable by the expert player as a possible bid, then it
was taken as a correct output.

Experiment with 2-NT networks: We consider a network to include 2 level bids.
Here, the number of output nodes is 12, one each for P, lC, ID, l H , IS, IN, 2C, 2D, 2H,
2S, 2N and U. Initially we attempted to train the network with a training set conforming
to the theoretical distribution of hand patterns. But the network could not be trained.
The network was unable to learn the patterns for 2C, 2D, 2H, 2S, 2N bids since they are
very rare. Obtaining suitable samples of such hands require large amount of training set.
Instead we decided to selectively insert the patterns, which are rare, into the training set.
Nearly 600 hands from the 2 level bids were added along with nearly 1000 hands from the
1 level bids. As a result we obtained 1600 hands to train the network. This network was
trained using five different architectures having 40, 45, 50, 55, and 60 hidden nodes. The
mean square error of the network for this training set is shown in Table 3.6. The network
with 50 hidden nodes gave the best performance. Results produced by the network are
given in Table 3.5 and 3.7. The network has bid correctly for about 72% of the test hands,
which were not part of the training set. Initially we planned to give only positive samples
of hands for the bids which we wanted the system to make. But we found that for the
system to perform well, we also had to give a large number of hands for which we did
not want the system to make a bid. Hence, we introduced all those hands under the bid

Table 3.4: Bids made by the 1-Level network. Strong imbalanced hands
are labelled "Unknown" for training purpose. However sometimes (e.g., the
sample no. 2) the system did better by opening 1C. Also, in the sample no. 3,
the network's bid seems to be better! The discrepancy in the last example is
also typical of human players.
No. Hands

Points Expert's

1-Level

I

bids network

I

"Unknown" .
E x p e r i m e n t w i t h m o d u l a r networks: In the bidding problem we have observed that
a) large networks are difficult to train, b) a 1-Level network performs well, and c) a 2NT network does not learn well because of lack of data for 2-Level bids. But, if specific
data are added for the 2-Level bids, then it may perform well. From these results, it
can be clearly observed that smaller networks are easier to train, and consequently they
also perform better. Looking at the task environment, one can see that all the bids
made at higher levels are specialized. In addition, they deal with hands that are less
frequent. Hands with four card and five card suits are most common (80%) and the
bidding systems are designed to use the cheaper (low level) bids for these hands. To
design a complete ANN system would require sufficient training samples. It appears
reasonable to consider the high level specialized bids as exceptions, and train different
networks to deal with them. Thus one would have a modular structure of the network,
each module catering to a specialized situation. Following this line, we employed one
module for each level of output bids. Since output bids upto third level are present, we
used total three modules. The first module is for the first level bids. It can classify Pass,
l C , ID, l H ,

1s and IN. Similarly, the second module is for 2C, 2S, 2H, 2D and 2N. The

third module is supposed to classify 3C, 3D, 3H and 3s. Note that none of the module
has the output class "Unknown". For each module we used FFNN with one hidden layer.
All the modules have fifty hidden nodes. Let the training sets for the first, second and
third modules be called "Trainingset 1", "TrainingSet2" and '"I'rainingSet3", respectively.
The size of 'TrainingSetl7', "TrainingSet2" and 'TrainingSet3" are 1200, 700 and 400,
respectively. These training sets will be used again in the subsequent chapters for the
experiments. For all the modules the convergence was achieved during training. Three
test sets "TestSetl" , "TestSet2" and "TestSet3" are formed to test the performance of
the first, second and third modules, respectively. These test sets will be used again in
the subsequent chapters to compare the performance of other networks. When the test
data sets are presented to the first, second and third modules, the classification results
are shown in Table 3.8, 3.9, and 3.10, respectively. The overall classification result of the
third module is quite high compared to the other modules. It is because if the hand is
strong, then Bridge players have less problem in giving the higher level bids.

Table 3.5: The bids made by the 1-Level and 2-NT networks for some hands
are shown. Bids made by two experts are also included. Bids marked "**" are
" T implies the card number 10.
incorrect.
-Points Expert's 1-Level
2-NT
No. Hands

I

1

-

I

1

1

I

bids network network

I

No.
21
22
23

Hands

Table 3.5: (Continuation)
Points Expert's

1-Level

2-NT

bids network network

(s)-(H)-(D)-(c)
97-5-AKQ8754-AK2
96542-AQJ2-AKQ7
AJ75-4K JT6-AKT8

16
16
16

2C, 1D

1D

IS, 1D
ID, 1C

1S

AgQJ86494KQJ9
T8-AT5K976A874

14
11

lH, 1C
IN, P

1C

1D
1C
1D

26
27

KQ-QJ7642-QJ92-T

11

P, 1H

1C
1H

K87- J8-AKQ&AKQ2

22

lC, 2N

U

1C
1C
1H
2N

28
29
30

KT84KQT7-K63-T2
AJ-Q64J42-AKJ85
A632-3-96-KQJ863

11

P

P

1C

31

965-AT8762-J7-A9

9

P, 1s
IN, 1C
P, 1C
lH, P

1C
P

1C
P
P

32

Q7-A74-A2-KQJ972

16

ID, 1C

33
34

3-T6-KT74AQJT74
AKJ3-982-J85-KQ5

10
14

P, 1C
IS, 1C

1C
P

1C
P

1S

1C

35

16

36
37
38

92-KQ6-Ag3-AQJ73
94KQ3-AQT2-J632

IN, 1C
P, 1D

1C
1D

1C
1D

-A874-A JT52-AQT5
2-JT86-AQT9864-Q

15

ID

1D
P

39

K95-94-A852-AT83

11

lC, 1D
P, 3D
P, ID

40

Q-A743-AJ5-A8732

15

lH, 1C

1C

24
25

15
10

12
9

1C

U
P

P
1H

No.

Table 3.5: (Continuation)
Points Expert's 1-Level
Hands
bids network network
(S)-(H)-(D)-(C)
2-NT
12
12
10
11

12
14
11
11

18
21
17

9
18
14
17
12
12
14
14
10
11
18
15
11

I

'Ihble 3.6: Mean square error of the 2-NT network after training. 52 input
nodes and 12 output nodes are used. The number of iterations and the number
of hands are 5000 and 1600, respectively.
No. of
Mean square
hidden nodes
error

I

1

1

'Ihble 3.7: Bids made by the 2-NT network. Many experts would open the
sample no. 4 with 2H, because the key feature - long solid suit is present. In
the sample no. 8 the system has in fact done better by opening ID. In the
sample no. 9 it possibly had to choose between "Unknown" and lC, since it
does not know the 3N bid, which is very specialized.
No. Hands
Points Expert's
2-NT
bids network
(s)-(H)-(D)-(c)

1

1

K JT4QT9762-A-T3

I

/

10

P

1H

3.4

Summary

The aim of the work reported in this chapter is to explore the possibility of capturing
the reasoning process used in bidding an opening bid in Bridge game using an ANN. The
network captures the implicit mapping in bidding a Bridge hand adopting a standard
convention (bidding system) which acts as a guide or a weak constraint on the mapping
function. We used an FFNN with BP algorithm as a classifier, whose input is a hand and
the output is the corresponding opening bid. The input is represented as a series of 52
onelzero where presence or absence of a card is denoted by 1 or 0. While experimenting,
it turned out that the training of the whole network is time consuming. Moreover, in
many cases the network do not converge at all. Possible reason may be that the network
is not able to tackle the uncertainties. We adopted a modular structure to deal with the
uncertainties. Three modules are used to deal with the first three levels of opening bids.
The studies reported in this chapter demonstrate that a neural network can be trained
to capture the implicit reasoning used for bidding a hand in the Bridge game. The
present study clearly brings out several interesting research issues. The first issue is the
representation of the input data. In situations like card games, representation in raw form
appears preferable, as any feature representation is likely to be subjective and may result
in loss of information. In contrast, in problems dealing with image and speech data, it is
essential to represent the data in a manner that reflects the visual and auditory sensory
processing, respectively. Errors in the feature representations are usually responsible for
poor generalization performance in the pattern recognition tasks involving image and
speech. The second major issue is training a network with patterns occurring with widely
different probabilities. This is a difficult issue in many practical problems. For example, in
optical character recognition different characters occur with widely different probabilities.
Similarly, in speech recognition different speech sounds occur with different probabilities.
This chapter demonstrates that modular networks can be used for the opening bid
problem. The classification efficiency may further be improved if the feature vectors
corresponding to each module are modified depending on the output classes present in the
module. The discussion in chapter 4 is along this line. Chapter 5 and 6 will concentrate on
how to design each module. In chapter 7 we will combine the results of all these modules.

Table 3.8: Classification performance of FFNNs with BP algorithm for first

level bids.
Pass

1C

1S

1D

1H

IN

Overall

85.12% 66.83% 63.13% 71.82% 77.16% 64.52% 71.43%

'Pable 3.9: Classification performance of FFNNs with BP algorithm for second

level bids.
2C

2H

2s

2D

2N

Overall

61.04% 75.71% 77.56% 72.33% 74.34% 72.19%

'Pable 3.10: Classification performance of FFNNs with BP algorithm for third

level bids.

3C
75.17%

3D

3s

3H

Overall

77.28% 83.54% 84.97% 80.24%

Chapter 4
IMPORTANCE OF INPUT FEATURES IN
CLASSIFICATION: ROUGH-FUZZY SET
THEORETIC APPROACH
4.1

Introduction

In the last chapter a modular network architecture is advocated for complex pattern
classification problems like opening bid problem. This chapter attempts to fine tune the
input features specifically for each module so that the class discriminatory capability of
the input patterns are enhanced. In order to accomplish it, the importance of each feature
is quantified, and the input representation is biased accordingly. Therefore, this chapter
deals with feature analysis. Ln actual Bridge game, players impose different weightages
on each card. These weightages depend on the player, level of the game and many other
factors, e.g., experience of the player, characteristics of the player, vulnerability, etc. This
fact also justifies the quantisation of the importance of each feature for each module in
the opening bid problem.
In the modular structure, each module exploits the uncertainties locally, and specialises to classify only a group of output classes. Since the class discriminatory property
of all the input features are not same for different sets of output classes, the representation of each pattern for a particular module should be fine tuned based on the
output classes present in the module. One way to accomplish it is to put different impor-

tance on each feature. The input representation for each module can be biased so that
the feature with higher importance gets more weightage. Determination of the importance [SB97] [WAM97] is generally based on a criterion function and a search strategy.
The search strategy chooses a set of importance among many possible sets of importance,
while the criterion function decides whether a set of importance is superior to another
set. The search techniques, that exist in literature, can be broadly classified into filter
approach and wrapper approach [SB97] [WAM97]. The filter approach depends on a crite-

rion function which is classifier independent. In contrast, the wrapper approach uses the
classifier accuracy to judge whether a particular set of importance is superior to another
set. The wrapper approach can be used only with the classifiers of low comp'utational cost
like K-nearest neighbours (KNN) algorithm, decision tree, etc. In addition, the wrapper
approach may cause overfitting as the learning algorithm is fitted by the change of input
features [JK95]. We prefer the filter approach as this technique is generally applicable, and
can be used with complex classifiers like feedforward neural networks with BP algorithm.
Most of the classifiers classify a test input based on the fact that the more similar the
test input is to the set of training patterns, the higher is the possibility that this test input
belongs to the same class: Therefore, the similarity between the inputs is a crucial one.
The input represent ation, leading to a reinforcement of similarities between the inputs
from the same class and detoriation of the similarities between the inputs from different
classes, may lead to enhancement of the classification performance. Following this line,
in pattern recognition literatures [PC86], [TG74], an input feature s is considered to be
important if the compactness and interclass distance of all the classes along the sth axis
is high. In this chapter we attempt to exploit this criterion to measure the importance of
each feature. The compactness of the classes are affected when the classes are overlapping
and the patterns with the same sth feature have different class labels. In card games it
indeed happens because the output bids are fuzzy and the output bids are not unique
for the same card. It implies that the compactness of the classes can be estimated if
we can quantify the roughness and fuzziness associated with the sth feature. In this
spirit, a rough-fuzzy set [DP92] theoretic measure rough-fuzzy entropy is proposed as a
criterion function. To measure the rough-fuzzy entropy, it is essential to know the fuzzy
membership values of the training data in the output classes. Possibilistic K-means
algorithm is proposed to accomplish it.
As a search technique, an iterative method is adopted here. The iterative procedure
starts assuming equal importance for all the features. At the first iteration, the value of
rough-fuzzy entropy is calculated, and using it the set of importance is updated. In the
next iteration the input features are weighted by this set of importance. The rough-fuzzy
entropy is further calculated for this modified feature vector, and the importance are
updated accordingly. The iterative method goes on until the criterion function attains
a local minimum. Subsequently, the resultant set of weights is used to bias the input
representation of each hand so that more important features get more weightages, and
eventually result in a better classification.

The organization of the chapter is as follows: Section 4.2 discusses fuzzy K-nearest
neighbors algorithm. Section 4.3 embodies the proposed method. Section 4.4 illustrates
the efficacy of the proposed method through some experiments. The basics of rough sets
and rough-fuzzy sets can be found in Appendix-B and Appendix-C.

4.2

B a c k g r o u n d of Fuzzy K- Nearest Neighbors A l g o r i t h m

Fuzzy K-nearest neighbors algorithm (FKNN) classifies an input pattern x by assigning
it a fuzzy membership value. The membership of x depends on a) the vector distance
between x and the K-nearest (K is a positive integer) input training patterns, and b) the
memberships of those neighboring training patterns in the possible classes. Let X =

{xl,xa, . . . , x,) be a set of input training patterns for whom the corresponding membership assignments are already known. Let p,(xi) be the membership of the ith training
pattern in the cth class and 1 5 K 5 n. The initial memberships on each training pattern
can be assigned in the following two ways [KH85]:
1. C r i s p membership: Each training pattern can have complete membership in
their known class and nonmembership in all other classes.
2. C o n s t r a i n e d fuzzy membership:

h he

K-nearest neighbors of each training

pattern are found, and the membership in each class is assigned according to the
following equation:

,

=

{

0.51

+ nj/K

if j = i

0.49 otherwise
The value

nj

is the number of the neighbours found which belong to the j t h class.

This initialization technique fuzzifies the memberships of the labelled samples that
are in the overlapping class regions. Moreover, the samples that are well away from
the overlapping area, are assigned with complete membership in the known class.
Consequently, an unknown sample lying in the overlapping region will be influenced
to a lesser extent by the labelled samples that are also in the overlapping area.
The algorithm to find the membership of a test pattern x in the cth class, i.e., p,(x),
is shown in Fig. 4.1 [KH85]. In Equation (4.2) of Fig. 4.1, q determines how strongly the
distance is weighted when calculating each neighbour's contribution to the membership
value. Generally, the value of q is taken as 2.

Set i=1.
DO UNTIL (K- nearest neighbors of x a r e found)
Determine t h e distance between x and xi.

5 K)

IF (i

Include xi i n t h e s e t of K- nearest neighbors.
ELSE I F (xi is c l o s e r t o x than any previous n e a r e s t
neighbor )
Delete t h e f a r t h e s t of the K- nearest neighbors.
Include xi i n t h e s e t of K- nearest neighbors.
END I F
Set i = i + l .
END DO UNTIL

Set c = 1.
DO UNTIL ( x i s assigned membership i n a l l classes)

Determine pc(x) using

Set c = c + 1.
END DO UNTIL

Fig. 4.1: Fuzzy K-nearest neighbors algorithm. The input consists of a set
of labelled patterns and a test pattern. The output is the class membership
value of the test pattern.

Lemma 4.1: In a C-class classification problem, the class membership assignments on
the test patterns b y the FKNN are constrained fuzzy.
Proof. The membership of the test patterns are constrained fuzzy because the initial
class membership values for the training patterns are constrained fuzzy. It can be formally
shown by the following steps:

Since

cF=~~ ( x k=) 1'

Consequently, the membership values assigned on each test pattern cannot distinguish
between equal evidence and ignorance.

4.3 Proposed Method
4.3.1

Criterion Function

In an N dimensional input pattern x E X, the sth feature is considered to be important
if the compactness and the interclass distance of all the classes along the s t h (1 5 s 5 N)
axis is high. A measure of compactness and interclass distance can be a criterion to
measure the importance of the s t h feature. This measurement becomes complicated
because two patterns x, and x, may be identical based on their s t h feature; but they
may belong to two different classes. That is, the relationship between the s t h feature and
the class labels may be a one-to-many mapping. This lack of discriminatory power of the
feature is due to the fact that we are not considering'other features like the player's past

experience, vulnerability, etc., into our account. In other words, we do not have sufficient
amount of information about the problem. To determine the importance of the sth feature
with such incomplete knowledge, the concept of rough set is helpful. In the terminology
of rough set, two input patterns xu and x, are called indiscernible or indistinguishable
with respect to the sth feature when the sth component of these two patterns have the
same value. Mathematically, it can be stated as
S

x UR x, iff xus = xVs

(4.4)

where R V s a binary relation over X x X . Obviously, R V s an equivalence relation.
Therefore, R s partitions X into a set of equivalence classes, namely {X:, X i , . . . , X;).
The sth feature alone is sufficient to classify all the input patterns to the cth class iff
X/Rs, i.e., {X,9, X i , . . . , X i ) , approximates the boundary of Cc accurately. In this case

<

BNDR(Cc)= 0 or R' (c,)= R" (C,). It implies each X;, 1 i 5 H, either belongs to the
positive region of C, or negative region of C,. If this condition holds, the output class
C, achieves a high degree of compactness and large interclass distance along the sth axis.
Therefore, the extent to which X/Rs approximates the output class C, can be a measure
of importance of the sth feature to classify the patterns to that class.
In the opening bid problem the output classes are overlapping, and hence, C, is a
fuzzy set. This brings the concept of a rough-fuzzy set. In the current context, a roughfuzzy set

(W(C,), &(c,))

is defined as follows: Lower approximates E ( C c ) and upper

approximates Rs(Cc) of Cc are fuzzy sets of X/R" with membership functions defined
by [DP92]
PR.(c,)(Xi) = inf {PC, (x) I x E Xi)

(4.5-a)

Here, pE(cc)(X,)and pB(cc)(Xi)are the membership values of Xi in Bs(Cc) and 7;i'(cC),
respectively. Since the number of training patterns is finite for all practical purposes, we
can substitute inf by min and sup by max in (4.5-a) and (4.5-b), respectively.
To measure the importance of the sth feature to classify all the input patterns into
the cth class, we define rough-fuzzy entropy for the sth feature and the cth class as

RE= --

1

C [Pi in pi + (1- pi) ln(1 - pi)]

H l n 2 c.= l

where pi represents either ~ R J ( ~(Xi)
, ) or p ~ ((Xi)
~ throughout
~ )
the equation. From (4.6),
it can be noticed that 31: increases monotonically in [O, 0.51 and decreases monotonically

in [0.5, 11. It reaches the maximum value when pi = 0.5 Vi, and minimum value when
pi = 0 or 1 Vi [PB95]. The lower the value of 74: is, the greater is the number of
Xi's having pi x 1 or pi x 0, i.e., less is the difficulty in deciding whether

X,can be

considered a member of Cc or not. In particular, when pi x 1, greater is the tendency of

Xi to form a compact class C, along the sth axis, resulting in less internal scatter along
the sth axis. Moreover, when pi x 0, Xi is far away from the cth class, and hence, the
interclass distance increases along the sth axis. On the other hand, when pi x 0.5, Xi
lies in between Cc and the other classes along the sth axis. Hence, both compactness
and interclass distance along the sth axis decrease. The reliability of a feature s, in
characterizing the class C, increases as the corresponding 3C: value decreases. Therefore,
31; quantifies the importance of the sth input feature for the class Cc.We introduce total
rough fuzzy entropy for the sth feature to quantify the importance of the sth input feature
for all the classes. It is defined as

Here PC is the weightage that has to be given to the cth class. One possible choice for

PC is the a prion' probability of the cth class. Note that R q i e s in [0, 11. Evidently, the
more the value of 3C3 is, the less is the importance of the sth feature.
)
we are
The value of 31, depends on the choice of pi. When we take p; = p r ( ~ ,(Xi),
basically pessimistic as (4.5-a) involves min operator. Similarly, when we assume pi =
p ~ i " [ ~ ) ( Xwe
~ )become
,
optimistic as (4.5-b) involves m a operator. In (4.7) these two
choices result in the two extreme bounds for %*. It indeed depends on the application
which one we should take as the importance [PP92], because (4.5-a) and (4.5-b) are
equivalent to asking the question "to what extent {xJxE Xi) as a whole belongs to C,?".
For example, in a quiz team if pi is the ability of the ith member, the ability of the team

as a whole is m q ( p i ) , because if one member succeeds the whole team succeeds [PP92].
On the other hand, suppose a group of acrobats are standing in such a manner that all of
them fall if any one of them falls. If p, is the stability of the ith member, the stability of
the team as a whole is rnin,(pi). However, our concern also may be to obtain a measure
in between these two extreme cases. Hence, we need some kind of aggregation operator
in between min and max to generalize the definition of ?is.It can be conveniently done
by Yager's ordered weighted average (OWA) operator [Yag93].
The term min in (4.5-a) measures the degree to which all the Xi's are classified to
C,. Similarly, the term m a in (4.5-b) measures the degree to which at least one X, is

classified to C,.It is natural to consider other t-norm and t-conorm operators [KY95] in
place of min and max, respectively. Using OWA operator "softening" is done by changing
all to most and at least one to some. A mapping W: [0,

:[IU +-[O,

3.1 is called an OWA

operator if there exists a weighting vector w = [wl, w2, . . . , w,]' associated with W. The
characteristics of the weighting vector w are
1. wi E [0, 11,

+

3. W(a1, a2, . . . , a,) = wl bl w2b2
the collection a l l a2, . . . , a,.

+ . . + w,b,,

where bi is the ith largest element in

In [Yag93]Yager illustrated how different assignments of the weights allow implementation
of different quantifiers. For example, wl = 1 and
operator. On the other hand, w, = 1 and
Moreover, wi =

wi

wi

= 0, Vi i

= 0, Vi i

#

1, provides the m u

# u gives the min operator.

Vi yields the average. It shows that the more the weights are near the

bottom, the more AND-like the aggregation is, and the more the weights are near the
top, the more OR-like the aggregation is.
There are two special types of OWA operators wag931 [Cho95], which are useful for
extending the concept of rough-fuzzy set. They are called S-OWA-AND and S-OWA-OR
operators. The S-OWA-AND operator is defined by

The parameter cr lies in the unit interval. The closer cr is to one, the more AND-like the
aggregation becomes. In (4.5a) we can obtain the effect of S-OWA-AND operators by
replacing min{pcC(x) I x E X i ) with

On the other hand, the S-OWA-OR operator is for an OR like aggregation. This operator

Here again the parameter

/3 lies in the unit interval and the closer /3 is to 1, the more like

a pure OR the operation is. In (4.5-b) we can obtain the effect of S-OWA-AND operators

by replacing max(pcc (x) 1 x E Xi) with

Thus the OWA operators generalize the definitions given in (4.5-a) and (4.5-b). Consequently, the definition of the criterion function given in Equation (4.7) is also generalized.

Possibilistic K-Nearest Neighbors Algorithm

4.3.2

To calculate (4.7), we need to determine the membership values pc(x) Vc Vx. Since
the membership assignment should be possibilistic to extract the maximum advantage of
fuzzy sets, we modify the FKNN algorithm to possibilistic K-nearest neighbors (PKNN)
algorithm. Other than Equation (4.2), the steps of the PKNN algorithm are exactly
similar to that of the FKNN algorithm. In the PKNN algorithm Equation (4.2) is modified
as

where

tc

is a parameter that decides the bandwidth of the membership, i.e., the point a t

which pc(x) attains the value 0.5. One way to assign the value of n is by making it equal
to the average distance between any two training patterns. The initial memberships can
be assigned in the following three ways: a) Crisp initialization: As done in the case of
FKNN. b) Constrained fuzzy initialization: As done in the case of FKNN. c) Possibilistic
initialization: The initialisation can be possibilistic if certain domain specific knowledge
is present.

L e m m a 4.2: For a C-class classification problem, the membership assignments of the
test patterns in the PKNN are possibilistic even if the initial class memberships for the
training patterns are crisp or constrained fuzzy.
Proof.

Since c:==, (a) needs not to be equal to a constant, the resultant classification proce
dure is possibilistic [KY95] [PB95].
In the opening bid problem, the membership values of all the training patterns can be
obtained in crisp form. The sole purpose of using the PKNN algorithm is to fuzzify the
.

crisp membership values of the training patterns in a possibilistic manner. All training
pat terns are used to construct the PKNN algorithm. Now a training pattern is considered
as a test pattern for the PKNN. The PKNN algorithm is used for only one iteration.
The closest neighbor of any test pattern will be the pattern itself. The output of the
PKNN algorithm will give the possibilistic class membership values of the test pattern.
The possibilistic membership value corresponding to each training pattern can be found
similarly. This technique is similar to obtaining a blurred image from a noisy image (i.e.,
image smoothing).
Experimentally it is observed that the performance of the PKNN is comparable to
that of the FKNN. However, the PKNN has an edge over the FKNN as the membership
values generated by the first one is possibilistic, whereas the membership values generated
by the later one is constrained fuzzy.
4.3.3

Optimization Technique and Weight Update

Depending on the importance of a feature, the feature is biased by assigning some weightage on it. If the jth feature is very important, then the importance of the feature Ij is
assumed to be close to 1. On the other hand, if the feature is redundant, then the value
of Ij is taken as 0. The importance is found using an iterative procedure (see Fig. 4.2).
The iterative process starts with the original input x = [xl, x2,. . . , xN]. The importance
of each input feature is initially assigned as 1, i.e., at starting I = [I,1,. . . , 11. In the first
iteration, the input features are weighted by I such that the modified feature vector becomes y = I * x. Here the operation

* signifies a component wise multiplication between

the two vectors, i.e., I * x = [Ilxl, 12x2,.. . , I N X ~ ) The PKNN algorithm is applied on
the modified feature vector (which is discrete) to determine the fuzzy class membership
values. The change of importance AI 1 = [AI:, AI;, . . . , AI;~ for the modified feature is
determined using
AI: = (1- 317 Vs

(4.14)

Now the value of importance is updated as I = I*AI1. In the next iteration, the input
features are weighted again using y = I * x. Since this modified input set is not dis-

Feature
biasing
Input

Discretisation

x

----b. Possibilistic KNN

-+

Determination of
rough-fmy
entropy

I
Weight update

C

Fig. 4.2: Flow diagram to show how the feature weightages are determined
iteratively using rough-fuzzy method. The training patterns are the inputs to
the flow diagram. The importance I is the output of the of the flow diagram.
I * x implies [ I ~ X I~~, X ? ,. . . , I N X N j .
crete, it cannot be used directly to calculate the rough-fuzzy entropy. It is discretized by
rounding each feature value to the closest integer value. The fuzzy membership values
corresponding to the modified feature vectors are reevaluated from the PKNN algorithm.
These membership values are used to calculate the rough-fuzzy entropy. Again the change
of importance (A12) is determined, and the importance is updated as I = I * A12. The
iterative process is continued until a local minimum is reached, i.e., there is no significant
change in the value of
3

Finally the modified feature vector is y = I

* x,

where I is the importance af-

ter the final iteration. The complete algorithm is shown in Fig. 4.3. Application of this method will result in more impact on the distance measure by
the important features. For instance, the distance between the modified feature

+

+

vectors yi and yj is d(yi,yj) = J ( w-~yjl)? (yi2 - yj2l2 . . . + (yiN - yjN)2 =
J~;(xil - ~ ~ 1;(xi2
1
) -~
~
.2. . ) I&(xiN
~
- z ~ ~If )Iu ~>>. I" VV # u and U, v E
{1,2, . . . , N), then the value of d(yi,yj) will be dictated by the uth feature only.

+

4.4

+ +

Results and Discussion

Before using the proposed method on the opening bid problem, we will show the effectiveness of the proposed method on some artificially generated two-dimensional data
sets.

Initialize I as an N-dimensional vector [1,1,. . . , 11.
Set i = 1.
Assign the maximum possible value of H, i .e., N to H.
DO
%old = %
Find modified feature vectors using y = x * I .
Discretize the modifies feature vector.
Use PKNN to determine the fuzzy memberships of the
training patterns to all the classes.
FOR feature s = 1 to N
FOR class c = 1 to C
Compute H: from (4.6) .
Calculate the a pra'ori probability PC.
END FOR
Compute 31' from (4.7)
Determine AIiusing (4.14) .
END FOR
Compute I = l*AIi.
Set i = i + l .
Compute 31 from (4.15) .
END DO UNTIL abs(?i0ld - H) is larger than certain prespecified
constant
I stores the importance of all the features.
Fig. 4.3: The proposed algorithm to determine the importance of input features using the rough-fuzzy entropy. The input to the algorithm is the set
of training patterns and the output of the algorithm is the importance of the
features. The term abs(x) represents the absolute value of x.

Table 4.1: Importance of features against the number of iterations for the
data set shown in Fig. 4.4.
No. of
Importance Importance
iterations of x 1
of 22

1

I

1

I

1.oooo

/

1.0000

For the first experiment we use the 2-Class data set shown in Fig. 4.4. The data is
discrete. The number of inputs is 120, and the dimension of each input is two. In the
data set, some patterns from the class C1 and C2are present with the same x1 value.
Hence the classes are indistinguishable based on

X I . It

creates rough uncertainty. On the

other hand, the feature 22 is sufficient for classification. We used PKNN to determine the
possibilistic membership values of the inputs. Since the overlaps between the classes are
minimum, the generated memberships are almost crisp. The parameter PCof the PKNN
is made equal to the fraction of the number of training patterns in the cth class to the
total number of patterns. The importance of each feature is found by using

a!

= 0.5.

Fig. 4.5 shows the change of total rough-fuzzy entropy against the number of iterations.
The iterative process converged within 5 iterations. The importance of both the features
after each iteration are normalized. Otherwise after a certain number of iterations, the
importance will be so small that roundoff error will take place in digital computers. The
change of importance (normalized) is shown in Table 4.1. The final importance for xl
and

22

are 0 and 1, respectively. The final importance for xl (or x2) is obtained by

multiplying all the entries present in the first (second) column of Table 4.1. The value of
final importance indicates that the feature x l is redundant and the feature x2 is essential.
It tallies with our visual observation also.
The next experiment is on the data set of a 2-class problem. The number of inputs
is 140, and the dimension of each input is 2 (see Fig. 4.6). The features are all discrete.
In this problem the output classes are indistinguishable with respect to the feature

XI.

The classes are quite separable with respect to the feature xl. Unlike the data set shown
in Fig. 4.4, here the output classes are overlapping to some extent. The possibilistic
membership values are determined using the PKNN. The importance of each feature is

Fig. 4.4: Artificially generated input data set for the first experiment. The
horizontal and vertical axes represent the feature xl and x2, respectively. The
points with the symbols '+' and '.' represent the patterns from the classes
C1and C2,respectively. The classes are indistinguishable with respect to the
feature X I . But the classes are distinguishable with respect to the feature 22.

No.01 itetaticns

Fig. 4.5: Change of total rough-fuzzy entropy with the number of iterations
for the data set shown in Fig. 4.4.
found by using a = 0.5. Fig. 4.7 shows the change of total rough-fuzzy entropy against the
number of iterations. The iterative process converges within 25 iterations. The change
of importance after each iteration is shown in Table. 4.2. The final importance of the
features xl and xz are 0.0511 and 1.0000, respectively. It implies that the feature
not an important feature.

XI

is

Next we apply the proposed method on the opening bid problem. We initially collected
a set of patterns with class labels corresponding to first level bids. The crisp membership
value corresponding to each pat tern is known. The possibilistic membership of each input
pattern is determined by using the PKNN algorithm. In the PKNN, PCis taken as the
fraction of the number of training patterns in the cth class to the total number of patterns.
The importance of each feature is found by using a = 0.7. Instead of a = 0.5, we have
kept cu = 0.7 so that the calculation becomes slightly optimistic. The iterative process
was continued for 25 iterations. The value of rough-fuzzy entropy against the number
of iterations is shown in Fig. 4.8. The ranking of the features, as given by the proposed
method, in a decreasing order is: UA, OK, /A, UA, OA, 4 Q , 4 K , 4 9 , OK, 0 7 , OQ,
O 9 , 4 T , 4 2 , 0 5 , U4,/5, . . . , 03, 4T, . . . , 08,/8,04,)2 (here 'T"represents 10). It
implies that for the first level bids, Ace, King, Queen, Jack cards are more important,
which is also as per the notion of Bridge players. Thereafter, we took "TrainingSetl"

Fig. 4.6: Input data set for the second experiment. The horizontal and
vertical axes represent the features x l and
the symbols

22, respectively.

The points with

'+' and '.' represent the patterns from the classes Cland C2,

respectively. The classes are indistinguishable with respect to the feature

XI.

But the classes are distinguishable with respect to the feature x2.
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Fig. 4.7: Change of total rough-fuzzy entropy with the number of iterations
for the data set shown in Fig. 4.6.

Table 4.2: Importance of features against the number of iterations for the
data set shown in Fig. 4.6.

pImportance
of

XI

Importance
of

x2

Table 4.3: Classification performance of FFNNs with BP algorithm for the

first level bids.
Pass
Input

1C

1D

1S

1H

1N

Overall

Raw

85.12% 66.83% 63.13% 71.82% 77.16% 64.52% 71.43%

Modified

85.82% 69.94% 72.13% 70.01% 78.25% 69.92% 74.34%

to train to train a three layered FFNN by backpropagation algorithm. This is the same
training set that we used in chapter 3 to train the FFNNs for first level bids. Each
component of a pattern of this set is multiplied by the corresponding importance. The
number of input nodes, hidden nodes and output nodes are 52, 50 and 6, respectively. We
used the set "TestSetl" for testing. While testing also we use the modified representation
for the test patterns. The class corresponding to a test pattern is chosen as the label
corresponding to the output node with the highest output. With the original input
representation, the network takes 2000 iterations to converge, whereas with the modified
representation the same network takes 1650 iterations to converge, which is significantly
better. Overall classification performance on the same test set with the original (raw)
and modified representation are given in the first and second rows of Table 4.3.
Similarly the proposed method is used for the bids of second and third levels. The
training sets "TrainingSet2" and "TrainingSet2" are again considered to train the modules
for the second and third level bids, respectively. The importance are used to weight the
patterns of the training sets. These weighted patterns are used to train FFNNs with BP
algorithm. The FFNN for the second level bids has 52 input nodes, 50 hidden nodes
and 5 output nodes. The FFNN for the third level bids has 52 input nodes, 50 hidden
nodes and 4 output nodes. The classification results for the second and third level bids
on "TestSet2" and "TestSet2" are given in the second row of Table 4.4 and 4.5. The first
row of Table 4.4 and 4.5 show the classification results when the original input (raw)
is fed to the network. The comparative results show a significant improvement of the
classification results.
4.5

Summary

This chapter proposes a filter-type feature weighting method. Since the class discriminatory property of all the cards are not same to classify an input hand, the representation
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Fig. 4.8: Change of total rough-fuzzy entropy for the data set with first level
bids.

Table 4.4: Classification performance of FFNNs with BP algorithm for the
second level bids.
Input
2C

I

1

Raw
Modified

1

2D

1

2s

I

2H

(

2N

I Overall 1

61.04% 75.71% 77.56% 72.33% 74.34% 72.19%
67.45% 76.88% 78.19% 75.43% 74.98% 74.59%

Table 4.5: Classification performance of FFNNs with BP algorithm for the
third level bids.
Input
3C
3D
3s
3H
Overall

I
1
I
I
I
I
1
I Raw 1 75.17% 177.28% 83.54% 0' 84.97% 0' 80.24% 1
I Modified 1 85.14% 1 79.43% 0' 82.46% 0' 85.11% I 83.03% I

of each input pattern should be biased based on the importance of each card. This necessitates a way to measure the importance of each card, i.e., each feature, individually.
A filter type approach, which does not depend on the classifier being used, is employed.
As a criterion function, rough-fuzzy entropy is used. The criterion function is optimized
iteratively. To determine the fuzzy membership values of the training patterns, other
than the PKNN algorithm we could have used other fuzzy classifiers that do not need any
a prion' information about the structure of the data.

For different values of a and

P

we get some interesting results. For example, if

1
a = 0 or P = 0 in (4.9) and ( 4 - l l ) , then PR~(C.)(X,)
=p~(~=)(X
=i i)q

pcC(x)

VX E X,. R o m Equation (C.2) in Appendix-C, it can be observed that
CxEXi
pcC(x)
is equal to the rough-fuzzy membership function of x for the output class C,. Therefore,

the rough-fuzzy entropy in Equation (4.6) is equal to the rough-fuzzy entropy proposed
in [SY] [SY98d]. In the absence of roughness, each input will be labelled always with
unique class label. In this case, if there is no repeatation of any input, then the number of equivalence classes will be equal t o the number of input d a t a and pg.(cC)
(Xi) =
~ R ( ~ ~ )=( pcC(xi).
X ~ ) Thus, the rough-fuzzy entropy for the cth class and the s t h feature
becomes

I t is explicitly the fuzzy entropy proposed for feature selection in [PC861 [Pa192]. If no
fuzziness but roughness is present, then pBd(cc) (Xi) is actually the rough membership
function for any pattern x E Xi (see Equation (B.l) in Appendix B). Then the proposed rough-fuzzy entropy can be compared with the definition of rough entropy given
in [PWZ88] and [SY].
The advantages of the proposed method are
1. I t exploits roughness and fuzziness simultaneously.

2. I t is moderately fast.
3. If we seek to find the importance of the features in terms of intervals, then we

have t o run the algorithm twice with p, =pE(cc)(Xi) and pi= pK(c,)(Xi). The
importance of the sth feature is an interval [u, v], where u and v are the importance
with pa (cC)
(Xi) and

(Xi), respectively. Appropriate point in the interval

can be chosen based on the given problem. Instead of an interval, by taking a
specific value as an importance of the feature, we lose some information. In this

chapter we have adopted a specific value as an importance as processing of the
interval may be complicated in the next stages.
4. For feature selection, a threshold value can be chosen for the importance. All
features with importance lesser than this threshold value will be ignored.

5 . It does not depend on the type of the classifier used in the feature analysis stage.
It does not need significant domain dependent knowledge.
The drawback of the method is that the resultant importance may not be globally optimum.
For the sth module, the derivation of the modified feature vectors using the proposed
method is a mapping from an N dimensional discrete space to an N dimensional continuous space. For the sth module, we need to find the relation from the continuous N
dimensional space to n, dimensional continuous space (assuming that the sth module
has n, output classes). In the next two chapters we propose two alternative schemes to
capture this relation.

Chapter 5

DESIGN OF CLASSIFIER MODULES
THROUGH DIRECT CLASSIFICATION
5.1

Introduction

In this chapter an attempt has been made to build a module using direct classification
techniques. The aim is to capture the relationship between the modified feature vectors
and the fuzzy output classes of the module. For each module, this chapter proposes FFNNs
with the BP learning algorithm that minimizes certain fuzzy objective functions from
possibilistic classification viewpoint. After training, if a new input pattern is presented
to the network, it yields the outputs as class membership values corresponding to the
input pattern. The classification performance of the FFNNs can be improved further if
the networks are configured optimally. To configure the FFNNs, the BP algorithm with
the fuzzy objective functions is embedded into a stochastic search operation.
When the output classes are fuzzy, an input pattern may not necessarily belong to
a single class; rather it may belong to more than one class with different degrees of
belongingness. The conventional BP learning algorithm is not tailored to this type of
fuzzy classification problem. Section 5.2 makes an FFNN powerful by proposing a method
to embed fuzzy classification properties into the conventional BP learning algorithm. In
section 5.3 we use evolutiona y programming (EP), a multipoint, controlled, stochastic
search and optimization technique, for finding the optimal configuration of the FFNN.
Training and configuring the FRNN involves local as well as global search in the parameter
space. EP is good for global search, whereas it is slow for local search. Although gradientbased search techniques like BP algorithms are quite fast for local search, they may get
stuck in local minima while exploring a search space globally. We combine the BP and EP,
and exploit the advantages of both. Efficiency of this hybrid method is further enhanced
by incorporating the concepts of adaptive structural mutation.

5.2

Feedforward N e u r a l Network Classifiers: B a c k p r o p a g a t i o n Learning Algorithm w i t h Fuzzy Objective Functions

A major drawback of the conventional BP algorithm is that it assigns each input pattern
exactly to one of the output classes, assuming well-defined class boundaries. In real life
situations boundaries between the classes may be overlapping. This section proposes a
met hod of incorporating fuzzy classification properties into the conventional B P learning
algorithm. In the opening bid problem, the inputs are modified feature vectors (crisp)
and the output classes are fuzzy. An input pattern may not necessarily belong to a single
class; rather it may belong to more than one class with different degrees of belongingness.
Unlike the conventional BP, here the number of target classes corresponding to each input
training pattern may be more than one. The aim of the proposed learning algorithm
during training is to minimize an error term, henceforth termed as fuzzy mean square
error. The fuzzy mean square error is the overall weighted sum of the square error
between the actual network output and all possible target outputs, where the weight
signifies the level of belongingness of the input pattern into the corresponding target
class. If a modified feature vector is presented to the network after training, it yields the
output as class membership values corresponding to the input pattern. We also propose
another learning algorithm that tries to minimize an alternative error term, called fuzzy
cross entropy, which is a fuzzy counterpart of crisp cross entropy [Hay94]. Although the
learning algorithms for the fuzzy mean square error and fuzzy cross entropy differ, the
basic philosophy of introducing the concept of fuzzy classification into the crisp error
measure is same.
The sum of one's belief that a particular bid is from the class 1C or I D is not necessarily equal to one. Hence the proposed learning algorithm is derived in such a manner
that the sum total of the membership values for a particular pattern to all the classes
need not necessarily be equal to one. It implies that the membership assignment is not
constrained fuzzy [PB95]; on the other hand, it is possibilistic [PB95]. In the case of
constrained fuzzy membership assignment, we show that the learning algorithm, given by
Pal and Mitra [PM92], is equivalent to the proposed algorithm. In addition, when the
classification is crisp, the proposed learning algorithm reduces to the conventional B P algorithm. Thus, the possibilistic approach of the proposed algorithm leads it to encompass
'

both constrained fuzzy classification and crisp classification.

sth Module

Fig. 5.1: A typical fully connected feedforward neural network with two input
nodes, three hidden nodes and two output nodes.
5.2.1

Architecture of Feedforward Neural Networks

Let the training set in a C-class problem consists of vector pairs {(y 1, zl), (y2,z2),. . . ,
(yn,zn)), where y, E R N refers to the uth modified feature vector and z, E {t,l c =
1 , 2 ,. . . , C; t, E 9Ic) refers to the target output of the network corresponding t o this input.
Specifically, if y, is from the kth class, then z, = tk,where tkk= 1 and td = 0 Qc, c

# k.

The network used here is a multilayer feedforward network, which can have several
hidden layers. Without loss of generality, the number of the hidden layers can be assumed
to be one with H hidden nodes. When a modified feature vector y, = [yul,yu2,. . . , yuN]
is applied a t the input layer of the network, the input units distribute the values to the
hidden layer units. The output of the j t h hidden unit is okj= f)(netkj) =

1

l+exp(-nn:,),

N

where netkj =

C w:,yUi+8:.

w
,: is the weight of the link from the ith input node to the j t h

i=l

hidden node. Here, 8: and f) are the bias term and transfer function of the j t h hidden
node. Similarly, the output of the kth output node is o,:
where net:,

=C;=,

= f;(net:,)

=

1
l+,p(-ne,,k),

w&fT(net4) + 8;. The superscripts h and o refer t o the quantities in

the hidden and output layers, respectively (see Fig. 5.1).

5.2.2

Training of Feedforward Neural Networks

The adaptive parameters of FFNNs consist of all weights and bias terms. The sole purpose
of the training phase is to determine the optimum setting of the weights and bias terms

so as to minimize the difference between the network output and the target output. This
difference is referred to as training error of the network. The error measure can be fuzzy
mean square error, which is a fuzzy counterpart of the mean square error [Hay941 used in
the conventional B P algorithm.
In the conventional BP algorithm, the mean square error for the uth input pattern is
C

defined as Eu =

k,l(tuk

- o:,)~. The use of Eu as an error term is justified when each

input pattern belongs to only one class. But, in fuzzy classification the input pattern
may belong to more than one class with different degrees of belongingness. It implies
that the target value of an input pattern may be more than one. In other words, each
input pattern can have all possible target values with different membership values (certain
membership values may be zero also). Through training, the network attempts to reach
those target values weighted by different membership values. In other words, the problem
of training can also be conceptually viewed as a fuzzy constraint satisfaction problem.
Here the constraint is that each input pattern should belong to a particular class, and the
associated membership value signifies to what extent this constraint should be satisfied. In
the training phase, the proposed network adapts the parameters so that these constraints
are resolved optimally. For the uth input pattern the constraints can be mathematically
expressed as the fuzzy mean square error. It is defined as

Here the index of p , i.e., q E [0, oo) controls the amount of fuzziness present in the
classification. Different values of q signifies to what extent the constraints should be
satisfied. When q is equal to zero, each input pattern tries to attain all the target outputs
with equal importance, and ultimately the network learns the mean of all the class centers.
When q is greater than one, the constraints associated with the high membership values
get more importance to be resolved. When q tends to be infinity, only the input pattern
that belongs to a class completely, i.e., with membership one, is learned. T h a t means, at

<

oo and 0 5 pc(yu) 1 Vc, E,f is equivalent to the conventional mean square error
Eu. Specifically, the larger the value of q is in [0, CQ), the less fuzzier are the membership

q

assignments. As a consequence, E,f decreases strictly towards zero as q increases in [ I , oo)
for 0 < pc(yu) < 1 VC.
Lemma 5.1: E,f i s a monotonically decreasing function for 0

Q E [ll 4 .

< pc(yu) < 1 Vc and

Proof. Differentiating &,f with respect to q we get

With the usual convention that x ln(x) = 0 if x = 0, we have [pc(yu)ln(pc(yu))] 5 0 and
[pz-l (Y.) (tck-o;k)2] >_ 0 Vc, k. Both the inequalities being strict whenever 0

Hence, when 0 < pc(yu) < 1,
form [I, b] with 1 < b.

< pc(y,) < 1.

strictly decreases [Bez81] on every finite interval of the

On the other hand, when q is less than 1, the constraints associated with the high
membership values get less importance to be resolved. Thus, q controls the extent of the
membership sharing between the fuzzy classes. This can be good; on the other hand, one
must choose q to actually implement it. In our work q is assumed to be one. The role
of q is quite similar to the index of fuzziness in the concentration and dilation operators
(found in fuzzy hedge) [KF93], and the index of fuzziness in fuzzy K-means clustering
algorithm [Bez81].
Next, we derive the learning laws for the network following the same method as
followed in the conventional BP algorithm [Hay94]. Here, we assume that the weight
updating Aw takes place after the presentation of each input pattern. Assuming the use
of same learning-rate parameter 7 for all the weight changes made in the network, the
change of weights for wkj and wj; are calculated in accordance t o the gradient-descent
rules: A w b = - 7 +a- ~ fand Aw:, =
&kj
-7%.
Lemma 5.2:

A

W

=
~ 7 6 ~ and
~ 4AW;:~

otk(1- oEk) and 6tj =f:(nettj)
Proof. The expression for

= 76tjyui where 6tk= pi(yu) -

Cf=,6Ekwij.

& can be derived as

C

I

c p!(y,)o~~
c=l

Since tkk= 1 and td = 0 Vc

# k,

Therefore,

where

'Ek

=

I

P~(YU)

C

-

C P:(YU)~;~
c= 1

Again, the expression for

I

0Ek(1 - oEk).

% can be found as follows:
h j i

Following the steps involved in deriving Equation (5.8) from Equation (5.5), we can write

Hence,

Finally we can state

where btj = /)(nettj)

cF=~6Ekwe.

Therefore,

Now, we generalize the other error measure, i.e., cross entropy. For the uth input
pattern, the cross entropy is defined as

Since tuk is either zero or one, we can rewrite the above definition as
C

Following the same logic, as we used to justify the use of the fuzzy mean square error in
the place of mean square error, we can generalize 31, to its fuzzy counterpart, called fuzzy
cross entropy. The fuzzy cross entropy is defined as

It is trivial to show that for 0 5 pc(yu) 5 1, 31; reduces to 31, at q z oo. Here, q controls
the amount of fuzziness in a similar way as it does in Equation (5.1). Consequently, like
Lemma 5.1, 3tf decreases strictly to zero as q increases in [I, oo) for 0 < pc(yu) < 1 Vc.

Lemma 5.3: 3tf is a monotonically decreasing function for q E [I, oo) and 0 < pc(yu) <
1 vc.

Proof. For q > 1,

With the usual convention that xln(x) = 0 if x = 0, we have pc(yu)ln(pc(yu)) 5 0 and
(-tck ln(otk) - (1 - tck)ln(1 - o&)) 2 0 Vc, k. It implies, 31; decreases monotonically in
q E [ I , oo). First inequality becomes strict when 0 < pC(yu)< 1. For the fuzzy cross
entropy to be a well-defined criterion, we must have the additional constraint 0 < oEk < 1
on the outputs of the neural networks. Therefore, 31; can be zero only when tck is equal
to zero and one, simultaneously; which is impossible. Therefore, when 0 < pc(yu) < 1,

31; decreases monotonically in a strict manner on every finite interval of the form [I, b]
withl<b.
Lemma 5.4:

ax;

C

(5.23-a)

C
ax; nwh.
= 7'
' awfi - 7f(netkj)iiui k=
C [P;(Y.)
1

Proof. To find

$,

c= 1

C

1

- C=1pz(yu)o:k

1

we differentiate Equation (5.21) with respect to

wij

(5.23-b)

wb.

Using the identity (5.14),

ax;
-=-[
awe,

The value of

Y

% can be calculated as

ax;

c

-

C

c=1

l

h
ouj

C

k=l c=l

h(net:k)w~i;"(net$)y~i

(3.28)

Applying the identity (5.14),

Therefore, by introducing the fuzzy concepts in the usual BP error measures, we can
obtain a large class of learning equations. Although the exact formulation of the learning

equations for the fuzzy mean square error and fuzzy cross entropy differ, the underlying
concept of introduction of fuzziness into the usual error measures is same.
To make the learning faster, the learning rate can be increased or decreased dynamically as the learning algorithm progresses. In addition, momentum term can be used for
faster learning.
Now, we illustrate the following particular cases of the proposed learning algorithms.
I . Crisp classification: In the case of crisp classification only one component of
p:(yu) Vc = 1 , . . . , C is one and the remaining components are zero. Thus, the
expression for EL reduces to the following expression:
i c c

which is the mean square error term found in the conventional B P algorithm. Consequently, in a crisp case the learning equations based on the mean square error
and fuzzy mean square error become identical. It can be verified easily by makicg
the membership assignments in Equation (5.18-a) and (5.18-b) crisp.
Similarly, in the case of crisp classification, the fuzzy cross entropy reduces to the
conventional cross entropy, and consequently, the learning equations for the cross
entropy and fuzzy cross entropy become same.
2. Constrained fuzzy classification: When C p c ( y u ) = 1 Vu and q = 1, the
C

learning equations (5.18-a) and (5.18-b) achieve simpler forms as follows:

where d,: = [W(Y.) - otk]otk(l-o:~) and btj = f:(net:j)

L

C d:,wij.

This particu-

k=l

lar version of the proposed algorithm is available as the learning algorithm proposed
by Pal et al. in [PM92]. Note that we are not considering Pal et al.'s algorithm
with fuzzy linguistic inputs; rather we are considering it with crisp inputs.
For Ccpc(y,) = 1 Vu and q = 1, the learning equations (5.23-a) and (5.23-b) can
be simplified to

This particular case of the learning algorithm is derivable from a variant of Pal et

+

al.'s cross entropy [PM92], i .e., '+l,Pa' = (pk(yu) ln(otk) (1 - pk (yu)) ln(1 - o;,)).
This result is quite obvious as the definition of the fuzzy cross entropy reduces to
Pal et al.'s cross entropy when q = 1 and C c p c ( y u )= 1 Vu. This claim can be
proved from the following Lemma.
Lemma 5.5: 'H,f = X,pa' when C c p c ( y u )= 1 Vu and q = 1
Proof. When q = 1 and

c:=,pc(yu) = 1,

Since tkk= 1 and tck = 0 Vc

# k,

+ C~=llc,k
pc(yu) = 1, and hence,

In the case of constrained fuzzy approach, pk(xU)

Thus, being possibilistic in nature, the proposed algorithm encapsulates various BP
algorithms based on crisp as well as constrained fuzzy classification.
5.2.3

Testing of Feedforward Neural Networks

The network learns the fuzzy boundaries between the classes after training. Ln this stage,
a separate set of test patterns is given as the inputs to the network. Generated outputs
are the class membership values corresponding to the test inputs.
Note that, the network with the proposed learning algorithm is a universal approximator [HSW89].

5.2.4

Results and Discussion

We employed the BP learning algorithms with the fuzzy mean square error (or fuzzy cross
entropy) to train FFNNs for first, second and third level bids. The inputs are modified
feature vectors. The number of input nodes for all the FFNNs are 52. The number
of hidden nodes for all the FFNNs are chosen as 50. We have chosen the number of
hidden nodes as 50 because we have observed in chapter 3 that the performance of the
networks is good with.50 hidden nodes. The value of q is chosen as 1. The learning-rate is
adaptively changed in the following way: If the error decreases during training, then. the
learning-rate is increased by a predefined amount. In contrast, if the error increases, then
the learning-rate is decreased and the new weights and errors are discarded. As a result,
the error always decreases or stays as it is. The momentum is kept 0.5 throughout the
process. We adopted the strategy of picking the output node with the highest activation
value as the output class corresponding to an input.
For the first level bids, the FFNN has 6 output nodes. We used the same training
and test sets as we used in chapter 3 and 4 (i.e., "TrainingSet 1" and "TestSet 1"). While
using the fuzzy mean square error, the convergence was achieved within 1570 iterations
(Fig. 5.2Top). Using the fuzzy cross entropy, the network took 1400 iterations t o converge
(Fig. 5.2Bottom). The error values shown in Fig. 5.2Top and Bottom are the average of the
error values with five different network initializations. From these figures, it appears that
the convergence property of FFNNs with fuzzy cross entropy is slightly better than that
of fuzzy mean square error. In chapter 4, we found that FFNNs with crisp BP converge
within 1650 iterations. Therefore, the BP algorithm with fuzzy objective functions offers
slight improvement in the convergence property for the first level bids. In the first row
of Table 5.1, we have rewritten the classification performance of the conventional BP
algorithm with crisp mean square error (from Table 4.3). Classification efficiency of
the network with fuzzy objective functions is depicted in the second and third rows of
Table 5.1. In this table, we can observe the better classification performance of the BP
algorithm with fuzzy objective functions compared to the conventional B P algorithm.
This improvement takes place because the proposed method takes care of the fuzziness
involved in the classification from the possibilistic angle. The proposed algorithms can
find the fuzzy decision boundary more accurately as some input patterns (especially,
a t the borders or away from the classes) may not satisfy the condition Ccpc(%) = 1.
In Table 5.1, we can observe that the BP algorithm with the fuzzy mean square error is
showing marginally better results compared to the fuzzy cross entropy. Therefore, training

Table 5.1: Classification performance of FFNNs with the B P algorithm for
first level bids. The inputs are modified feature vectors. The symbols Obj. fn.,
cmse, fmse and fce imply objective function, crisp mean square error, fuzzy
mean square error and fuzzy cross entropy, respectively.
1D
Pass
1C
1s
1H
Obj. fn.

1

I

cmse
fmse
fce

II

1

Overall

1N

85.82% 69.94% 72.13% 70.01% 78.25% 69.92% 74.34%
77.14% 81.98% 71.03% 92.61% 59.33% 75.02% 76.18%

1 87.31%

II

I

I

I

I

I

I

I

1

1

I

1

I

1

1

I

1

1

71.74% 82.12% 87.33% 59.27%

I

1

1 65.04% 1 75.46%
I

1

Table 5.2: Classification performance of FFNNs with the B P algorithm for
second level bids. The inputs are modified feature vectors. The symbols Obj.
fn., cmse, fmse and fce imply objective function, crisp mean square error, fuzzy
mean square error and fuzzy cross entropy, respectively.
2N
2H
2D
2C
2S
Obj. fn.
cmse
fmse
4

fce

67.45% 76.88% 78.19% 75.43% 74.98%

Overall
74.59%

71.01% 77.23% 78.57% 81.12% 74.17% 76.42%

1 80.23% 1 75.72% 1 67.43% 1 80.55%

76.02%

1 75.99% 1

an FFNN with the fuzzy cross entropy may be easier compared to the FFNN with the
fuzzy mean square error (Fig. 5.2); but the generalization capability of the FFNN with
the fuzzy mean square error is better than the FFNN with the fuzzy cross entropy.
In a similar manner, the proposed method trains an FFNN for the second level bids
using "TrainingSet2". The inputs to the networks are the modified feature vectors. This
network has 5 output nodes. The FFNN for the third level bids was trained by "Training
Setl" and tested on "TestSet3". This network has 4 output nodes. The classification
performance of these two FFNNs are given in Table 5.2 and 5.3. These tables show the
improvements in the classification results of the proposed method compared t o the BP
algorithm with crisp objective functions. Note that FFNNs with the fuzzy mean square
error are consistently performing better than FFNNs with the fuzzy cross entropy.

No. ol ilefatims

Fig. 5.2: Top: No. of iterations vs. fuzzy mean square error of an FFNN.

Bottom: No. of iterations vs. fuzzy cross entropy of an FFNN. In both the
cases, the FFNN has fifty-two input nodes, fifty hidden nodes and six output
nodes. All training patterns are from first level bids.

Table 5.3: ~lassification>erformance of FFNNs with the B P algorithm for
third level bids. The inputs are modified feature vectors. The symbols Obj.
fn., cmse, fmse and fce imply objective function, crisp mean square error, fuzzy

mean square error and fuzzy cross entropy, respectively.
3D
Obj. fn.
3C
3S
3H

(
5.3

cmse
fmse
fce

Overall

85.14% 79.43% 82.46% 85.11% 83.03%

11

90.11% 84.51% 88.23% 86.15% 87.25% 1
87.12% 87.36% 86.73% 82.66% 85.96%

1

1

1

1

1

Configuration of Feedforward N e u r a l N e t w o r k s Using E v o l u t i o n a r y
P r o g r a m m i n g - B a s e d H y b r i d Technique

Use of FFNNs with fuzzy objective functions improves the classification performance of
the modules. But the training process may be slow or in some cases it may halt due to
the presence of local minima. Even if the network converges, the generalization capability
of the trained network may not be high because of the improper choice of the network
size. This section proposes a method to configure FFNNs in terms of optimum structure
and optimum parameter set so that the resultant network generalizes well. The proposed
method uses the BP algorithm with fuzzy objective functions as a local search operation.
In addition, it employs evolutionary programming (EP) technique as a global search
operation.
In many classification problems, it has been proved that learning in general, as well
as choosing an optimal network configuration, are NP complete [Man93]. The selection of
an appropriate number of hidden nodes and weights is so difficult because small number
of hidden nodes and weights may hamper convergence of the network on a training set;
on the other hand, large number of hidden nodes and weights may affect the generaliza-

tion [Hay941 capability of the network. Large size of a network affects the generalization
capability mainly in two ways. Firstly, the large size of a network may cause overfitting [Hay94], i.e., the network simply memorises the training patterns. Secondly, while
training a large network, all the weights may not get involved in the training process as
they balance each others effect on the output. Consequently, training error becomes low.
However, such free weights may result in a large variation of the classification efficiency
for different test sets [Sus92]. Other than the generalization issue, smaller networks are

better because they are usually faster and cheaper to build. Moreover, the operation of
smaller networks is easier to understand where users need to know how the system works.
But it not is always true that the smaller a network is, the better is its generalization
capability. It is because, sometimes small networks may cause underfitting [Hay94] of
the data. In addition, there may exist certain networks of optimum size just complex
enough t o generalize the data but very sensitive to the initial conditions [Ree93]. These
two problems, i.e., underfitting and sensitiveness to the initial condition, may result in a
low classification rate on the test sets, and thus these networks, although they are small,
are not useful.
In order t o have an optimal network architecture, we need an objective function and
an advanced search and optimization method. The search method should necessarily look
for the following:
1. How to determine the optimum number of hidden nodes of the network after avoid-

ing locally optimal solutions.
2. How t o determine the optimum set of weights and bias of the network after avoiding

locally optimal solutions.
3. How t o make the network configuration to be less sensitive t o the initial choice of
the weights and bias values.
4. How t o reduce the configuration time.
In light of these requirements we can formulate an objective function, whose minimization will generate an optimum network configuration that generalizes well. The choice of
the objective function should be such that minimization of it should not lead to memorisation of the input patterns. One such objective function in neural networks training can
be the fuzzy mean square error or fuzzy cross entropy on a validation set. The validation
set consists of a set of input-output pairs which do not occur in the training set.
A potential candidate for the optimization method is gradient descent algorithms [Hay94]. The advantages of the gradient descent algorithm are: (a) It uses the
local information in an efficient way resulting in better accuracy, provided it does not get
stuck in local optima or saddle points, and (b) it is quite fast to find the local optima or
saddle points. The disadvantages of this method are: (a) It may stagnate at certain potentially suboptimal solutions, rendering the network incapable of sufficient performance,
(b) it is sensitive to the initial values of the weights and bias, and (c) it.cannot be used
when the objective function is not differentiable at certain points. Another candidate for

the optimization process is EP [FOW66] [Fogglb] [Fog95], which is a stochastic search
and optimization technique. EP optimizes the objective function by using a controlled
stochastic search, and it performs the search parallely from more than one point. In other
words, while searching for the global minimum, this technique explores many paths simultaneously. Certain search paths may be less promising at the initial stage, whereas due to
the random perturbation of the search parameters these search paths may become highly
promising after some time. In the EP-based approach, these less promising solutions are
kept along with highly promising solutions, hoping that they would lead new search paths
towards the global minima after some time. These new paths enable the search process
to avoid locally optimal solutions. Also, by adding or deleting hidden nodes or by small
perturbation of the weights and bias terms, the search operation may jump over local
minima. Due to these two reasons, EP can avoid a locally minimal solution, whereas the
gradient-based approach cannot. In EP-based approach more than one solution is generated initially, and the solutions are repeatedly adapted by adding and deleting the hidden
nodes, or by small perturbation of the weights or bias values. Thus the problem of proper
initialization of the weights and bias values is also reduced. However, EP can suffer from
extremely slow convergence before arriving at the correct solution. It is because EP does
not exploit available local information [RF96]. Therefore, a clever approach is to go for
a trade off where merits of both the methods, i.e., speed, accuracy, reliability and fast
computation can be achieved. EP is good for exploration in the search space, whereas the
BP is good for exploitation. Inspired by biology and especially by the manner in which
living beings adapt themselves to their environment, the hybrid method adopted in this
section involves two interwoven levels of optimization, namely evolution (EP) and individual learning (BP), which co-operate in a global process of optimization. The evolution
of individuals are carried out to minimize certain global objective function. The global
objective function is the fuzzy mean square error or fuzzy cross entropy on a validation
set. The local search method, i.e., minimization of the fuzzy mean square error or fuzzy
cross entropy on a training set, is used to guide the global search method [PIL96].
By fusing gradient descent and evolutionary algorithm, the search method becomes
faster than a pure evolutionary approach. However there is a further scope to accelerate
the proposed method by accelerating EP. Although EP is based on random search, it
is not totally random - rather it is a controlled random search. This control action is
provided by certain mutation parameters. The proper choice of mutation parameters
has a profound impact on the convergence and performance of the proposed method. In
accordance with this requirement, another issue that is addressed in this section is the

dynamic adaptation of the mutation parameters.

5.3.1

E v o l u t i o n a r y P r o g r a m m i n g in Network Configuration

While designing a feedforward network for a particular problem, the aim is to find the
optimum number of hidden nodes and a set of optimum parameters. Formally, it can be
written as a problem of finding the global maxima of the following function:

where y represents a modified feature vector with dimension N, 8 consists of weights and
bias terms, and G(y,8) signifies how good the network for the particular classification
problem is. In the proposed method,

4 is maximised such that EP is able to find the

optimum value of 8 as well as the optimum value for the dimension of 8.
The above idea to configure a network is implemented through the following sequence
of events (Fig. 5.3). Initially, EP creates a population of networks. EP initializes the
population with fully connected networks of randomly (uniform distribution) generated
hidden nodes. Thus, v such networks are formed with each network having any number
of hidden nodes between one to some prespecified positive integer. The number of hidden
nodes in each network is determined randomly from a uniform distribution. These networks are called parents. Each parent network is trained for a fixed number of iterations
using the BP algorithm with the fuzzy mean square error or fuzzy cross entropy. Fitness
value (a measure to indicate how good the network is for the given classification task) of
each parent network is measured. Each parent is now allowed to create an offspring. Thus,
v offspring networks are generated. The method to create the offspring is described in

the next section. Each offspring network is trained for a fixed number of iterations using
the BP algorithm with the fuzzy mean square error or fuzzy cross entropy. The fitness
value of each offspring network is measured. Thus 2v networks, comprising of parents as
well as offsprings, are generated. Next in the competition phase, pairwise comparison of

fitness values of all the networks (parents as well as offsprings) are conducted. For each
solution, the algorithm chooses 10 randomly selected opponents from all the parents and
offsprings with uniform probability. In each comparison, if the conditioned network offers
as good performance as the randomly selected opponent, it receives a win [Fog95]. Based
on the wins, networks scoring in the top 50% are designated as parents. -411 the networks,
other than the parents, are discarded. Again, these parents create offsprings, and thus,
the whole procedure is continued until the number of generations becomes greater than

some prespecified constant. Finally, the network with the highest fitness is considered as
the desired network.
It is to be noted that while embedding the BP algorithm in the E P paradigm, we
have employed Lamarckian principle [RF96]. In this case the properties learned by the
individuals are transferred to the next generation. The life of each individual spans the
number of iterations used in the B P algorithm.
5.3.2
5.3.2.1

Implementat ion Issues
Fitness function

Fitness value of a network decides how good it is in the competition phase. Specifically, a
network with higher fitness value has higher chance of survival and vice versa. The fitness
function of a network is
1

where E is equal to either

CuE,f

or

xu7-l: on a validation set.

It is important to note

xu

that although XuE,f or
3 ~ , fis differentiable with respect to the connection weights,
it is nondifferentiable with respect to the number of hidden nodes. Thus, gradient-based
optimization methods cannot be applied here to determine the optimal number of hidden
nodes.
An alternative fitness function could be the inverse of Akaike's information criterion
(AIC) [Aka741 [Foggla] [BZ95] or network information criterion (NIC) ['IMYA94]. Since
the AIC (or NIC) value is supposed to be used only after the network is completely
evolved, AIC (or NIC) value calculated from a network which is not evolved completely
may not reflect the generalization capability of the network at the current generation.
In order to generate offsprings, the following steps are needed:
5.3.2.2 Replication of parents

In our work, each parent is typically represented combinedly by the number of hidden
layers, number of input, output and hidden nodes, set of weight values and set of bias
values. Since the number of hidden layers is one, and the number of input and output
nodes are fixed, a network is actually represented by the number of hidden nodes, weight
values and bias values. In this step, these values are copied from the parent to generate
a new offspring.

Randomly generate a population of v networks ( c a l l them
parents) .
FOR each parent
Train t h e parent network f o r a f i x e d number of i t e r a t i o n s
by t h e BP algorithm with fuzzy o b j e c t i v e f u n c t i o n s .
Find t h e f i t n e s s value of t h e parent network.
END FOR

WHILE ( t h e number of generations is l e s s than a s p e c i f i c number
o r t h e f i t n e s s of t h e b e s t parent i s l e s s than a s p e c i f i c value)
FOR each parent network
Create an o f f s p r i n g of t h e parent network.
Train t h e o f f s p r i n g network f o r a f i x e d number of
i t e r a t i o n s by t h e BP algorithm with fuzzy o b j e c t i v e
functions.
Find t h e f i t n e s s value of t h e o f f s p r i n g network.
END FOR

Competition starts among a l l parent and o f f s p r i n g networks
based on t h e f i t n e s s values.
Survival of t h e f i t t e s t networks ( c a l l them p a r e n t s ) .
END WHILE

.

The p a r e n t networkwith t h e highest f i t n e s s i s considered a s t h e
d e s i r e d network.

Fig. 5.3: Configuration of feedforward neural networks using evolutionary
programming.

5.3.2.3

Mutation

The aim of creating offsprings is to minimize the global objective function. Basically
creation of an offspring is searching one step forward or backward in the search space.
But the length of a step size and the corresponding step direction are unknown. The
step size cannot be too big as well as too small, because it may result the search process
to jump over the global minimum or to take long time to reach the global minimum. It
necessitates the use of mutation operators to decide the stepsize and step direction of
the search method probabilis tically. The nondeterminism associated with the selection
of step size and step direction enables the search process to avoid local minima. To
search an optimum set of weights and bias terms, we encounter local minima which we
call parametric local minima, and to find an optimum number of hidden nodes we come
across local minima which we call structural local minima. Parametric locaI minima and
structural local minima are alleviated by parametric mutation and structural mutation,
respectively.
In the parametric mutation, each weight w is perturbed using a Gaussian noise. Hence,
w=w

+ N ( 0 , T). The mutation step size N ( 0 , T) is a Gaussian random number with

mean 0 and variance T . The intensity of the parametric mutation should be high when
the fitness vaIue of the parent is low and vice versa. It can be accomplished if we consider

T of a particular network as its temperature, and define it as

T = aU(0,l)

minimum fitness
fitness of the network

1

where U ( 0 , l ) is a uniform random number over the interval [0, 11 and a is a constant
(0 5 a

5 1). Obviously, the range of T lies in between 0 and 1. This temperature in fact

determines how dose the network is to the solution for the task [ASP94], and the amount
of the parametric mutation is controlled depending on that. Like simulated annealing, the
temperature is used to anneal the mutation parameters. Initially when the temperature
is high, the mutation parameters are annealed quickly like coarse grains, and a t low temperature they are annealed slowly like fine grains. Large mutations are needed to escape
parametric local minima; but many times large mutations adversely affect the offspring's
ability to perform better than its parent [ASP94]. Hence, to lessen the frequency of large
parametric mutations, we have multiplied right hand side of Equation (5.42) by d ( 0 , l ) .
In Equation (5.42) we need to know the minimum value of the fitness function. The
maximum value of

~f

is 0.5nC2. Therefore, from Equation (5.41), the minimum fitness

corresponding to

Ef is
1

Gmin

=A
2

0.5C n
Similarly, the minimum fitness corresponding to 'Hf is kin
= nC:ln2.
In the proposed method, the structural mutation is used to obtain an optimum number
of hidden nodes after avoiding structural local minima. Using the structural mutation,
hidden nodes are added or deleted during the creation of offsprings. Determination of
the optimum number of hidden nodes can be considered as a search problem in a structure space where each point represents a particular network. If some performance index
like fuzzy mean square error on the validation set is assigned to each network, then the
performance levels of all possible networks form a surface in the structure space. Thus,
determination of the optimum number of hidden nodes is equivalent to finding the lowest
point on this surface. However this search operation becomes complicated as the surface
has the following typical characteristics [Yao93] [MTH89]:
1. The surface is very large since the number of possible networks can be very high.
2. The surface is nondifferentiable as the number of hidden nodes and weights are

discrete.
3. The surface is multimodal as performance of two networks with different number
of hidden nodes and weights may be same.
Due to the structural mutation, sometimes one hidden node is added or deleted during
the creation of offsprings. The specific instants of hidden node addition or deletion in a
network depend upon the probability of the structural mutation, which further depends on
the fitness of the network. The hidden node, which is added to or deleted from the network,
is selected randomly (uniformly). The amount of structural mutation depends on the
probability of the structural mutation (p,). Large value of p, makes E P a purely random
search algorithm, while some amount of mutation is needed to prevent the premature
convergence of E P to suboptimal solution [SP94]. Therefore, a scheme is adopted here to
change p, adaptively.
The value of p, is increased when the population tends to get stuck in local minima,
and it is decreased when the population is scattered in the solution space. Let the average
fitness value of the population and the maximum fitness value of the population be denoted
respectively. (G,, - Gav) is likely to be less for a population that has
by Gav and G,,
converged to an optimal solution than that for a population scattered in the solution

space [SP94]. It can be expressed as
1

Pm rn

Gmax

(5.44)

- Gav

In order to preserve the good solutions of the population, pm of a network with lower
fitness must be greater than p , of a network with higher fitness. It results in the following
relation:

rn (Gmax - G)

~m

(5.45)

Accommodating Equation (5.44) and (5.45) simultaneously, we can write

Pm = km

Gmax
Gmax

-G

- Gav

where km is a proportionality constant. F'rom this relation, it appears that for solutions
with subaverage fitness values, i.e.,

G < Gav, pm may assume value larger than 1. In order

to make pm for the subaverage solutions always less than or equal to one, the expression
for pm is modified as
P,

= km

Gmax
Gmax

-G

- Gav

= km

L Gav
if G < Gav
if G

(5.47-a)
(5.47-b)

To keep pm in [0, I], km should be less than or equal to 1. In fact, solutions with
fitness values less than or equal to

Gav should be disrupted completely. Hence, the value

of k , is taken as 0.5. This assignment always makes pm of the best network zero. But the
best network should also be allowed to undergo through the structural mutation process.
Obviously, the amount of mutation for the best network should be the lowest. This
observation modifies the above equations as

~m

= kml
= km

Gmax

Gmax

-G

- Gav

+ km2

L Gav
if G < Gav
if G

where k , ~and km2 are two constants. After this modification, pm for the above average
networks increases linearly from km2 to kml + km2.
In the above relations, we have considered the spread of the population through
(Q,,, - G); but we did not consider whether the members of the population are diverse
in the population space [LD95]. It may happen that the spread is high, but the diversity
is low (Fig. 5.4(a)) and vice versa (Fig. 5.4(b)). We indeed seek both spread and diversity

should be high (Fig. 5.4(c)). Higher spread allows the search to be carried out in a wider
space, and higher diversity allows uniform exploration in that space.
To take the diversity factor into account, p, should be high when the diversity is
low and vice versa. In order to measure the diversity of a population, the concept of
probabilistic entropy [Hay941 can be used over the fitness values. To measure the entropy,
the interval. [Gmi,, G,],

+

is divided into L subintervals [Gmin j D ,

2,

4min

+ ( j+ l ) D ] , where

j = 0,1,2, .., L - 1 and D = (Gm, - Gmi")/L. $j is defined as
where 4 is the number
of members of the population in the j t h interval and 2v is the size of the population (v
parents + v offsprings). With these introduced notations, the probabilistic entropy is
defined as

If the members are uniformly distributed, then E N attains the maximum value 1. On
the other hand, if all the members are grouped around a few values, the entropy value is
close to 0. So, we can write, pm oc (1 - E W ) where s is a weighing factor. Combining
this result with Equation (5.48-a and b), we can write

5.3.3

Results and Discussion

In section 5.2.4, we have already observed the classification performance of the B P algorithm with the proposed fuzzy objective functions. There we chose the number of hidden
nodes arbitrarily. In the following experiments we choose the number of hidden nodes
dynamically using the EP-based network configuration strategy. To configure the FFNN
for first level bids, "TrainingSetl" was used. We first generated randomly 25 FFNNs
(each with the number hidden nodes in between 1 and 100). In each generation, each parent network was trained for 100 iterations using the BP algorithm with the fuzzy mean
square error. The fitness value of each parent was determined by calculating the fuzzy
mean square error of the network for a validation set of size 200. For each parent, an
offspring was created. During the structural mutation, between 1 to 3 hidden nodes were
added or deleted at a time. The exact number of hidden node addition or deletion was
decided randomly. If more number of hidden nodes are added or deleted, the fitness of

Fig. 5.4: Each circle represents a solution in the population space. E and H
represent fitness and the number of hidden nodes in the solution, respectively.
Three figures represent three different cases: (a) Spread of the population is
low, but diversity is high, (b) spread of the population is high, but diversity is
low, and (c) both spread and diversity are high.

the network decreases drastically. It is because the behavioural gap between the parent
and the offspring becomes too high. To enhance the structural mutation, we used Equation (5.50-a and b). The value of s was chosen as 2. kml and km2 were taken as 0.3 and
0.2 such that p, varies linearly from 0.2 (for the best set) to 0.5 (for the average set).
Fig. S.STop illustrates the number of hidden nodes in the best network for first level bids
against the number of generations. The resultant network has 45 hidden nodes. This figure demonstrates the self-organization capability of the proposed algorithm, due to which,
it is able to find better structure eventhough it starts with inappropriate number of hidden nodes. "Plot 1" in Fig. 5.5Bottom exhibits the fuzzy mean square error of the best
networks, while trained by the proposed method. This error value is the average of the
error values of the best network in ten runs. "Plot 1" is obtained when Equation (5.50-a
and b) are used for adapting the parameters of structural mutation. "Plot 2" represents
another curve when Equation (5.50-a and b) are not used for adapting the parameters
of the structural mutation. This comparative study clearly demonstrates how effectively
Equation (5.50-a and b) enhance the performance of the search process. Using "Plot 1"
the convergence was achieved at the 20th generation. Since each generation needs 100
iterations for each parent network, the proposed method requires a long time on sequential computer. This drawback can be reduced if we use parallel machines. Actually this
amenability to asynchronous parallel computation has made E P popular [BR94]. Classification efficiency of the FFNN on 'TestSetl" is shown in the third row of Table 5.4. The
fourth row of Table 5.4 depicts the classification performance of the EP-based method
with the fuzzy cross entropy. The first and second rows of this table are reproduced from
Table 5.1. Table 5.4 demonstrates the better generalization capability of the network
while configured by the proposed method. We can observe that the FFNN trained with
the fuzzy mean square error is giving better result (overall) compared to the FFNN with
the fuzzy cross entropy.
Similarly the proposed technique was used for the second and third level bids. The
number of hidden nodes of the FFNNs for the second and third level bids are 32 and 23,
respectively. The classification results are illustrated in Table 5.5 and 5.6. We can observe
that in the configured architectures, the network with the fuzzy mean square error shows
better performance than that of fuzzy cross entropy. Hence, in the subsequent experiments
with FFNNs, we shall use only the fuzzy mean square error.
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25
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Fig. 5.5: Top: No. of generations vs. fuzzy mean square error of an FFNN.
Bottom: No. of generations vs. no. of hidden nodes. "Plot 1" represents
a curve when Equation (5.50-a and b) are used for adapting the parameters
of the structural mutation. In contrast, "Plot 2" represents another curve
when Equation (5.50-a and b) are not used for adapting the parameters of the
structural mutation.
127

Table 5.4: Classification performance of FFNNs with the B P algorithm for
first level bids. The inputs are modified feature vectors. The symbols Arc.,
Obj. fn., F , Dl fmse and fce imply architecture, objective function, fixed
architecture, configured architecture, fuzzy mean square error and fuzzy cross
entropy, respectively.
Arc.

Obj. fn.

Pass

1C

1D

1s

1H

1N

Overall

F

fmse

77.14%
87.31%
80.64%
72.90%

81.98%
71.74%
75.14%
78.45%

71.03%
82.12%
79.38%
81.23%

92.61%
87.33%
85.63%
78.01%

59.33%
59.27%
70.44%
78.81%

75.02%
65.04%
73.02%
72.23%

76.18%
75.46%
77.37%
77.60%

1

F

1

C
C

I

11

1

fce

I

1

fmse

11

1

fce

1

1

0'

1
1

1

1

1
1

1

1
1

Table 5.5: Classification performance of FFNNs with'the B P algorithm for
second level bids. The inputs are modified feature vectors. The symbols Arc.,
Obj. fn., F , Dl fmse and fce imply architecture, objective function, fixed
architecture, configured architecture, fuzzy mean square error and fuzzy cross
entropy, respectively.
A r c . I I O b j . f n . 2C
2D
2s
2H
2N IOveralll

I
1

I

1

F

11

F

I

C
C

I

I

fmse
fce

I

I

1 71.01% 1 77.23% 1 78.57% 1 81.12% 74.17% 76.42% I
80.23% 1 75.72% 1 67.43% 80.55% 76.02% 75.99% 1
I 75.82% 177.57% I 80.24% I 78.12% I 76.68% I 77.68% /
78.13% I 75.42% I 81.23% 1 79.12% I 74.12% 1 77.60% 1
-

fmse
fce

Table 5.6: Classification performance of FFNNs with the B P algorithm for
third level bids. The inputs are modified feature vectors. The symbols Arc.,
Obj. fn., F, Dl fmse and fce imply architecture, objective function, fixed
architecture, configured architecture, fuzzy mean square error and fuzzy cross
entropy, respectively.

I Arc. /

Obj. In.

F

fmse

I

F
C
C

1

3C

fce

3D

3s

I 90.11% 1 84.51% 1 88.23%

fce
fmse

1

1

87.12%
89.23%
82.18%

87.36% 86.73%
88.52% 93.15%
81.14% 93.12%

1

3H

1

86.15%
82.66%
85.63%
93.54%

1 Overall 1

I 87.25% 1
85.96%
89.13%
87.49%

~

1

/

1

5.4

Summary

In this chapter, we applied feedforward neural networks to construct each module by
capturing the relationship between the feature vectors and the output classes present in
the module. Since the output bids are fuzzy, the network is trained by the B P learning algorithm with fuzzy objective functions. The proposed training algorithm has the
possibilistic classification ability, and hence, it can encompass various BP learning algorithms based on crisp and constrained fuzzy classification. To increase the generalization
capability of the network, we configure FFNNs using a hybrid search operation consisting
of both deterministic and stochastic search operations. As a deterministic search, the
proposed B P algorithm with fuzzy objective functions is used. As a stochastic search, E P
is employed. The BP algorithm uses local information efficiently, whereas E P exploits
global information. The efficiency of the whole search process is further enhanced by
dynamic adaptation of the structural mutation. If a modified feature vector is presented
to the configured network, the output of the network is produced as class membership
values corresponding to the input pattern.
As a global search method, in place of EP, we could have chosen constructive and destructive pruning techniques [Ree93], [SM93]. Constructive pruning techniques [ST931
initially assume a simple network, and add nodes and links as warranted, while destructive
techniques [MS89a]start with a large network and prune off superfluous components. The
aim of the pruning techniques is to evolve a near optimal neural network architecture.
However the problems associated with the pruning techniques are [ASP94]: (a) These
methods get stuck in local minima very easily. (b) In these methods, once an architecture
is explored and determined to be insufficient, the old one becomes topologically unreachable. Thus, they investigate only restrictive topological subsets of networks rather than
the complete class of network architectures [ASP94].
While configuring neural networks, E P is considered to be more powerful optimization
tool than simulated annealing [KJV831 and genetic algorithm [Go189], [Mic92], [Davgl.].
In particular, simulated annealing is a sequential search operation, whereas E P is a parallel search algorithm. In fact, we can say that E P is more than a parallel search algorithm.
Parallel search starts with a number of different paths (say v where v > 1) and continues
until all the search paths get stuck in blind alleys

6 any one of them finds the solution.

EP also starts with v different paths. But, it tries to generate new paths which are always
better than the current paths. Due to this inherent parallelism, in many cases EP-based

Fig. 5.6: (a) and (b) are two equivalent networks, which order their hidden nodes differently. The genotype representations of the networks become
different, although the networks are equivalent.
search operation becomes more efficient and faster than simulated annealing-based operation [PFF95]. Although both E P and genetic algorithm are parallel search operations,
the EP-based optimization approach is more attractive for the network configuration. It
is due t o the following reasons:
1. E P manipulates networks directly. So it does not need any dual representation. Ge-

netic algorithm needs coding which may not represent the problem itself [ASP94].
2. While creating offsprings, E P avoids recombination between networks. It helps to

keep the individuality of the network intact [ASP94].
3. One major problem with genetic algorit hm-based approach is permu tation prob-

lem [Yao93]. The permutation problem stems from the fact that in genetic algorithm two functionally identical networks which label their hidden nodes differently
(Fig. 5.4) will have two different genotype representations. Therefore, the probability of producing a highly fit offspring from them by crossover will be very low.
EP-based optimization method does not suffer from this problem.
4. Asymptotic convergence property of E P is better than that of genetic algorit hm [Fog94a], [FS93].
The EP-based network configuration technique can also be seen from Markov-chain

perspective [Fog95]. Each state of the Markov chain consists of all possible networks with
the same fitness value. Since the fitness representation is finite on digital computers, the
number of states is finite. The starting state depends on the initialisation. The state with
the highest fitness acts as an absorbing state. The probability of jumping from one state
to another state is dictated by the probability of mutation.
In the next chapter, we will employ clustering to capture the relationship between the
modified feature vectors and the output class labels.

Chapter 6
DESIGN OF CLASSIFIER MODULES
THROUGH CLUSTERING
6.1

Introduction

This chapter proposes a classifier module that uses clustering to capture the relationship
between the modified feature vectors and the output classes of a module. Construction
of such a classifier can be carried out in two phases. First phase is necessary to perform
clustering, and the second phase is needed to establish the relationship between each
cluster and the class labels. When a modified feature vector is presented as an input,
the classifier detects the belonginness of the input into the clusters. The output class
label corresponding to the pattern is determined depending on the relationship between
each cluster and the output classes. In the opening bid problem, the clusters generated
by the feature vectors are generally overlapping or fuzzy. In addition, the class labels of
the patterns from the same cluster may not be similar. This one-t*many relationship
between the clusters and the output class labels creates rough uncertainty. This chapter
proposes a classification technique in presence of fuzzy and rough uncertainties.
It is possible to use the conventional fuzzy K-means (FKM) clustering algorithm
to cluster the modified feature space. However, to apply the FKM user has to know
a priori the number of clusters present in the given set of input patterns. Moreover,

the solution obtained from the FKM may be locally optimal or too much dependent on
the initializations. To reduce some of these limitations, in section 6.2, an evolutionary
programming-based fuzzy clustering algorithm is proposed. This algorithm effectively
groups a given set of input patterns into an optimum number of clusters. The algorithm
determines the number of clusters and the cluster centers in such a way that there is a
high chance of avoiding locally optimal solutions. The clustering results of the algorithm
do not depend critically on the choice of the initial cluster centers.
After clustering, the next task is to label each cluster with an appropriate class label.

The main assumption of the clustering-based classification is that similar inputs produce

similar outputs. It means that any two input patterns from the same cluster must be from
the same class. Generalization is possible in such classifiers due to this similarity property.
In the bidding problem, however, two patterns from the same cluster may belong to
different classes, and hence, classification based on mere similarity property is inadequate.
This problem arises because the available features are not sufficient to discriminate the
classes. It implies that the fuzzy clusters generated by the modified feature vectors have
rough uncertainty. To exploit the fuzziness and roughness, section 6.3 proposes fuzzyrough neural networks. For any modified feature vector, the network determines the
classification result in terms of fuzzy-rough membership values.
6.2

E v o l u t i o n a r y P r o g r a m m i n g- B a s e d Fuzzy C l u s t e r i n g

Clustering a set of patterns provides a systematic approach for partitioning the set of patterns into different groups such that patterns with similar features are grouped together,
and patterns with different features are placed in different groups [DJ87]. Formally, clustering can be defined as follows: [Bez81]: Given a set y = {yl, yz,. . . , y,) of feature
vectors, find an integer K (2 5 K < n) and the K partitions of y which exhibit categorically homogeneous subsets. An important requirement for resolving this issue is a
suitable measure of clusters - what clustering criterion should be used? Specifically, what
mathematical properties - e.g., distance, angle, curvature - possessed by the members
of the data should be used, and in what way, to identify the clusters in y ? In fact,
each observation may have infinite number of variations. In addition, the data set may
be a mixture of different shapes, sizes and geometries. Therefore, infinite varieties of
structures are possible. It is evident that clustering criterion must be problem-specific,
and it cannot be universally applicable. Three types of clustering approaches are commonly used [Bez81]. They are (1) hierarchical approach, (2) graph theoretic approach and
(3) objective function-based approach. Among them, the objective function approach is
well-known. One extensively used objective function type clustering algorithm is hard K means algorithm [TG74] [Bez81]. It involves assigning each pattern exactly to one of the
clusters, assuming well-defined boundaries between the clusters. It is used for clustering
where clusters are crisp and spherical. In the hard K-means algorithm, clustering is based
on minimization of the overall sum of the squared errors between each pattern and the

corresponding cluster center. That is
n

Here, K is the number of clusters and mk is the closest cluster center to the pattern
yj. In real life situations, boundaries between groups may be overlapping. In particular,
there may be some patterns that completely belong to one cluster, but partially belong
to other clusters also. In order t o overcome this problem, the idea of fuzzy K-means
(FKM) algorithm has been introduced [Bez81]. Incorporation of fuzzy theory in the
FKM algorithm makes it a generalized version of the hard K-means algorithm.
In the FKM, clustering is based on minimization of the overall weighted sum of squared
error between each pattern and each cluster center, where the weight signifies the level
of belongingness of the pattern into the cluster. It can be treated as minimization of the
following objective function:

where U = [pk(yj)] is a fuzzy partition of y and m = { m l , . . . , mK), with mk designating the center of the cluster Fk. In this equation, q E (1, m) and djk is a distance
measure between y j and mk. Although the FKM algorithm is extensively used in literature [DJ87] [SS91], it suffers from several drawbacks. Firstly, to apply the algorithm,
the user has to know a priori the number of clusters present in the given input data set.
Secondly, the objective function is not convex, and hence, it may contain local minima.
Therefore, while minimizing the objective function, there is a chance of getting stuck in
local minima (also in local maxima and saddle points). Finally, the performance of the
FKM algorithm depends on the choice of the initial cluster centers.
In this section we propose a clustering algorithm to address the following issues:
1. How t o determine the optimum number of clusters.
2. How to avoid local minima solutions.

3. How to make the clustering less dependent on the initial choice of the cluster centers.

Since human ability to cluster data is far superior to any of the clustering algorithms,
we examine some of the aspects of human way of clustering to address the above issues.
For example, when we see a picture, we try to cluster the elements of the picture into
different groups. It is interesting to note that, immediately after observing a picture

we can find how many clusters there are, and it is done without looking at each point
within the clusters. It appears that clustering depends on the global view of the observer.
After deciding the number of clusters, we try to see which point belongs to which cluster.
Hence, we gather global information first, and then we look for local properties. Now the
question is, what criterion do we use to gather the global information? Possibly we collect
this global information from the isolation and compactness of the clusters in the whole
picture. Although the FKM considers the local properties of the picture, it does not take
the global view into its account.
We propose a clustering algorithm that tries to mimic the above mentioned features
of the human way of clustering. In this algorithm, two objective functions are minimized
simultaneously. The global view of the input data set is considered by an objective
function called fuzzy hypervolume [GG89]. Minimization of this objective function takes
place by randomly merging and splitting the clusters. The objective function E~ (given
in Equation (6.2)) is minimized t o consider the local property, i.e., to determine which
input pattern should belong to which cluster. It turns out that minimization of the global
performance index, i.e., the fuzzy hypervolume, gives the optimum number of clusters,
whereas minimization of

~f

leads to proper positioning of the cluster centers. In other

words, the task of minimizing the fuzzy hypervolume can be considered as a major one,
while the task of minimizing Ef can be regarded as a minor one. The role played by
the fuzzy hypervolume and Ef is quite similar to the role played by the fuzzy mean
square error on a validation set and the fuzzy mean square error on a training set (see
configuration of FFNNs in section 5.3). Minimization of both the objective functions
may yield locally optimal solutions. To circumvent the local minima problem, we propose
an optimization technique based on evolutionary programming (EP) [Fog95]. EP-based
search operation tries to escape locally minimal solutions by splitting and merging the
clusters or by small perturbation of the cluster centers. In this approach, more than one
solution is generated, and the solutions are repeatedly adapted by splitting and merging
the clusters or by small perturbations of the cluster centers. Therefore, the initial choice
of the cluster centers is not very critical in the proposed EP-based clustering algorithm.
6.2.1

Background of Fuzzy K-Means Clustering

The fuzzy K-means algorithm uses iterative optimization procedure to minimize the objective function Ef(U, m) (given in Equation (6.2)). This objective function is minimized
such that the following constraints are satisfied.

(i) pk(yj) E [O 11 vj,k ; (ii)

C pk(yj) > o

tlk; (iii)

C pk(yj) = 1 vj;

(6.3)

The steps of the algorithm are stated in Fig. 6.1. The FKM algorithm can be made more
powerful by using fuzzy modification of maximum likelihood estimation (FMLE) [GG89].
The intention of using the FMLE is to obtain better clustering results [GG89] when it
is applied after using the FKM. Other than using different form of the distance measure
djk, the steps of the FMLE algorithm are exactly similar to that of the FKM algorithm.
The distance function used in Equation (6.7) is modified here as follows:

djk =

[det (~k )1
Pk

'

exp [(yj - m t j ( ~f k-)1(yj - mk)]

where
1

and

EL

n

is the fuzzy covariance matrix for the cluster Fk. C! is defined as [GG89]

where dkj = y j - mk, q = (1, oo),mk is the cluster center of
membership of y j in Fk.

Fk

and pk(yj) is the fuzzy

1. F i x t h e v a l u e of q and a s s i g n t h e number of c l u s t e r s a s K .

Define a d i s t a n c e measure between y j and

as

mk

where C is a p o s i t i v e d e f i n i t e m a t r i x .
2 . Assign i = 0 .
3 . I n i t i a t e t h e fuzzy K - p a r t i t i o n U'.
4. DO

( a ) S e t i = i + 1.
(b) C a l c u l a t e K c l u s t e r c e n t e r s {mk}
of U':

( c ) Update

u('+') by

calculating

Il"

as f o l l o w s :

i . Determine t h e c o n t e n t of t h e following s e t s :

i i . Compute t h e new membership v a l u e s as f o l l o w s :

e l s e pk(yj) = 0 V k E

I;; and

C pk(yj) = 1
k€Ik

(6.12)
END DO UNTIL norm(Ui - u('+'))

> 77

Fig. 6.1: Fuzzy K-means algorithm. Here 77 is a constant with small value
and norm() is an appropriate matrix norm.

6.2.2

E m b e d d i n g E v o l u t i o n a r y P r o g r a m m i n g i n Fuzzy C l u s t e r i n g

The objective of the proposed clustering algorithm is to find the optimum number of
clusters and the optimum position of each cluster center. Formally, it can be treated as
the problem of finding the global maximum of the following function:

where

3

is an nK dimensional vector representing [ m l , mz, . . . , m K ] and B(z) signifies

how good the clustering is. Therefore, E P should be able to find the optimum value of z
as well as the optimum value of K .
Now we describe how the above idea can be used in a practical situation (see Fig. 6.2).
To cluster an input data set, initially E P needs to create a population of sets of clusters.
E P initializes the population using sets of clusters with randomly generated (uniform
distribution) cluster centers. Thus v such sets of cluster centers are formed. Each set
has any number of cluster centers between two and some prespecified positive integer.
The number of cluster centers in each set is determined randomly. These sets are called

parents. Modified fuzzy K-means (MFKM) algorithm clusters the entire d a t a set using
the set of parent cluster centers. The MFKM algorithm is described in the next section.

A fitness value is assigned on each parent set. Each parent is allowed to create one
offspring. Thus, v offspring sets of cluster centers are generated. The method of creating
the offsprings is described in the next section. The MFKM clusters the entire data set
using the set of offspring cluster centers, and then the fitness value of each offspring set
is measured. As a result, we obtain 2v sets of clusters comprising of parents as well as
o&prings. Now the competition phase starts. In this phase, the fitness values of all sets
(parents as well as offspring) are compared. For each solution, the algorithm chooses 10
randomly selected opponents from all parents and offsprings with uniform probability.
In each comparison, if the conditioned set offers as good performance as the randomly
selected opponent, it receives a win [PFF95], [SF95]. Based on the wins, sets scoring
in the top 50% are designated as parents. All other sets are discarded. Again these
parents are used to create offsprings. The whole procedure is continued until the number
of generations becomes larger than some prespecified constant. Finally, the set with the
maximum fitness value is considered as the desired clustered output.

Randomly generate a population of v s e t s of c l u s t e r c e n t e r s
( c a l l them p a r e n t s ) .
FOR each parent
Cluster t h e parent s e t using t h e MFKM.
Find t h e f i t n e s s value of t h e parent s e t .
END FOR

WHILE ( t h e number of generations is l e s s than a s p e c i f i c number

o r t h e f i t n e s s of t h e b e s t parent i s l e s s than a s p e c i f i c value)
FOR each parent s e t
Create an o f f s p r i n g of t h e parent s e t .
C l u s t e r t h e offspring s e t using t h e MFKM.
Find t h e f i t n e s s value of t h e offspring s e t .
END FOR

Based on t h e f i t n e s s values competition s t a r t s among a l l
parent s e t s and o f f s p r i n g s e t s .
Survival of t h e f i t t e s t s e t s ( c a l l them p a r e n t s ) .
END WHILE

The parent with t h e highest f i t n e s s is considered a s t h e d e s i r e d
s e t of c l u s t e r s .

Fig. 6.2: The proposed evolutionary programming-based fuzzy clustering
algorithm.

6.2.3
6.2.3.1

I m p l e m e n t a t i o n Issues
Fitness function

In our work the following fitness function is chosen:
fitness value =
where total fuzzy hypervolume (V

1

total fuzzy hypervolume

(6.14)

1 0) is an index to signify how good the clustering is.

The smaller is the total fuzzy hypervolume [GG89], [KNF92],the better is the clustering.
Since V may have any positive value, it appears from Equation (6.14) that the fitness
value may be more than one. It is not objectionable as the fitness value is used here for
relative comparison only.
The fuzzy hypervolume [GG89] of the cluster Fk is given by

The total fuzzy hypervolume, occupied by all the clusters, is defined as

Note that we have two objective functions

Ef (in Equation (6.2)) and the total fuzzy

hypervolume (in Equation (6.16)) to minimize. Of these two, we are treating only the
inverse of the fuzzy hypervolume as the fitness function. The reason is that the evaluation
of

Ef in Equation (6.2) requires K to be predefined and fixed. When K varies, Ef for a

set with the optimal number of clusters may not attain the minimum value. For example,
if the number of clusters of a set is very close to the number of data, then the value of

Ef is close to zero. Obviously, this kind of situation may not signify optimal clustering.
Instead of minimizing both objective functions, we could have minimized only the fuzzy
hypervolume. But, our search for a better set of clusters becomes more efficient when

Ef is viewed as a clue to minimize the fuzzy hypervolume. In other
words, the fuzzy hypervolume and Ef are used for exploration and exploitation in the

minimization of

search space, respectively [RF96].
The next three sections describe the three steps to generate the offsprings:

6.2.3.2

R e p l i c a t i o n of parents

In the first step, each parent is represented by the number of clusters and cluster centers.
In this step these values are copied from the parent to generate a new offspring.

6.2.3.3

Mutation

The aim of creating offsprings is to minimize Ef and the fuzzy hypervolume. To minimize

Ef,we come across parametric local minima, and to minimize the fuzzy hypervolume we
encounter structural local minima. Parametric local minima and structural local minima
are overcome by the parametric mutation and structural mutation, respectively. Using
the parametric mutation, each cluster center mk, 1

< k < K , is perturbed with Gaussian

noise. It can be expressed as
mk = mk

+ n/(o, T )

(6.17)

Specifically, the mutation step size n/(0, T) is a Gaussian random vector with each component having mean 0 and variance T.
The intensity of the parametric mutation should be high when the fitness value of the
parent is low and vice versa. It can be accomplished if T is defined for the parent set as

T = aU(0,l)

I

minimum fitness
fitness of the set of clusters

1

where U ( 0 , l ) is a uniform random variable over the interval [0,1] and a is a constant
(a

< 1). Actually, this equation is already used in Equation (5.42).

The minimum value of fitness function is determined as follows: The fuzzy hypervolume of each cluster is always less than the crisp hypervolume of the cluster comprising of
all the input patterns. Hence, we can write

where Soj = yj -

zj=,yj. Since V = EL, Vk, the upper bound for the

1;
and mo= ;

n

V is
total fuzzy- hypervolume
-Kdet

[E:=I &j&j

1

Therefore, the minimum fitness value is given by

The structural mutation is used to avoid structural local minima and to obtain the
optimum number of clusters. The determination of the optimum number of clusters can
be considered as a search problem in a structure space where each point represents a

particular set of clusters. If a performance index like fuzzy hypervolume is assigned to
each set of clusters, the performance level of all possible sets of clusters forms a surface in
the structure space. Thus, determination of the optimum number of clusters is equivalent
to finding the lowest point on this surface. However, this search operation becomes
complicated as the surface has the following characteristics pa0931 [MTH89]:
1. The surface is very large since the number of possible sets of clusters can be very

high.
2. The surface is nondifferentiable a s the change in the number of clusters is discrete.
In order to find the proper number of clusters, i.e., to find the global minimum in the
structure space, sometimes one cluster is added to or deleted from an offspring [TG74].
These addition and deletion operations are controlled by the structural mutation. The
addition of one cluster to an offspring set is done by splitting an existing cluster of the
offspring. To identify a cluster for splitting, it is required to find the cluster (say Fk)
with the maximum fuzzy hypervolume Vk. In order to break this cluster into two parts,
the center of this cluster, i.e., mk, is split into two new cluster centers m l and m;, and
then mk is deleted [TG74]. As a result, the number of clusters for this set, i.e., K is
incremented by one. Here, the cluster center m l is formed by adding a certain quantity
yk to the component of mk which corresponds to the maximum component of a k (variance
and in a similar way m i is formed by subtracting yk from
of the kth cluster), i.e., ak,,,;
the same component of mk. One simple way of specifying yk is to make it equal to some
fraction of

ak,,,

, that

is
yk = a o k m a z where 0 < a 5 1

(6.22)

Deletion of one cluster from an offspring set is executed by merging two existing clusters
of the set. In order to accomplish it, the two closest clusters with centers mk, and mk2are
identified for merging. Thereafter, these two clusters are merged by a lumping operation
as mi = L
[ n k , m k l+ nk,mk2],where m; is the center of the new cluster and nk, is
n k l +nk2
the number of patterns in the cluster with center mk,. Next,

mk,

and

mk,

are deleted,

and the number of clusters K is reduced by one. The amount of the structural mutation
can be adaptively controlled using Equation (5.50-a and b).
It is important to note that the splitting and merging operations employed in the
proposed scheme are quite similar to that of in ISODATA [TG74]. However, unlike in
ISODATA, here cluster merging and splitting are executed in a nondeterministic fashion.
This inherent nondeterministic property plays a key role in avoiding local minima while

finding the optimum number of clusters, and eventually it guarantees the asymptotic convergence of the EP-based fuzzy clustering scheme towards the global minimum [Fog94a].
6.2.3.4

Modified fuzzy K-means a l g o r i t h m

By exploiting the mutation in a particular offspring, we obtain the number of clusters and
the perturbed cluster centers. However, to calculate the fitness value of this offspring,
the input data set needs to be clustered using the perturbed cluster centers. In addition,
if the perturbed cluster centers are updated based on the clustered output, then the
minimization of ~f takes place, and as a result, the minimization of the fuzzy hypervolume
becomes easy. We exploit the modified fuzzy K-means (MFKM) algorithm to accomplish
this task. For an offspring, the MFKM is executed for a certain number of iterations (say
j) at each generation. Consequently, if the offspring survives g generations, then it passes

through g j iterations. The steps associated with the MFKM algorithm are described in
Fig. 6.3.
The MFKM algorithm basically remembers the cluster centers at the last generation,
and updates the old cluster centers in the current generation. This updating process,
however, may get stuck in certain parametric local minima. In order to avoid it, the cluster
centers of the offspring at the last generation are perturbed by applying Equation (6.17),
and then the cluster centers are used in the current generation for further updating.
Although both MFKM and FKM are iterative in nature, the difference between them
is that the FKM never uses the old cluster centers in perturbed form. This difference
makes the FKM algorithm a deterministic search operation, and thus vulnerable for the
parametric local minima.
6.2.4

R e s u l t s and Discussion

Before using the proposed clustering technique on the opening bid problem, we show the
performance of the proposed clustering technique on an artificially generated simple data
set. For the sake of visual observation, the dimension of each data is taken as two. We
generated 387 data from 9 Gaussian distributions (Fig. 6.4Top). The value of v is set to
4. To enhance the parametric mutation, we used Equation (5.50-a and b). The values of q
and s are taken as 2 and 2, respectively. kml and km2 are taken as 0.3 and 0.2 such that pm
varies linearly from 0.2 (for the best set) to 0.5 (for the average set). During the structural
mutation only one cluster is added or deleted at a time. cr (used in Equation(6.22)) is

1. I f t h e c u r r e n t generation is t h e f i r s t generation follow

t h i s s t e p , e l s e s k i p i t . For each parent s e t randomly
, g e n e r a t e t h e number of c l u s t e r s , and randomly determine
t h e c l u s t e r c e n t e r s within t h e range of input p a t t e r n s .
Assume t h a t t h e number of c l u s t e r s generated i s K , where
K i s i n between two and some prespecified i n t e g e r .
2. S e t i = O .
3. Find a fuzzy p a r t i t i o n Ui of

y

by using Equation ( 6 . 1 1 ) ,

(6.12) and t h e already known c l u s t e r c e n t e r s .
4.

DO
(a) Assign i = i

+1.

(b) Calculate t h e K c l u s t e r c e n t e r s { m k / l5 k
t h e following r e l a t i o n :

5 K ) using

(c) Update U' by using Equation (6.11) and ( 6 . 1 2 ) .
END DO UNTIL norm(ll' - u('+
'1)

>q

5. Repeat s t e p 4 with t h e distance measure given i n

Equation ( 6 . 4 ) .

This s t e p helps t o obtain b e t t e r

clustering.

Fig. 6.3: Modified fuzzy K-means algorithm. Here q is a constant with small
value and norm () is an appropriate matrix norm.

chosen as 0.6. If the value of a is varied slightly, then the clustering results remain same.
Fig. 6.4Bottom depicts the clustered data after using the proposed clustering algorithm.
Number of generations and the corresponding fitness of the best set of clusters is shown in
Fig. 6.5Top. In fact, this fitness value is average of the fitness values of the best set in ten
runs. Here "plot 1" represents a curve when Equation (5.50-a and b) are used for adapting
the parameters of the structural mutation. In contrast, "plot 2" represents another curve
when Equation (5.50-a and b) are not used for adapting the parameters of the structural
mutation. This comparative study demonstrates that Equation (5.50-a and b) enhances
the performance of the search process. But it also shows that the enhancement of the
performance is not as much as it was while configuring FFNNs in chapter 5. The proposed
algorithm finds the optimum number of clusters after 12 generation (see Fig. 6.5Bottom).
The clustered output is close to the desired one. The proposed algorithm self-organizes to
find the proper number of clusters and proper cluster centers automatically. This figure
illustrates the self-organization capability of the proposed algorithm, due to which, the
proposed algorithm does not find any problem in clustering, eventhough it starts with
wrong number of clusters and incorrect position of the cluster centers. This figure also
shows that sets with different structural variation always come during the whole process.
In fact, it exhibits that search for better set of clusters (structurally) is carried out all
round the process. Even after assigning the number of clusters as nine, the FKM (followed
by FMLE) failed to cluster the data set properly. Fig. 6.6Top and Fig. 6.6Bottom show
the results of using the FKM (followed by FMLE) on the data set with two different
initializations. The clustering results with both the initializations are bad. Apparently
the FKM, FMLE combination was stuck in local minima due to improper initializations. If
only the FKM algorithm is used, clustering result becomes worse than this result. After
the proposed algorithm converges on this data set, the value of Ef is calculated from
Equation (6.2). It is found to be 5% less than the value of Ef obtained after the FKM
(followed by FMLE) converges on this same data set. It a demonstrates the usefulness of
the proposed method to avoid parametric local minima.
Next we use the proposed method on the opening Bid problem. We considered the
training sets "TrainingSetl", "TrainingSet2" and "TrainingSet3" for first, second and
third level bids. From "TrainingSetl", we collected the inputs only for Pass bids. We
used the proposed clustering scheme to cluster these patterns. Twelve clusters were
evolved after 23 generations. Using the similar procedure, we got 8, 6, 7, 5, 6, 3 clusters
for the input patterns corresponding to IC, ID, IH, 1s and IN, respectively. From
"TrainingSet2", we obtained 5 , 4, 5, 2 and 3 clusters corresponding to 2C, 2D, 2H, 2s

Fig. 6.4: Top: Eight different Gaussian distributions are used to generate
a data set artificially. Bottom: Clustered output by the proposed clustering
algorithm. The clustered output is close to the desired one.

1

pbll

I

I

2

11

,
2

4

,

4

6

,

6

8

10
12
No.of ileratiwrs

I

8

14

16

18

20

14

16

18

I
20

I

10
12
No. of ilerabns

Fig. 6.5: Top: No. of iterations vs. fitness curve for the best set of clusters in
the proposed clustering algorithm. The data set for these clusters are shown
in Fig. 6.4. "Plotl" and u P l ~ t 2 1represent
7
the curve with and without using
Equation (5.50-a and b), respectively. Bottom: No. of iterations vs. no. of
clusters for the best member of the population.

Fig. 6.6: Fuzzy K-means algorithm is used on the data set shown in Fig. 6.4.
Top and Bottom: Clustered outputs with two different sets of random initid
cluster centers. Due to improper initidizations the clustered outputs are not
close to the desired one.

and 2N, respectively. clusters. From "TrainingSet3", we obtained 2, 2, 3 and 2 clusters
corresponding to 3C, 3D, 3H and 3S, respectively. We will use these clusters in the next
section while constructing the fuzzy-rough neural networks.
Note that in some cases the fuzzy hypervolume does not attain the minimum value
with the optimal number of clusters. In this cases, the clustering output may not be good.
Moreover, in some cases the clustering is highly subjective. More than one possible way
may be present to cluster the input. Moreover, in the proposed clustering algorithm we
are assuming that the clusters are ellipsoidal. However, the proposed method may not
give good results when this assumption is not valid. For instance, if the clusters are of
shell type, the proposed algorithm will not work. The advantage of the proposed method
is that one can do other modifications in the given framework.
6.3

Fuzzy-Rough Neural Networks

After clustering the next step involves labelling of each cluster. To accomplish it, a
three-layer feedforward network can be constructed, where each node in the hidden layer
represents the cluster centers and the weights between the hidden and the output nodes
represent the class labels attached to the clusters. The main idea of using the fuzzy
clustering is that if two input patterns are similar, i.e., close neighbors in the input
pattern space, then the class labels associated with them will be same. Since each cluster
in the pattern space represents certain common property, it is logical that the patterns
from the same cluster will also belong to the same class. When a new pattern is presented
a t the input layer, the network classifies precisely based on the similarity or neighborhood
property. Thus the inherent similarity or neighbourhood property of the clusters leads
the network to generalize. In real life cases, however, we cannot extract all the relevant
features necessary for the classification. Consequently, two patterns may have the same
or similar feature values, but they are not same or similar if the other features, including
the existing ones, are accounted for. Therefore, when the input patterns are clustered
based on the available features, two apparently similar or neighboring patterns may have
different class labels. It makes the output classes indescernible or indistinguishable based
on the given set of features. Consequently, the relationship between each cluster and
the class labels becomes rough. One way to completely avoid the rough uncertainity is
to extract the essential features so that distinct feature vectors are used t o represent
different objects. But, it may not be possible to guarantee as our knowledge about the
system generating the data is limited [SS93]. Another way to avoid rough uncertainity is to

break the clusters further so that they do not contain any pattern from the other clusters.
This is difficult as each fuzzy cluster to some extent covers pat terns from the other clusters.
Moreover, the breaking of clusters means destruction of the similarity property, which in
turn means the destruction of the generalization property of the network. In addition, if
the clusters are broken too much, then the network training may need large space and
high time complexity.
In this section, we attempt to reduce the effect of rough uncertainity, while keeping the
similarity property intact. To tackle the similarity property we need fuzzy sets [KY95], and
to tackle roughness we need rough sets [Paw82]. Both fuzziness and roughness associated
with each modified feature vector is captured using fuzzy-rough membership functions.
The fuzzy-rough membership function is further exploited to construct a fuzzy-rough neu-

ral network (FRNN). Basically, the FRNN uses the fuzzy uncertainity involved in the
input data set and the roughness present in the input-output relationship. One advantage of the classification procedure used in the FRNN is that it is possibilistic [KY95].
It is useful because the output of the FRNN will be used again while combining the
classification result. Theoretically the FRNN is a powerful classifier as it is a universal
approximator [SY98b].

6.3.1

Root of Fuzzy-Rough N e u r a l Networks

The FRNN is designed such that the outputs of the networks are fuzzy-rough membership
values corresponding to the input. The fuzzy-rough membership function of a pattern
captures both fuzziness and roughness associated with the pattern. Let, rcc(y) represent
the fuzzy-rough uncertainity of y in the class C,. rc,(y) is defined as
TH i z j = l p ~ ( ~ ) ~ ) C I (if~3j
) withwj(y) > O
0 otherwise
where {Fl,F2,. . . , FH)are the fuzzy clusters generated by evolutionary programmingbased fuzzy clustering algorithm, H is the number of cluster in which y has non zero
membership and L& (y) = F'nccl. Appendix-D contains a detail description about the
lFj l
fuzzy-rough membership functions.

6.3.2

A r c h i t e c t u r e of Fuzzy- Rough N e u r a l Networks

The proposed FRNN is a three layered feedforward network with one hidden layer
(Fig. 6.7). The number of nodes in the input, hidden and output layers are equal to

sth module

Fig. 6.7: A typical fuzzy-rough neural network with three input nodes, four
hidden nodes and two output nodes.

the dimension of the input pattern ( = N ) , number of the fuzzy clusters present in the
input d a t a ( = H ) and number of the classes (=C), respectively. When an input pattern
y = [yl, yz, . . . , y N ] is applied at the input layer of the network, the output of the j t h

hidden node is

where mj and aj (assuming the spread is same along all directions) are the center and
spread of the Gaussian function used in the j t h hidden node. The center and spread of
the hidden nodes can be determined by making them equal to the mean and variance of
the clusters. The mean and variance of each cluster are determined using the evolutionary
programming-based fuzzy clustering algorithm, which is described in the previous section.
The outputs of the hidden nodes can also be interpreted as the fuzzy membership values.
The parameters necessary for the FRNN can be obtained from the parameters defined in
the input space (Table 6.1). The output of the kth output node is

where

wjk

is the weight from the j t h hidden node to the kth output node. The output

value og lies in between 0 and 1 (from Property D.l of Appendix-D) as the output is the
fuzzy-rough membership value corresponding t o the input. Moreover, from Property D.6
of Appendix D, og is possibilistic.

Table 6.1: The relationship between the parameters used in fuzzy-rough neural networks and input space.

I Fuzzy-Rough neural networks
I
No. of the input nodes
1
No. of the hidden nodes
I
No. of the output nodes
1 Center of the j t h hidden node
I Width of the j t h hidden node
6.3.3

Input Space
=
=

Dimension of the input patterns
No. of the clusters

= No. of the classes
= Center of the j t h cluster
=

1

7
1

Width of the j t h cluster

I
1

T r a i n i n g and Testing of Fuzzy-Rough N e u r a l N e t w o r k s

To design the FRNN, the last task is to adjust the weights between the hidden layer and
the output layer through training. Precisely, the weights between the hidden and the
output layer reflect the rough-fuzzy membership values. For training, all the weights,
wjk(0) V j , k are initialised to zero. For each input training pattern, the weight adjustment
is carried out as
Awjk(l)=of*i

Vj, k

(6.27)

where i = 1 if y E Ck else i = 0. It is interesting to note that the training process
takes exactly one iteration. After the whole cycle is over, wjk represents I Fj r l Ck1,
i..,
(since 1 Fj1 =
p (y). TO make wjk = L&, wjk is normalized as
k wjk

CkCYECk
p~~(y)

= Ckwjk) Since all the hidden nodes are using Gaussian clusters,
each input pattern belongs to all the clusters, and hence, H = H. Finally, the weights

are set as wjk =
to take care of the term H involved in Equation (6.24). Note that
no bias term is involved here with any node.
In the testing st age, a separate set of test pat terns is given as the inputs to the network.
For the test input y , the generated output at the cth output node is the fuzzy-rough
membership value rc,(y). Since the fuzzy-rough membership functions are possibilistic
(see Property D.6 of Appendix-D), the outputs of the FRNN are also possibilistic.
It can be shown that architecturally (although functionally not) FRNNs are equivalent to radial basis function neural networks [SY98'b]. Since radial basis function neural
networks are universal approximators [JSM97], FRNNs are also universal approximators.

6.3.4

Results and Discussion

Through clustering we have obtained the clusters corresponding to the fifteen classes
present in the opening bid problem. This cluster information is used to construct an
FRNN. We used "TrainingSetl" to train the network for the first level bids. From section 6.2.4, the number of clusters is 21 (5 for 'P', 5 for 'lC', '6' for 'ID'). Hence for the
first level bids we used 21 hidden nodes. The resultant FRNN has fifty input nodes,
twenty-nine hidden nodes and six output classes. The first row of Table 6.2 shows the
classification performance of FFNNs on the first level bids. This result is reproduced from
Table 5.1. The second row of Table 6.2 exhibits the performance of the FRNN. While
comparing with the FFNN for first level bids, we can observe that the performance of the
FRNN is better than that of the FFNN. The time needed to configure the FRNN is also
less.
Similarly, FRNNs were constructed for the second and third level bids. The data
sets "TrainingSet217and "TrainingSet3" were used to construct the FRNNs. To test the
performance of these two FRNNs, we used "TestSet2" and "TestSet3". The FRNN for
the second level bids consist of fifty-two input nodes and five output nodes. Since the
total number of clusters for the second level bids is 19, the number of hidden nodes is
chosen as 19. The comparative classification performance of the FRNN and the FFNN
is given in Table 6.3. For the third level bids, the FRNN has fifty-two input nodes, nine
hidden nodes and four output nodes. The classification performance of the FRNN and
the FFNN is compared in Table 6.3.
It can be observed that for first and second level bids, the performance of FRNNs are
better than the FRNN. In contrast, the FFNN for third level bids perform better than the
FRNN. In lower level bids roughness is very high. FRNNs take roughness into account,
and hence, they perform better than FFNNs for lower level bids. The role of rough
uncertainty is less for the inputs corresponding to the higher level bids. Hence, in this case
the FFNN can approximate the class boundaries more effectively than the FRNN. Some
differences between the FFNN approach and the FRNN approach are: 1) FRNNs utilise
the structure present in the data explicitly, whereas in FFNNs the use of the structure is
implicit. 2) FFNNs with the fuzzy objective functions do not consider rough uncertainity.
In contrast, FRNNs take care of rough uncertainty. 3) FFNNs with the fuzzy objective
functions perform well when the decision boundary is very complicated. However, the
performance degrades as soon as the roughness in the data set becomes high. On the
other hand, although the performance of FRNNs is poor in presence of complex decision

Table 6.2: Comparative classification performance of FFNNs and FRNNs for
first level bids.
Network 1 Pass I 1C 1 1D 1 IS 1 1~ I I N I overall

1

1

-

FFNN (80.64% 75.14% 79.38% 85.63% 70.44% 73.02% 77.37%
FRNN 8 6 . 0 5 % 78.30% 81.62% 79.63% 77.23% 86.75% 81.42%

Table 6.3: Comparative classification performance of FFNNs and FRNNs for
second level bids.
Network
2C

2D

2S

2H

2N

Overall

FFNN

75.82% 77.57% 80.24% 78.12% 76.68% 77.68%

FRNN

88.18% 76.12% 81.57% 90.01% 82.51% 83.67%

Table 6.4: Comparative classification performance of FFNNs and FRNNs for
third level bids.
Overall
3s
3H
Network
3C
3D
FFNN

89.23% 88.52% 93.15% 85.63% 89.13%

FRNN

91.76% 79.88% 89.54% 78.87% 85.01%

boundaries, FRNNs exploit rough uncertainty to enhance the classification performance.
The effectiveness of these two approaches depend on the type of the decision boundary
and the roughness present in the classification task.
6.4

Summary

In this chapter, an evolutionary pi-ogramming-based clustering algorithm is proposed.
The algorithm effectively groups a given set of data into an optimum number of clusters.
The algorithm determines the number of clusters and the cluster centers in such a way
that locally optimal solutions are avoided. The result of the algorithm does not depend
critically on the choice of the initial cluster centers. The clusters are used to construct
an FRNN. The parameters for the hidden nodes and the number of hidden nodes are
determined from the clusters. The weight between each hidden node and the output class

Fig. 6.8: (a) and (b) are two equivalent sets of clusters, which order their
clusters differently. Although phenotype representation for both the sets are
same, genotype representations are different.
is determined using the rough-fuzzy membership functions. The outputs of the network
are fuzzy-rough membership values corresponding to the modified feature vectors.
Like FFNN configuration, in the clustering problem also, an EP-based optimization
approach is advantageous over a genetic algorithm-based approach. Here, the permutation
problem stems from the fact that in genetic algorithm two functionally identical sets of
clusters, which order their clusters differently, have two different genotype representations
(see Fig. 6.8). Therefore, the probability of producing a highly fit offspring from them by
crossover will be very low.
The difference between FRNNs and radial basis function networks should be noted.
The working principle of radial basis function neural networks is similar to that of FRNNs.
But, FRNNs consider the rough uncertainty present in the clusters, whereas the radial
basis functions do not take roughness into its account. In particular, the use of rough-fuzzy
membership functions makes FRNNs more powerful than radial basis function neural
networks. Detail comparison between these two networks is given in [SY98b].
When both the input clusters and the output classes are crisp, the outputs of the
FRNN are rough membership values (see Property D.4 of Appendix-D). Hence, the resultant FRNN architecture is reduced to a modified architecture, called rough neural
networks. The architectural difference between FRNNs and rough neural networks is in

the transfer function used in each hidden node. In particular, the transfer function used in
the FRNN is of Gaussian type, whereas in the case of rough neural networks the transfer
function is a unit gate function, i.e.,

o: =

1 if ( y - m j ) ( y - m j ) < 2 0 ;
0 otherwise

Evidently, the 110 option used in the gate function makes the generalization capability of
rough neural networks limited.
When the input clusters are crisp and fine, and the output classes are crisp, then
the outputs of the FRNN are the crisp class membership values (see Property D.5 of
Appendix-D). The resultant network can be called crisp neural network. The number of
hidden nodes of the crisp neural network is equal to the number of inputs. Since the
width of each cluster approaches towards zero, the transfer function of each hidden node
becomes a unit impulse function, i.e.,

oj =

1 if

y = yj

0 otherwise

As a result, the weight calculation becomes very simple, i.e.,
wjk

wjk

=1 if y j E Ck else

= 0. Thus, the resultant crisp neural network needs a large amount of space, and it

works like a look-up table, which does not have any generalization capability, but has a
very good memorising power.

Chapter 7
FUSION OF CLASSIFICATION RESULTS
7.1

Introduction

Till now we have divided the original classification task among small feedforward subnetworks, and we have built modules to accomplish the subclassification tasks. In this
chapter we combine the individual solution provided by the modules to obtain the final
classification result. The proposed method interprets each subnetwork as a nonlinear filter
tailored to the subgroup. The outputs of all the filters can be viewed as a feature vector
representing the input. We may call these features secondary features to distinguish it
from the features that we obtained in chapter 4. In fact, the features what we obtained in
chapter 4 undergoes nonlinear filtering and generates the secondary feature vectors. For
the sake of brevity we will call the secondary features also features as long as no confusion
exists. Each module classifies the input pattern from different angles. Each feature, i.e.,
the output of each module, can be considered as an evidence in classifying the input. Since
the modules are trained locally and the modules cannot resolve the global uncertainties,
each of the evidence may support or contradict one another. For instance, the following
two conditions may arise:
1. If the classes of two modules are close or overlapping, then for an input, outputs of

both the modules will be high. In other words, each of these two modules claims
that the input can be classified by the module alone.
2. Due to roughness, an input may completely belong to two different classes. If

these classes are from two different modules, then for a similar test input, both the
modules will produce high outputs. It indicates that the input belongs to both the
modules.
Some modules may cooperate each other also. For instance, the low output value of
a module may automatically indicate the high output in some other modules. Due to

the presence of conflicts and cooperations, each feature would have a different degree of
importance in classifying the input to a particular class.
To fuse the information supplied by each module, various methodologies like
winner-take-all [Hay94], probabilistic (Bayesian) reasoning [J5931, Dempster-Shafer the-

ory [Sha76], fuzzy integral [CK95a] [CK95b] [Yag93] [Cho95] [YF93] [Gra97] [WK92] exist.
In the winner-take-all technique, outputs of all the subnetworks are combined by simply
choosing the class with the largest output value. This method does not consider the importance of each feature. Since each module is not trained to discriminate all the classes
and all the modules are not trained upto the same accuracy, the performance of this
scheme is poor [CK95a] [Cho97]. For the information fusion, Bayesian reasoning utilises
the importance of each feature. But, while combining the importance of more than one
evidence, it relies on probability theory, which cannot discriminate between lack of evidence and negative evidence [K096]. On the other hand, Dempster-Shafer's theory and
the fuzzy integral can distinguish between lack of evidence and negative evidence. As we
have discussed in section 2.3.4, the fuzzy integral approach has a way to assess the importance of all groups of information sources towards supporting a particular hypothesis
as well as the degree t o which each information source supports the hypothesis. In contrast, the Dempster-Shafer theory does not have this advantage [KGTS94]. In addition,
fuzzy integral is computationally more efficient than the Dempster-Shafer approach. Due
to these merits, this chapter applies a fuzzy integral-based fusion method in combining
the subnetworks. In particular, a special type of fuzzy integral, known as Sugeno 's fuzzy

integral, is used. Henceforth, we use the term fuzzy integral to mean Sugeno's fuzzy
integral.
The behavior of the fuzzy integral in an application depends critically on the importance of the subsets of the features. Therefore, determination of the worth of each feature
is very important. In some applications of the fuzzy integral, the importance is s u p
plied subjectively by an expert or it is estimated directly from the data [TK90] [SY98e].
These methods require some kind of prior knowledge about the behavior of the outputs
generated by the modules. In many applications, it may be difficult to obtain the prior
knowledge. However, it is interesting to note that in the fuzzy integral approach, influence
of the other features on a given feature is not considered. Hence, determination of the
importance of a particular feature is based on the partial information supplied by the
feature itself. A feature is important for a particular class when all the input patterns can
be classified correctly to that class only using this feature value. This is possible when all

the input patterns are clustered based only on this feature value and all the input patterns
from each cluster have the same class label. When it does not happen, the relationship
between the clusters and the output class labels becomes onet+many. It results in rough
ambiguity [Paw82]. In most of the cases, the clusters formed in the input space based on
each feature value is fuzzy. Therefore, in this article, an attempt is made to determine
the importance of each feature using fuzzy-rough set [DP92] theoretic technique.
The chapter is organized as follows: In section 7.2 we discuss the basics of fuzzy
measure, fuzzy integral and rough sets. In section 7.3 the proposed method is described.
Section 7.4 demonstrates the experimental results.

7.2

Background

7.2.1

Fuzzy Measure

Let E be a finite set of elements. A set function g : 2" -+ [O, 3.1 with the following
properties is called a fuzzy measure [Sug74]:

PI: g(4) = 0
P2: g(E) = 1

PJ: If U

C V, then g(U) E g(V), where U,

V CE

The fuzzy measure generalizes the classical measure which plays a crucial role in
probability and integration theory. A probability measure P is characterized by the
property of additivity: For all sets U and V, if U n V = 4, then P ( U U V) = P ( U )
P(V). In the fuzzy measure, this property of additivity is weakened by the more general
property of monotonicity (property P3). Sugeno's gx measure is a special type of fuzzy

+

measure [Sug74] which satisfies all the properties of the fuzzy measure, in addition to the
following:
g(U u V) = g(U>+ g(V) + Xg(U)g(V)
where X > -1, U , V

E E and

(7.1)

U n V = 4. By varying the values of A, one can obtain

different types of fuzzy measure. For example, X = 0 produces the probability measure.

7.2.2

Fuzzy Integral

Let 2 = {El, E2, . . . , (S)be a finite set of elements, h : Z -+ [O, 11 be a mapping and g be
a fuzzy measure on Z. Then the fuzzy integral (over Z) of the function h with respect to

the fuzzy measure g is defined as

where 1 5 s 5 S. Since both h and g map to [0, I.], 3also lies in [0, 11. The above integral
can be seen as an extension of Lebesgue integral if product and summation operators are
substituted for rnin and max, respectively. 'Intuitively the interpretation of the above
relation is as follows: Let us suppose, an object is evaluated using a set of information
sources E. Let h(6,) E [0, 1)denote the decision for the object when a single information
source (, E E is considered. Moreover, suppose g({€,)), known as fuzzy density, denotes
the importance of the source 6,. Instead of a single information source, if a set of sources,
S, is taken to evaluate the object, then it is reasonable to consider rnin h((,)
€.En
as the largest security decision. Evidently, g(R) expresses the degree of importance or

namely R

1

the expected worth of the set R. Therefore, min min (h((,)) , g(R) denotes the grade
(€ .En
of agreement between the real possibility h and the expectation g. Thus, the fuzzy
integral can be interpreted as a search for the maximal grade of agreement between the
objective evidence and the expectation. However, the definition can further be simplified
if h((,), s = 1,2,. . . , S are ordered in a decreasing manner. Let h(<,) 2 h((,) 2 . . . 2
h(<,) (if not, E is rearranged so that this relation holds). Then Equation (7.2) is simplified
t0

where 0, =

. . . ,€,).

In order to evaluate the fuzzy integral, i.e., 3,we should have some way to determine
g(R,) from g({€,)). For that, we need to use the concept of fuzzy measure. In the
next section we will show how to determine the individual fuzzy densities g({€,)), s =
1,2,. . . , S for each information source from the given data. For the time being, let us
suppose that we know the fuzzy densities of the individual sources. But, g(n,)is not
necessarily equal to g({€,)) +g({(,)) + . . . + g({€,)). The simple additive property
may not hold because there may be some interactions among c,. If the interactions are
. . . g({(,)). On the contrary, if the
cooperative, then g(Rs) >_ g({(,)) +g({(,))

+

+

<

+ +

interactions are noncooperative, then g(Rs) g({(,)) +g({(,))
. . . g({€,)) [MS89b].
From this discussion, note that probability theory cannot be used to determine the value
of g(Rs). However, the concept of Sugeno's g~ fuzzy measure can be exploited here t o
find the value of g(Rs). The procedure is as follows:

One problem remains still unresolved; that is, how to determine A, which is the key
term to decide the amount of interactions among the information sources. In order to find

A, we use Equation (7.4), and we express g(E) in terms of the individual fuzzy densities
as follows:

where X
s=l

#0

(7.7)

From (PZ),
we know that the value of g over the whole set E must be one as no uncertainty
is involved. Hence, using g(E) = 1 and Equation (7.5)

It is possible t o find the value of X after solving the above ( S - 1)th degree equation.
In [TK90], it has been shown that X has a unique value in (-1, 0) U (0, +m) when

7.3

Modular Networks with Proposed Fusion Technique

7.3.1

Architecture of Modular Networks

In third chapter, the given pattern classification task is subdivided into three subtasks,
and one subnetwork is assigned for each subtask. We make this statement slightly general
by assuming that the original problem has M output classes {C1, C2,. . . , CM),and these
classes are divided into S subnetworks (Fig. 7.1). The sth subnetwork is assigned to
classify a group of classes, represented by {Cc,-,+l,.. . , C,,) with c,-, = 0 and cs = M .
The output of the sth subnetwork is {y,,-,+I,. . . , y,,), which is expressed in a vector
notation as = [yc8-,+l,.. . ,y,,]. The proposed method interprets each subnetwork as a
nonlinear filter tailored to the subgroup. Thus, the outputs of all the filters corresponding
to an input x is viewed as an S dimensional feature vector. This feature vector is presented

<,

as an input to a fuzzy integrator, which computes the value of the fuzzy integral with the
help of fuzzy densities. The class label of the input x is the class index that yields the
maximum value of the fuzzy integral corresponding to

+.

7.3.2 Training of Modular Networks
When a modular network is used for classification, a given training pattern is input to all
the subnetworks and the outputs of the subnetworks are processed to determine the class
label. We can decide the class label of the input based on winner-take-all policy. It means
that the class label of the input pattern is assigned as j, 1 5 j 5 M , if yj =

max {yk).
However, this type of assignment is not proper as all the subnetworks are independently
trained on different sets of data. A better approach is to declare the j t h class winner, if the
j t h class correspondences to max {gkyk), where gk is the importance associated with
k=1,2, ...,M

k=1,2, ...,M

the class Ck . One possible choice for gk is the a priom' probability of the class Ck. However,
the constraint
C gk = 1 used in probability theory cannot distinguish between lack
k=1,2, ...,M
of evidence and ignorance. Therefore, the concept of fuzzy integral is appealing here.
In the fuzzy integral approach, the outputs of the modules are processed further so that
the interactions among the outputs are also exploited for the final classification result.
Hence, the term gk is replaced by a more specific term gk({<s)), where gk({<s)) denotes the
importance of <,in characterizing the class Ck. With the help of gk({c,)), s = 1 , 2 , .. . , S,
the fuzzy integral Fk for the class Ck combines the outputs of all the modules, i.e.,

&,

s = 1 , 2 , .. . , S , in a nonlinear fashion. The final class label corresponding to the
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Fig. 7.1: A modular network with S modules or subnetworks. Initially the
input pattern is fed to S different feature analysers (FA). The feature analysers modify the input by providing different weightage on each feature. The
modified feature set is passed to the module connected to the feature analyser.
The output of the s t h module is represented by t,. All the outputs are combined in a nonlinear manner by a fuzzy integrator (FI). @ denotes the vector
, ,

r&,G7...7c~.
input is j, if Fj =

max { F k ) .The training of the modular network is comprised of

k=1,2, ...,M

the following two stages:
7.3.2.1

Training of subnetworks

For this stage, separate data sets are prepared to train the subnetworks independently.
The training data set for a subnetwork generally consists of the patterns belonging to
the classes in its subgroup only. Then, each subnetwork is trained to form the decision
surfaces for the classes in its subgroup. Training of the subnetworks varies depending on
whether the network is FFNN or FRNN. Both the training strategies are discussed in
chapter 5 and chapter 6.

7.3.2.2

Pattern matching

This stage of training is needed to compare the kth class prototype and the feature
vector @. Here the partial evaluation hk(es)implies how good the feature

6,

alone is to

classify the patterns from the class Ck,and the individual fuzzy density gk({e3))signifies
the importance of the feature

e3for the class Ck. Hence, the comparison between the

prototypes of Ck and @ can be accomplished in terms of closeness. Roughly speaking,
as hk ((1)gk ((€1)) f hk(€2)gk({€2)) f - - . f hk(<s)gk({€s)).
When the domain is continuous and the continuity of the function hk(e3)is not guaranteed,
the closeness can be

the closeness can be represented more comfortably by the fuzzy integral F k . Therefore,
in this stage it is essential to know the values of: (a) class prototypes, from which the
partial evaluation hk(es)can be obtained, and (b) the individual fuzzy density gk({&)).

Class prototype selection: The set {x) that contains training inputs from all the
classes, are passed through all the subnetworks to generate a set of feature vectors {@).
All the feature vectors corresponding to each class (say Ck) are collected separately, and
the mean of the vectors (say m k ) is calculated. This mean represents the class prototype.
In the testing phase, these class prototypes will enable us to compute the partial evaluation
hk (€3).

Evaluation of fuzzy density gk({CS)): The individual fuzzy densities are calculated
based on how well the outputs generated by the subnetworks separate all the classes for
the training data. Since we have already mentioned that each

e3can be considered as a

feature, determining individual fuzzy densities are equivalent to the determination of the
importance of each feature. We propose a fuzzy-rough set theoretic approach to determine
the individual fuzzy densities, i.e., the importance of the features for a particular class.
This approach is described below for the feature

6, and

the output class Ck.

A set of features {(,) is collected by passing a set of training inputs {x) through the
sth subnetwork. Fuzzy K-means algorithm [Bez81] is applied on this feature set. Since
the number of clusters is not known, we assume K is equal to the number of classes

M. While applying the fuzzy K-means clustering on the set {(,), we can observe the
following two points:
1. Some (, belong to more than one cluster partially as the clusters are overlapping.
2. All

e3from the same cluster may not belong to the same class.

The first type of uncertainty is fuzzy uncertainty. It is generated because the outputs of

the subnetworks are not from { O , l ) . The second type of uncertainty is rough uncertainty.
It is generated as the feature

e3 is not sufficient to classify all the input patterns {x).

Hence, two different tgbelonging to the same cluster may represent two different classes.
Thus, the relationship between the sth feature and the class labels may be a one-to-many
mapping. In other words, the classes are indescernible or not distinguishable with respect
to the sth feature. The sth feature t3is an important feature if
1. The clusters are compact and wide apart. The less is the fuzzy uncertainty, the
more important the feature is [PC861 [PM86].
2. All the elements from a particular cluster belong to the same class. The less is the
rough uncertainty, the more important the feature is.
That is, the feature <,is important if each cluster, generated by the feature, is compact
and isolated, and if all the patterns from each cluster represent the same class. Therefore,
the presence of more fuzzy and rough uncertainties implies less importance. Note that the
presence of any one or both of these uncertainties change the importance of the feature
for a particular class. We seek to measure the amount of fuzzy and rough uncertainties
involved by using fuzzy-rough sets. Later we will use the quantified value to determine
the importance of the sth feature for the kth class.
Based on the feature

e3,the approximation of Ckby the set of feature vectors {+) is

expressed here as a fuzzy-rough set. The lack of discriminating power of the feature <,is
due to the fact that we are not considering the other features

t j ,j # s, j = 1 , 2 . .. . , S

into account. Here we do not have complete information to classify a particular pattern
in the class Ckbased on the information supplied by e3. To determine the importance of
the feature

<,for the class Ckwith such incomplete knowledge, the concept of rough sets

+,

+,

can be used. In the terminology of rough set, two patterns
E {+) and
E ($1 are
called indiscernible with respect to the sth feature when the sth component of these two
patterns have the same value. Mathematically, it can be stated as
+pR3+q iff

€3,

= €39

where R 3 is a binary relation over {+) x {+). Obviously, R" is an equivalent relation.
Therefore, R 9 partitions ($1 into a set of equivalent classes, namely {Ff, Fl, . . . , F;),
where K is greater than one but less than the cardinality of {+). For continuous features,

+,

it is better to consider that
and qhq are related if the sth component of the two features
are similar (not necessarily strictly equal as in (7.9)). Two patterns from the same cluster

can be considered similar as they have spatial similarity. The resultant equivalence classes
become fuzzy clusters. It can be proved [DP92] that the fuzzy clusters F,9,F;,. . . , F,&will
be present if and only if there exists some similarity relation like (7.9). Moreover, it can
be shown that [DP92] the generated clusters will follow weak fuzzy partitioning [DP92].
This situation can be formulated in terms of fuzzy-rough sets. One obvious problem is to
decide the number of clusters needed for the task. We are assuming that the number of
clusters is equal to the number of classes, i.e., K = M.
After showing that fuzzy-rough uncertainty is associated with each (,, we have r e p
resented the approximation of C k by {+} in terms of fuzzy-rough sets. Now we are ready
to quantify the fuzzy-rough uncertainty associated with each 6,. In Appendix-Dl we
can observe that using fuzzy-rough membership values, we can measure the fuzzy-rough
uncertainty associated with each input pattern. Now, a measure of fuzzy-roughness is
needed to estimate the average ambiguity in the output class Ck for the input feature 6,.
As a measure we use the concept of fuzzy-rough entropy for the sth feature and the kth
class as

where rck(6,) is the fuzzy-rough membership value of the feature 6, in the class Ck and
fi is the number of feature vectors used to determine the importance of the feature. It
can be noticed that Xi increases monotonically in [O, 0.51 and decreases monotonically in
[0.5, 11. It reaches the maximum value when rck(6,) = 0.5 V(,, and minimum value when

rCk((,)
= 0 or 1 V6, [PB95]. The lower the value of Xi is, the greater is the number
of 6, having rck((,) M 1 or rck(t3)
M 0, i.e., less is the difficulty in deciding whether
6, can be considered a member of Ck or not. In particular, when rck(6,) M 1, greater
is the tendency of 6, to form a compact class Ck in the sth subspace, resulting in less
internal scatter in the sth subspace. Moreover, when rck(6,) M 0,

6, is far away from the

kth class, and hence, the interclass distance increases in the sth subspace. On the other
hand, when rck(6,) M 0.5, 6, lies in between Ck and the other classes in the sth subspace.
Hence, compactness and interclass distance both decrease in the sth subspace. Therefore,
the reliability of (,, in characterizing the class Ck, increases as the corresponding Xi
value decreases. Thus, Xi quantifies the importance of 6, in characterizing the kth class.
One way to determine the importance of the sth feature in the kth class is by the term

(1- 'Xi). Hence, the fuzzy densities can be determined as

The procedure to find the fuzzy density can be summarised as follows: We interpret
the fuzzy density of a module with respect to an output class as the importance of the
module for that class. It is equivalent to the importance of the feature generated by the
module (since the module is treated as a feature extractor). The importance of the feature
for an output class depends on the fuzzy-roughness associated with the output class for
the given feature. We have demonstrated that a set of input patterns can be clustered
based on the feature value, and as a consequence, the approximation of the output class by
these clusters can be expressed in terms of a fuzzy-rough set. It is possible to quantify the
fuzzy-roughness associated with each input pattern for the output class in terms of fuzzyrough membership functions. The fuzzy-rough ambiguity associated with the output class
for the given set of input patterns is measured using the fuzzy-rough entropy. The fuzzy
density for the output class is determined from the fuzzy-rough entropy.
The complete training procedure, consisting of training the subnetworks and matching
the patterns, is shown in Fig. 7.2.
7.3.3

Testing of Modular Networks

A separate set of test patterns is used as inputs to all the subnetworks. The outputs
of all the subnetworks corresponding to the input test pattern x form the feature vector

+ = [d,&,. . . , &i. To determine the partial evaluation hk(E,) from the already recorded

class prototypes, we use the following relation [Bezgl]:

where dk is the distance between the feature (, and the prototype of the kth class, i.e.,
dk = ((, - m i j ~ - ~ ( < ,mi), with m i = [mce-,+l,k,.
. . , mCecj. Here, C is a positive
definite matrix and q E (1, m) is an index. Generally, C is taken as the covariance
matrix for the distance between E, and m i , and q is taken as 2. The value of hk(EJ)
is an indication of how certain we are in the classification of the input x into the class
Ck using the feature t,. Here, 1 indicates with absolute certainty that the input x is
from the class Ck, and 0 means that the input certainly does not belong to the class Ck.
Moreover, from the training the fuzzy densities gk({<,)), Vs, k, are known. Hence, using

Use different training sets T8,s =

1,2,. . . , S to train all the

subnetworks.The training set T8contains the training
input-output pairs only for the sth subnetwork.
Prepare another training set {xl,x2,.. . , xii) that contains the
training Input-output pairs for all the subnetworks. Pass this
training set through all the subnetworks to collect the feature
vectors $,,

p = 1,2,...,fi as the outputs.

DO for each k = 1,2,..., M

Record the class prototype mk.
END DO
DO for each s

Apply the fuzzy K-means clustering algorithm with M
clusters on

{<,,
( p= 1,2,.
. . , fi).

DO for each class

Ck,
k = 1,2,.. . , M

Use (7.11) to compute the fuzzy density gk({tS))
from

{<,,
Ip = l,2,.
.. , f i ) .

END DO
END DO

Fig. 7.2: Training of the proposed modular neural network.

For t h e t e s t i n p u t p a t t e r n x , f i n d t h e outputs
f o r a l l t h e subnetworks.

t,,

s = 1 , 2 , .. . , S

DO f o r each output c l a s s Ck, k = 1 , 2 , .. . , M

t,, s = 1 , 2 , .. . , S
Compute hk(t,) from (7.12) .

DO f o r each

END DO
C a l c u l a t e X from (7.8) .
C a l c u l a t e Fk from (7.3) .

END DO
M

The c l a s s l a b e l of x is j i f Fj = mmax{Fk}.
k=l

Fig. 7.3: Testing of the proposed modular neural network.
Equation (7.3), the fuzzy integral value of x corresponding to each output class can be
computed. The class label corresponding to the test input is the class index which yields
the maximum fuzzy integral value. The fuzzy integral value corresponding to a particular
class can also be used as the confidence level in classifying the input to that class. The
testing procedure is given in form of an algorithm in Fig. 7.3.

7.4

Results and Discussion

In chapter 6, we found that FRNNs are suitable for the first and second level bids,
whereas the FFNN with fuzzy mean square error is suited for the third level bids. Hence
to construct the modular network, we use two FRNNs for the first and second level bids
and one FFNN for the third level bids. The architecture and training strategy for these
networks are discussed in chapter 5 and 6. To combine the outputs of the networks, a
test set of 600 input patterns was formed. It contains patterns from all the classes. For
a given input hand, the output of each network is found. In the first experiment, we
applied winner-take-all technique on these outputs to find the corresponding class labels.
The class label of the input was chosen as the class label corresponding to the maximum
output. The classification performance is shown in the second column of Table 7.1.

Next we apply the fuzzy integral to fuse the outputs of the three networks. To train
the fuzzy integral, we used a validation set of size 400. This set contains data from all the
classes. Here the importance of each
is determined using two different methods. One

<,

method is called frequency-based method. It was used first by Tahani et al. in [TK90].
The fuzzy density corresponding to each (, is found based on how well this feature alone
performs on the validation set. The fuzzy densities are calculated using [CK95b]

where P3,k
is the classification performance of (, for the class Ckon the validation data
and d, is the desired sum of the fuzzy densities. The output with maximum fuzzy integral
value is chosen as the output class label. The classification efficiency using this procedure
is depicted in the third column of Table 7.1. Finally the fuzzy densities are calculated
using the proposed method. For each module, the class prototypes were recorded. Since
the number of classes is 15, we used 15 clusters in the fuzzy K-means algorithm. This
information was used to compute the fuzzy densities. The classification results of the
proposed method on the same test set are given in the fourth column of Table 7.1.
In Table 7.1, we can observe that the proposed method is performing better than
the winner-take-all method. In the winner-take-all method, there is a large variation in
the performance among the classes. It is because some classes are highly trained, and
hence these classes win for most of the input data. The sum of importance calculated
using frequency based method is equal to one. Consequently, if a module is not efficient
to classify patterns to any of the classes, then the importance associated with the module for all the classes will be no. of 1classes =

z. On the otherhand, in the proposed

method sum of importance may or may not be equal to one. Hence, if a module is not
efficient to classify patterns to any of the classes, then the importance associated with
the module for all the classes will be zero. This strategy is certainly more attractive than
that of frequency-based method. Possibly because of this reason, the proposed method is
performing better (overall) than the frequency-based method. Therefore, the better classification performance (overall), makes the proposed method more attractive compared
to the other two methods.
In this chapter, finally we have built the complete modular network for the opening
bid problem. Although the performance of the resultant bidding system is not the best,
our aim was to show that exploitation of uncertainities can make the classifier better. For
that we started with a monolithic classifier, which could not be trained. Then we broke the

Table 7.1: Final classification results for the opening bid problem using winner- take-all method, frequency method and proposed met hod.

P

1 Overall 1

method

method

method

90.14%

78.87%

88.34%

77.31%182.20%

1

85.23 %

1

monolithic classifier and finally integrated the classification results from the subclassifiers.
The classification result by the network is off course subjective. It is because the bids
produced by the system are tallied by an expert, and if it is accepted by the expert as a
valid bid, then the output is considered as correct output. There may be be slight change
in the performance of the classifier if the expert is changed.
7.5

Summary

This chapter applies a fuzzy integral-based technique to combine the outputs of the rnodules in a modular neural networks. The modules are viewed as nonlinear feature extractors. Hence, for each input the modules generate a feature vector. The fuzzy integral acts
here as a weighted closeness measure between the feature vector and the class prototypes.

The weights are determined based on how important the features are for a particular class.
The importance of a feature for a particular class is measured in terms of fuzzy-rough
ambiguity associated with the concerned output class for the given input feature. The
class prototype that is the nearest to the feature vector is designated as the class label of
the input pattern corresponding to the feature vector.
The approach adopted in this chapter can also be viewed as a two stage classification
scheme [CK92]. The first stage of the classification scheme, accomplished by the subnetworks, is for crude classification. The second stage, which consists of the fuzzy integral,
is to fine tune the classification results obtained from the first stage.
The attractive points about the proposed way of calculating the fuzzy densities are
1. It is an objective way of calculating the fuzzy densities. Therefore, it does not need

any expert to determine the fuzzy densities. Moreover, unlike other objective approaches, it does not need any information regarding the probability of occurrence
of the input patterns. It needs only the facts hidden inside the data.
2. It is conceptually simple and needs simple algorithm. It does not need any complicated learning procedure as used in [KO961 [WW97]. The learning procedures
used in [KO961 [WW97] may get stuck in local minima, or may take long time to
converge. Especially, if the number of modules are large, then the convergence of
this kind of learning algorithm may become very tough [GN94].
In the definition of fuzzy integral, we are using max and min operators which are noninteractive. It makes the fuzzy integral less sensitive towards the training data. A better
approach may be to use the fuzzy integral with OWA operators [Cho95].

Chapter 8
SUMMARY AND CONCLUSIONS
8.1

Summary of the Thesis

In this thesis, an attempt has been made to deal with uncertainties in classification problems. The objective is (a) to identify the roles of fuzzy, rough and probabilistic uncertainties associated with the given classification problem, and (b) to exploit the associated
uncertainties to --evolve a pattern classification methodology. Contract Bridge opening
bid problem is considered as a case study. The aim is to construct a classifier for the
opening bid problem based on the input-output pairs of the data collected from players
of the Bridge game. When a hand pattern is presented as an input pattern, the classifier
should be able to determine the opening bid. Some salient characteristics of the problem
are: The input hand patterns are crisp, the output bids are fuzzy, some output bids are
highly probable and the input-output relationship is not unique. Although the problem
is complex, the straightforward input representation of the problem enables us to probe
more into the classification mechanism.
Before going into the details of the opening bid problem, a comprehensive survey of
different pattern classification techniques are presented. The emphasis of the review is on
the recent trend to evolve pattern classification methodologies using uncertainties. The
review includes the description of the state-of-the-art techniques employed in modular
classifiers.
In this thesis, the classification process is described through numerical quantities.
Feedforward neural networks (FFNNs) with backpropagation learning algorithm are chosen for the study. In the initial experiments, monolithic feedforward neural networks
failed to converge. The reason may be that the classifier is insufficient to handle, resolve
and exploit the uncertainties associated with the problem. To make the uncertainty handling easier, an attempt is made to break the the problem into smaller subproblems. The
intention is to resolve and exploit the uncertainties locally in each subproblem, followed
by a mechanism to treat the uncertainties globally. In order to accomplish it the following

five steps are adopted:
In the first step, all the possible classes are partitioned such that the classes that are
close, and the classes for which the frequency of occurrence of the patterns are similar,
belong to the same partition. The condition of closeness narrows down the effect of fuzzy
uncertainty into a local region, and the condition of similar occurrence makes the learning
easier. Each partition forms one subclassification problem. This strategy results in three
subclassification problems in the opening bid problem. The output classes for the three
subclassifiers correspond to the first, second and third level bids.
In the second step, different feature sets are used for each subclassification problem
to increase and decrease the interclass and intraclass distances, respectively. The aim is
to make the classification process easier with the derived feature set. It is accomplished
by imposing high-er weightage on the features that are important for the classes present in
the subclassification process. While measuring the importance of a particular feature, influence of the other features present in the input pattern and influence of the unaccounted
features are not possible to be taken under consideration. Consequently, two input patterns with the same feature value may be mapped to more than one class. This situation
causes the input-output relation to be one-to-many, and hence, rough-uncertainty is generated. Moreover, the classification task involved in the opening bid problem is inherently
fuzzy. The more rough and fuzzy uncertainties are associated with a feature, the less is
the importance of the feature. Rough-fuzzy entropy is proposed as a criterion function
to evaluate the importance of each feature. The fuzzy membership value of each training
pattern is determined using possibilistic K-means algorithm. These membership values
are used to compute the rough-fuzzy entropy. The rough-fuzzy entropy is minimized
iteratively to obtain the optimal importance of each feature for a particular module.
In the third step, a classifier module is designed for each subclassification task. Each
module is constructed using direct classification technique. Feedforward neural networks
with backpropagation algorithm are used. The inputs of the networks are the modified
feature vectors and the outputs are the fuzzy output classes. The backpropagation algorithm is designed to minimize two classes of fuzzy objective functions, namely, fuzzy
mean square error and fuzzy cross entropy. The performance of these two algorithms are
comparable on the opening bid problem. The generalization capability of the modules are
still low. It is because (a) the number of weights and hidden nodes are not minimized,
and (b) the training of each module may not be proper as the backpropagation algorithm
may get stuck in local minima. In order to reduce these drawbacks, a stochastic learning

strategy using evolutionary programming is adopted in conjugation with the deterministic
learning (BP) using fuzzy objective functions. In particular, two objective functions, viz.
major (global) and minor (local) objective functions, are minimized simultaneously. The
major objective function is the fuzzy mean square error value (or fuzzy cross entropy) over
a validation set and the minor objective function is the fuzzy mean square error value
(or fuzzy cross entropy) over a training set. Iterative minimization of the minor objective
function is carried out to guide the minimization of the major objective function. The
iterative procedure is made faster by dynamically adapting the mutation parameters that
are used in evolutionary programming.
In an another approach, each subclassification task is carried out through clustering.
The modified feature vectors that form fuzzy clusters, are clustered using evolutionary
programming. The
- clustering algorithm determines the number of clusters, cluster means
.

and cluster variance automatically. Two objective functions are incorporated. The major
objective function decides how many clusters should be there. The minor objective function decides the cluster parameters. The major objective function is minimized stochastically using evolutionary programming-based method, and the minor objective function
is minimized using a deterministic iterative method. The resultant clusters are used to
construct a fuzzy-rough neural network (FRNN). This network uses the fuzzy uncertainty
present in the clusters and the rough uncertainty (due to one-to-many mapping between
the clusters and the class labels) in terms of fuzzy-rough membership functions. Compared to the backpropagation algorithm with fuzzy objective functions, the classification
performance of FRNNs is better for the modules that deal with the first and second level
bids, and worse for the module that deals with the third level bids. Hence, the FRNNs
are used for the first and second modules and the FFNN is used for the third module.
In the fifth step, the result of all the classifiers are combined using Sugeno's fuzzy integral. All the modules are supposed to resolve or exploit the fuzzy and rough uncertainties
locally. For any input, each module claims that the input can be classified by that module
alone. Consequently, each module provides some classification result. A postprocessor is
used to determine the output class from such a collection of conflicting evidence. The
evidence are aggregated in a nonlinear fashion, and each evidence is weighted differently.
To find the weightage associated with each module, the amount of fuzzy and rough uncertainties associated with each module is quantified from global angle. The concept of
fuzzy-rough membership functions is used for the purpose of quantification. The outputs
of the integrator, i.e., the outputs of the modular network, are the class confidence levels

corresponding to the input pattern.

8.2

Contribution of the Thesis

The contributions of the thesis are

1. Providing an in-depth review on the pattern classification techniques that exploit
uncertainty (chapter 2).

2. Formulating the opening bid problem as a pattern classification problem, and addressing different types of uncertainties involved in this problem (section 2.4).

3. Application of modular neural networks to deal with fuzzy, rough and probabilistic
uncertainties effectively (chapter 3).
.-

4. Use of possibilistic K-means algorithm to determine the possibilistic membership
values of the training inputs (section 4.3.2).

5. Use of rough-fuzzy sets to determine the importance of each feature for classification
(chapter 4).

6. Development of backpropagation learning algorithm based on various fuzzy objective functions (section 5.2).
7. Enhancement of the dynamics of evolutionary programming and use of this technique to configure feedforward neural networks (section 5.3).
8. Devising a framework to embed fuzzy clustering algorithms in evolutionary p r e
gramming paradigm (section 6.2).

9. Introducing the concepts of rough-fuzzy and fuzzy-rough membership functions for
classification (Appendix C and D).
10. Proposing fuzzy-rough neural networks to consider the fuzziness as well as the

roughness present in the classification problem (section 6.3).
11. Use of fuzzy-rough sets in fuzzy integral to measure the importance of each module
(chapter 7).
8.3

Conclusion of the Thesis

The following are some important conclusion of the study:

1. Uncertainties, which apparently affect the classification system, can be made useful

to the classification system, if treated properly.
2. It is possible to employ the uncertainities associated with the given classification
problem to evolve one among many possible solutions for the classification problem.

3. We should be careful not to add large amount of uncertainty while representing the
problem. If the representation is straightforward, it becomes easier to analyse the
classification task.
4. An attractive way to exploit the uncertainties is to divide the given classification
task into simple subtasks, and then combine the individual solutions of the subtasks.
The uncertainities in each subtask can be considered locally, and the uncertainities
in the whole problem can be treated globally while combining the solutions.

5 . ~odulari&tionin an arbitrary manner may not enable us to construct a good classifier. Because modularisation adds its own uncertainty, which should be handled
with care. If we can exploit the uncertainity involved in the original problem, slight
increase in the uncertainity due to modularisation may get nullified. Eventually
the modularisation may be beneficial to us.
6. When the classification relation is based on subjective data, as we observe in the

case of bidding, it is difficult to model the classification system.
7. It is difficult to model a part of the system, when the correlation between the
various parts of the system is very high. For example, while building a bidding
system, if we do not consider some important aspect like "vulnerability", then the
problem becomes difficult.
8. Although opening bid problem is taken as an illustration, problems dealing with

uncertainties are common in vision, speech and natural language processing.
8.4

Issues R e l a t e d t o T h i s Thesis Work for Further S t u d y

In this thesis we have partitioned the classification task based on some prior knowledge.
In many classification problems, the domain specific knowledge may be absent or difficult
to obtain. It is worthwhile to explore automatic partitioning of the input space so that
the overall generalization capability of the whole network is increased.
Bridge players gather their experience from data as well as from some weak rules or
knowledge. We have exploited only the data to construct the classification system. The

classification performance could be enhanced if we had used data and rules simultaneously.
We have used possibilistic K-means to obtain the membership values of the input
hands. A better approach is to learn the classification function and membership functions
simultaneously. In [PK96], this problem is attempted, where each class contains only
one cluster. For a general framework, where each class contains more than one cluster,
virtually no progress is achieved so far.
The importance of each feature is determined by minimizing the rough-fuzzy entropy
iteratively. Rigorous proof is needed to show that this iterative scheme always converges.
Human beings can remember some accidental events and generalize many regular
events. In the bidding problem also, players remember the high level bids and generalize
the lower level bids. The current model cannot handle this memorisation-generalization
dilemma. It will-be an interesting topic to explore how the memorisation-generalization
dilemma can be realized in modular networks.
The feedforward neural networks with fuzzy objective functions, reported in chapter 5,
do not capture the rough uncertainty. Hence, it will be interesting to train the network
to capture fuzzy as well as rough uncertainties.
We have enhanced the dynamics of evolutionary programming based on some empirical evidence. A more rigorous analysis is needed to analyse the efficiency of the proposed
technique. One useful tool for this analysis can be Markov chain.
We have used fuzzy hypervolume to decide the optimal number of clusters. In some
cases, it does not give the optimal result. Therefore, we need to develop a better measure
to identify the optimal number of clusters.
Although in literature attempts have been made to quantify the generalization capability of classifiers [Vid97], no significant work has been reported to quantify the generalization capability of modular networks.
In statistical pattern recognition, Bayesian classifiers are accepted as benchmarks to
compare other classification techniques. Till now no such classifier is developed whose
classification efficiency is optimum in presence of fuzzy, rough and probabilistic uncertainties. This kind of model may not be applicable in practice, but it can serve as a
benchmark.

APPENDIX A
CONTRACT BRIDGE GAME: ISSUES
The game of Contract Bridge offers a rich platform for exploring theories in artificial
intelligence. We observe that unlike chess, which is a two-person zero-sum completeinformation game, Bridge cannot be tackled by elegant mechanisms like minimax search
method [LS95]. This is because Bridge is not a complete information game. Since one
does not know the cards held by the opponents, one cannot project the play into the
future to try and discover which strategy is most profitable. Instead one has to rely on
some knowledge intensive method. Bridge can be classified as a two-side incompleteinformation game [LS95]. Further complication is introduced by the fact that each side
constitutes of two persons. Therefore communication is vital. Not only does one have to
convey information, within the rules of the game of course, to the partner, but one also
needs to intercept opponents messages to learn their intentions. Almost as a corollary,
at a more sophisticated level one may even want to send out misleading signals to lead
opponents astray.
Contract Bridge is played with a regular pack of 52 cards dealt randomly and equally
among 4 players. Let us call them North, South, East and West, according to their
position on the table. North and South are partners, as are East and West. The cards are
ranked in the order Ace, King, Queen, Jack, 10,9,.. . , 2 in each suit. Each player plays a
card, in clockwise order, and the highest ranking card wins the trick, then it wins some
points. Thirteen such tricks are played, and each time the winner of the precious trick
starts play. This constitutes one deal or one hand.
There are two stages of play in each deal, viz. bidding, followed by the play of cards.
The goal in a deal is to maximize points. The points essentially depend upon bidding. Bids
are made for the number of tricks the side promises to make, given the stated "trump"
suit. Eventually the highest bid is accepted in each deal. This is known as the contract.
Generally, the higher a side bids the more points it is likely to win, provided it can
fulfill the contract. That is, if the side can make the number of tricks it has bid for. If
it succeeds, it wins some points. Let us call them success-points. If it loses, then the

opponents get some points instead, which we can call penalty-points.
The straightforward goal in bidding is to bid the highest number of tricks one thinks
the side can make. That is, to maximize success-points won. The means used in this
process are the following:
1. Evaluation of own hand.

2. Communication with partner.

3. Projection of play.
Among these, the first two are simpler and can possibly be handled by heuristic methods.
The third is more difficult, as it would involve constructing plausible distributions (based
on the bids heard, and on probability) and then projecting the play. A more complex goal
.-

is to make a sacrifice bid. It essentially means intentional overbidding, over an opponent
bid, with the hope that the penalty-points loss will be lesser than the opponents' expected
success-points gain, thus being an overall gain. Even more complex goals are to sabotage
the opponents communication. This may mean consuming the bidding space (jamming
the communications channel), or even making "false" bids to confuse opponents. In the
process, an enterprising planner may make an "advance sacrifice" to "push" the opponents
higher than they can manage, or to escape with a lighter penalty. Considering that all
these processes happen when the planner can see only one hand, one observes that bidding
is probably a more difficult part of the game.
Once bidding is over, the goal for the play stage has been defined. One side has the
contract, and is required to make the bid number of tricks. At this stage one player of
the contracting side (called the dumm y ) exposes the cards to everybody, while the other
(called the declarer) plans and executes the play. The opposing side (called defenders)
are said to defend the contract. They are in fact trying to defeat the accomplishment of
the contract by the declarer.
One can observe that the situation at this stage is not symmetric. The declarer knows
the entire strength of his side, and is in total control of the play of the cards. He is also
aware of the entire assets of the defense, in terms of material strength, since they have the
remaining 26 cards. Each defender knows only his own hand, and cannot see his partner's
hand. Therefore the two defenders have to combine their efforts to try and achieve the
goal. This necessarily involves (formal) communication between the two. Both can see
the dummy also.

Since the cards of all the players cannot be seen, one cannot project moves into the
future. Methods Iike minimax search are therefore ruled out immediately. Instead, the
success of a strategy can only be estimated based on the probabilistic distribution of the
cards, and any information gleaned from the communication taking place. The strategies
themselves are derived from knowledge about the various known methods of tackling
various card combinations.
The straightforward goal in the play of the hand is to make the number of tricks
as stated in the contract. The emphasis is on maximising the probability of success. If
success is assured, then the god can be revised to increase the number of tricks won,
as some more points can then be gained. If success seems unlikely, then a planner may
even choose to minimize losses, i.e., the penalty-points won by the opponents. Like in
bidding, the planner
may attempt to do better by exploiting the incomplete information
-that the opponents have. This may introduce complex "meta-level" gods of protecting
information, or sending out misleading signals.
Thus, we observe that unIike games like chess, where a clear cut strategy of aiming
for the minimax value (saddle) points is meaningful, in Bridge one has to largely grapple
with incomplete information. In the face of such uncertainty, planning in the game of
Bridge can only be a complex knowledge intensive activity.

APPENDIX B
EVOLUTIONARY PROGRAMMING AND
ROUGH SETS: BASICS
B.l

Background of Evolutionary Programming

Usually an optimization problem seeks to find the value of a free parameter x E X
of the system under consideration, such that a certain quality function G : X

+ ?R is

minimised (or, equivalently maximised) [BHS97]. This quality function is known as ob-

jective function. The goal of the minimisation operation is to find x corresponding to
the global minimum of the objective function. But the presence of local minima, constraints and the other factors like large dimensionality, nonlinearity, nondifferentiability,
noisy objective function make the optimization task difficult. If an optimization method
can give a solution of x which is slightly better than the currently known best solution
of x , then it is often accepted as a success. The efficiency of the optimization process
can be enhanced, if it is carried out in parallel. One such biologically inspired method
is evolutionary programming [Fog94b] [Fog95],where a population of solutions are probabilistically explored over a sequence of generations to reach the globally optimum solution.
Evolutionary programming employs the following steps to find the global minimum of a
function G(x) :

?RN

+ 8:

1. Initially a population of parent vectors xi, i=l, 2,

...,

v, is selected at random

(uniformly) from a feasible range in each dimension.
2. An offspring vector k,, i = 1, 2, . . . , v, is created from each parent xi, by adding
a Gaussian random variable with zero mean and predefined standard deviation to
each component of xi.

3. A selection procedure then compares the values G(x,) and G(jZi) to determine which
of these vectors are to be retained. The v vectors that possess the least value of
the objective function become the parents for the new generation.

4. Go to the step 2 unless a satisfactory solution is reached or the number of genera-

tions is greater than some prespecified constant.
5. The solution of the problem is x*, where G(x*) posses the least value in the final
population.

B.2 Background of Rough Sets
In any classification task the aim is to form various classes where each class contains objects that are not noticeably different. These indiscernible or indistinguishable objects can
be viewed as basic building blocks (concepts) used to build up a knowledge base about the
real world. For example, if the objects are classified according to' color (red, black) and
shape (triangle, .-square and circle), then the classes are: red triangles, black squares, red
circles, etc. Thus, these two attributes make a partition in the set of objects and the universe becomes coarse. If two red triangles with different areas belong to different classes, it
is impossible for anyone to correctly classify these two red triangles based on the given two
attributes. This kind of uncertainty is referred to as rough uncertainty [Paw821 [PBSZ95].
The rough uncertainty is formulated in terms of rough sets [Paw9:L]. Obviously, the rough
uncertainty can be completely avoided if we can successfully extract the essential features
so that distinct feature vectors are used to represent different objects. But it may not be
possible to guarantee as our knowledge about the system generating the data is limited.
In any classification problem, two input training patterns xu and xu (where xu, xu E

X , the set of all input patterns) are called indiscernible with respect to the s t h feature,
when the s t h component of these two patterns have the same value. Mathematically, this
indiscernibility can be represented as &RSxViff xu, = xus, where R S is a binary relation
over X x X . Obviously, R s is an equivalence relation that partitions the universal set
X into different equivalence classes. This idea can be generalized to take some or all the
features into our consideration. Without loss of generality, based on a particular set of
features, let R be an equivalence relation on the universal set X . Moreover, let X / R
denote the family of all the equivalence classes induced on X by R. One such equivalence
class in X / R that contains xE X , is designated by [XIR. In any classification problem,
the objective is to approximate the given output class Cc X by X/R. For the output
class Cc, we can define lower approximation R(Cc) and upper approximation &(CC),which
approach Cc as closely as possible from inside and outside, respectively [KY95]. Here,
R(Cc) =

U{[X]R

I

[X]R

Cc,x E X ) is the union of all the equivalence c~assesin X / R

that are contained in C,, and z(Cc) = u { [ x ] ~
( [XIR r) Cc # 4, x E X ) is the union of d l
the equivalence classes in X I R that overlap with C,. A rough set R(Cc) = (R(c,), &(c,))
is a representation of the given set Cc by &(Cc) and R(Cc). The set difference, R(Cc) &(CC),is a rough description of the boundary of C, by the equivalence classes of XIR.
The approximation is rough uncertainty free if fi(Cc) = &(Cc). When all the patterns
from an equivalence class do not carry the same output class labels, rough ambiguity is
generated as a manifestation of the one-to-many relationship between the equivalent class
and the output class labels. For a given Cc representing certain concept of interest, we
can characterize X I R with the following three distinct regions:
1. l?(Cc) is called the positive region POSR(Cc)of C,,
2. R(Cc) - &(Cc) is called the boundary region BNDR(Cc)of C,,

3. X I R - Z(C,) is called the negative region NEGR(Cc)of Cc.

Two examples of rough sets are shown in Fig. B.1. In the first example (Fig. B.l(a)),
X is a closed interval of real numbers, and XIR partitions X into ten semiclosed intervals
and one closed interval. The output class Cc, which is to be approximated by the elements
of XIR, is the closed interval shown in this figure. The rough set approximation of
Cc consists of the two semiclosed intervals, R(Cc) and &(CC). In the second example
(Fig. B.l(b)), the universal set is X = X1 x X2, and the equivalence relation R partitions
X1 x Xz into one hundred small squares.

Fig. B.l: Rough sets in (a) one and (b) two dimensional domains.

In a classification task, the concept of rough membership function is introduced [WZ87]
to quantify the rough uncertainty associated with each pattern. The rough membership
function re, ( x ) : X

-+

[O, 11 of a pattern

XE

X for the output class Cc is defined by

where (CcIdenotes the cardinality of the set Cc. Rough membership function r c , ( x )
signifies the rough uncertainty associated with the pattern x for the output class Cc. It
can be shown that rec( x ) = 0 or 1 if and only if there is no rough uncertainty associated
with the pattern x [Paw951 [Paw94]. Evidently, the rough uncertainty associated with x
is maximum when re, ( x ) = 0.5.

APPENDIX C
ROUGH-FUZZY MEMBERSHIP
FUNCTIONS
In a classification task, the indiscernibility relation partitions the input pattern set t o form
equivalence classes. These equivalence classes try to approximate the given output class.
When this approximation is not proper, roughness is generated. The output classes may
have fuzzy boundaries. Thus, both roughness and fuzziness appear due to the indiscerni.-

bility relation in the input pattern set and the vagueness in the output class, respectively.
To model this type of situation, where both vagueness and approximation are present,
the concept of rough-fuzzy set [DP90]is proposed. The resultant model is expected to be
more powerful than either of rough sets or fuzzy sets.
This appendix provides one scheme to generalize the concept of rough membership
functions in pattern classification tasks to rough-fuzzy membership functions. Unlike the
rough membership value of a pattern, which is sensitive only towards the rough uncertainty
associated with the pattern, the rough-fuzzy membership value of the pattern signifies
the rough uncertainty as well as the fuzzy uncertainty associated with the pattern. In
absence of fuzziness in the output class, the rough-fuzzy membership function reduces to
the original rough membership function. Moreover, when the partitioning in the input set
is fine, i.e., each equivalent class contains only one pattern, the rough-fuzzy membership
function turns out to be the fuzzy membership function. If the partitioning is fine and the
output classes are crisp simultaneously, the rough-fuzzy membership function reduces to
the characteristic function. In this appendix, various set theoretic properties of the roughfuzzy membership functions are discussed. A detail discussion on rough-fuzzy membership
functions can be found in [SY].

C.l

Basics of Rough-Fuzzy Sets

Let X be a set, R be an equivalence relation defined on X and the output class Cc C X be
a fuzzy set. A rough-fuzzy set is a tuple

(R(C,), B(c,)), where the lower approximation

&(Cc) and the upper approximation a ( C c ) of Cc are fuzzy sets of X I R , with membership
functions defined by [DP92]
PR(C,)([X]R)= i n f { ~ c , ( x ) l ~ ~ [ ~V]X~E)X

(c.1-a>

~ R ( c , )(Ix]id = S U P { P C , ( ~ ) I ~ E [ X ] R ) V x E X

(C.1-b)
(C. 1-c)

Here, ,!4R(Cc)
- ([XIR ) and pK(cc)([XI
respectively.
.C .2

R)

are the membership values of

[X]R

in R(Cc) and R(Cc),

Definition of Rough-Fuzzy Membership F'unctions

The rough-fuzzy membership function of a pattern x E X for the fuzzy output class
Cc C_ X is defined by

where F = [ x ] and
~ \Cc(means the cardinality of the fuzzy set Cc. One possible way to
determine the cardinality is to use [Zad78]: ICc/

sfC pcc(x). For the 'n' (intersection)
xEX

def

operation, we can use pAne(x) = min{pA(x), pB(x)) Vx E X . It must be noted that the
concept of rough-fuzzy set is necessary while dealing with ambiguous concepts, whereas
the rough-fuzzy membership function is needed when uncertain data are considered.
C.3

Properties of Rough-Fuzzy Membership Functions

Following are a few important properties of rough-fuzzy membership functions that can
be exploited for a classification task.

Property C . l : 0
Proof. Since

4

< LC, (x) ,< 1
F t l Cc C F, the proof is trivial. rn

Property C.2: LC,(X)= 1 and 0 if and only if n o rough-fuzzy uncertainty i s associated
with the pattern x.

Proof.
If part: If no rough-fuzzy uncertainty is involved, then either (a) F
or (b) F n Cc= cp, i.e., LC, = 0.

c Cc, i.e., LC, = 1,

Only if part: If LC,(X) = 0, then the numerator of (C.2) is zero. It implies that
F n C, = 4. On the other hand, if LC,(x) = 1, then the numerator of (C.2) is equal
to the denominator. It means that F n Cc = Cc, i.e., F Cc. Both cases imply that no
rough-fuzzy uncertainty is involved.

c

Property C.3: When the output class Cc is crisp,

LC,(x)

= rcc(x).

Proof. When the output class Cc is crisp, Equation (C.2) reduces to (B.l). Hence, the
proof follows. rn
.-

Property C.4: When the partitioning is fine, L C , ( ~ )= P C , ( ~ ) . Moreover, if the partitioning is fine and the output class Cc is crisp, then LC,(X) is equivalent to the characteristic function.
Proof. When the partitioning is fine, i.e., each F consists of a single pattern,
= p C ( x ) . If pcc(x) E {O,
the characteristic function.
1

x

11, i.e., the output class is crisp, then LC.(X)

LC, (x)

=

becomes

This property and the property C.3 show that both rough and fuzzy membership functions
become particular cases of rough-fuzzy membership functions in the absence of fuzziness
and, roughness, respectively.

Property C.5: LX-c,
(x) = 1- LC,(x)
Proof* Lx-c,(X) = * J Fn X-Cc = 1-

JW=

1-LC.(X).

.

Property C.6: If x and z are two input patterns so that xRz (i.e., x , z E F), then
LC,

(x) =LC,

(2).

Proof. It can be derived directly from Equation (C.2). rn
Property C.7: LAUB(X)
2 ~ ~ x { L A ( x ) , L ~ ( where
x ) } , A, B C X
Proof. LAUB(X)
=

F n AUB

2 $fl = bA(x). Similarly, LA,B(X) 2 LB(X)

Property C.8: LAnB (x) 5 r n i n { ~ ~ ( x ) , ~ ~where
( x ) ) A, B C X.
188

.

Proof- Lane(x) =EWG9.l <
-

=

(x). Similarly,

LAnB

(x)

< L B(x)

.

Property C.9: If Z is a family of pairwise disjoint subsets of X , then L , ~ ( X )=

c

CCEZ

LC,(X).

CCEZ

Property C.lO: For a C-class classification problem, rough-fuzzy membership function

of a pattern behaves in a possibilistic way provided the fuzzy membership function of the
pattern to the output classes is possibilistic.
Proof.

Therefore, for crisp and constrained fuzzy classification [PB95], where cz1pcc(x) = 1,
the value of EL,LC,(X)is equal t o one. In case of possibilistic classification [PB95]
O<

c:=,

pcC(x)

.

5 C , and hence,

possibilistic manner.

05

c:=,

LC, (x)

< C.

Therefore,

LC, (x)

behaves in a

Property C.ll: For crisp output classes

Proof. For the crisp output classes, the above results come directly from Equation (C.1-a)
and (C.1-b).

Following is a trivial but interesting definition based on the above properties:

A C-class classification problem for a set of input patterns X ={x1,x2,. . . ,xn) is
basically an assignment of the rough-fuzzy membership value (xi) on each xi E X, Vc =
1 , 2 , .. . , C, Vi = 1,2,. . . , n. In the rough-fuzzy context, C partitions of X are the set of
values {LC, (xi)) that can be conveniently arranged on a C x n matrix [LC,(xi)]. Based on
the characteristic of [LC. (xi)], classification can be of the following three types [PBSS]:
(a) Crisp classification:

B ~ c-

/ k(xi)] E sCn1

C

LC, (xi)

E {o, 1) VC,vi;

C

L&

(xi) = I;
(C.5-a)

(b) Constrained rough-fuzzy classification:

(c) Possibilistic rough-fuzzy classification:
n

BPc =

{[LC. (Xi)]

E

sCn( LC. (xi) E

[O, l] VC, Vi;

0<

C

LC, (xi)

< n VC

i=l

(C.5-c)

It is obvious that Bhcc Bfc c Bpc.

APPENDIX D
FUZZY-ROUGH MEMBERSHIP
FUNCTIONS
In a classification task the indiscernibility relation, based on the equivalence of the features
of the patterns, partitions the input pattern set into several equivalence classes. These
equivalence classes try to approximate the given output class. When the approximation
is not proper, the
roughness is generated. In most of the real life cases, the value of
.a particular feature for two patterns may not be exactly same, but similar. Therefore,
the indescernibility relation formulated based on the features do not obey the law of
equivalence, and is a matter of degree. Hence, the equivalence relation takes the form
of a similarity relation, and the equivalence classes form fuzzy clusters. The situation
becomes more complicated because the output classes can be fuzzy too. The roughness
appears here due to the indiscernibility relation in the input pattern set, and the fuzziness
is generated due to the vagueness present in the output class and the clusters. To model
this type of situation, where both approximation and vagueness are present, the concept
of fuzzy-rough sets [DPSCI] can be employed. The resultant model is expected to be more
powerful than rough sets, fuzzy sets and rough-fuzzy sets.
In this appendix the concept of rough-fuzzy membership functions (see Equa-

tion (C.2)) in the classification tasks are generalized to fuzzy-rough membership functions.
If the clusters are crisp, then fuzzy-rough membership functions are equivalent to roughfuzzy membership functions. In absence of fuzziness, fuzzy-rough membership functions
reduce to the existing rough membership functions. Moreover, under certain conditions
fuzzy-rough membership functions are equivalent to fuzzy membership functions and characteristic functions. The concept of fuzzy-rough membership function becomes particularly attractive when we do not have complete knowledge about the human classification
system, but we attempt to mimic the vagueness present in the human reasoning. In this
appendix, various set theoretic properties of the fuzzy-rough membership functions are
described. Details about fuzzy-rough membership functions is given in [SY98a]

D.l

Background of Fuzzy-Rough Sets

When the equivalence classes are not crisp, they are in form of fuzzy clusters

{Fl,F2,. . . , FH)generated by a fuzzy weak partition [DP92] of the input set X. The term
fuzzy weak partition means that each Fj is a normal fuzzy set (i.e., max, p~~(x) = 1) and
infx maxj pFj (x) > 0 while

Here, pFj(x) is the fuzzy membership function of the pattern x in the cluster Fj. In
addition, the output classes Cc, c = {1,2,. . . , C ) may be fuzzy too. Then the fuzzy set
Cc can be described by means of the fuzzy partitions under the form of an upper and a
lower approximation

The tuple (c.,

and Cc as follows:

c)is called a fuzzy-rough set.

Here, pcc(x) = {0, 1) is the fuzzy

membership of the input x to the class C,. Fuzzy-roughness appears when a fuzzy cluster
contains patterns that belong to more than one class.
D.2

Definition of Fuzzy-Rough Membership Functions

The definition of rough-fuzzy membership function (Equation (C.2)) can be generalized
to the following definition of fuzzy-rough membership function [SY98c]:
L z ~ l p ~ , ( ~ ) ~ifc3cj with
( ~ )pq(x) > 0
0 otherwise

where H (5 H ) is the number of clusters in which x has nonzero memberships and
L&(x) =IFjnCc.
Here, rcc(x) represents the fuzzy-rough uncertainity of x in the class C,.
lFj l
When x does not belong to any cluster,

A
fi is equal to zero, and hence, $ Cj,l

p 5 (x)L&

becomes undefined. In order to avoid this problem, rcC(x) is made equal to zero when x
does not belong to any cluster.
D.3

Properties of Fuzzy-Rough Membership Functions

Property D.l: 0 5 rCC(x)5 1

Proof. Since

4 G Fj n Cc G F'j , 0 5

L&,

5 1. Moreover, 0 5 p q ( x )

< 1.

Hence, the

proof follows.
Property D.2: rcc(x) = 1 or 0 if and only if no fuzzy-rough uncertainty is associated

with the pattern x .
Proof. If part: If no fuzzy-rough uncertainty is involved, then x must belong completely to all the clusters in which it has non-zero belongingness. It implies p q ( x ) =
1 for which p~~(x) > 0. Moreover, all the clusters in which x has non-zero belongingness

either (a) must be the subsets of the class Cc,or (b) must not share any pattern with the
class Cc. In other words, the condition (a) implies that Fj 2 Cc V j for which p q (x) > 0.

xj

1 f i 1.1 = 1. Similarly the condition (b) expresses that Fj n C, =
Hence, rcc(x) =
F i
4 V j for which PF,(X) > 0. Hence, TC,(X) = 1 Cj=I
pCC(x).O= 0

Only if part: rc,(x) = 0 implies that either x does not belong to any cluster, or each
term under the summation symbol, i.e., pFj(x)~cC
is separately zero. In the first case,
there is no fuzzy-roughness associated with x. The second case implies that either p~~(x)
or

L&,,

or both p~~(x) and

L&,

are zero. If pFj (x) = 0, then the pattern x does not

belong to the cluster Fj, and hence, no fuzzy-rough uncertainty is associated with x . If
L&,

= 0, then Fj and Cc do not have any pattern common, and therefore, no fuzzy-rough

uncertainty exists with x. Thus, rcc(x) = 0 implies that fuzzy-roughness is not associated
with the pattern x. Ifrcc(x) = 1, thenpFj(x) = 1 and

L&,

= 1, V j = 1 , 2 ,..., H. It also

indicates the absence of fuzzy-roughness.
Note that if fuzzy-rough uncertainty is absent, H > 1 and rcc(x) # 0, then rcC(x)
never becomes one, rather it approaches towards one. It is because, the condition expressed in (D.l) does not allow pFj (x) = 1 to be true for more than one cluster. However,
it hardly happens in practice as it needs two cluster centers to be same. w
Property D.3: If no fuzzy linguistic uncertainty is associated with the pattern x, then
rcC(x)= L&(x) for some j E {1,2,. .., H}.
Proof. If no fuzzy linguistic uncertainty is involved, then p~~(x) = 1 for some j E
{1,2,. . ., H}, and pFI(x) = 0 for k E {1,2,.. ., H}, k

#

j. Hence, rcC(x)=

L,;

.iE

{I, 2 , . . . , H}. w
Property D.4: If no fuzzy linguistic and fuzzy classification uncertainties are associated

with the pattern x, then TC, (x) = TC, (x) .

Proof. If no fuzzy linguistic uncertainty is involved, then each cluster is crisp. Con-

sequently, the input pattern belongs to only one cluster. Let it be the j t h cluster. Hence, p F j ( x ) = 1 and p F , ( x ) = 0 Vk # j . Since the classification is crisp,
rCc( x ) = F.nCc = T~~ ( x ) (see Equation ( B . 1 ) ) . rn
Property D.5: When each cluster is crisp and fine, that is, each cluster consists of a
single pattern and the associated cluster memberships are crisp, r C C ( x )is equivalent to

the fuzzy membership function of x in the class Cc. If the output class is also crisp, then
r c C ( x )is equivalent to the characteristic function of x in- the class Cc.
Proof. Since each cluster is crisp and fine, rcc(x) = 1 . ' ~ ~ : ~=) . p c c ( x ) . In addition, if

the output class is crisp, then rCc( x ) lies in (0, I ) , and thus, it becomes the characteristic
.function. rn
Property D.6: For a C-class classification problem with crisp output classes, the fuzzy-

rough membership functions behave in a possibilistic manner provided the fuzzy membership function of the pattern to the clusters is possibilistic.
Proof.

Since c:=, rcc( x ) needs not to be equal to a constant, the resultant classification procedure
is possibilistic [KY95] [PB95]. rn
Property D.7: If x and z are the two input patterns with p ~ ~( x ) =
PCc ( x ) = PCc ( 47 then 7 c c (4 =7cc( 2 )

Proof. Directly comes from Equation (D.3). rn

PF, ( z )

Vj and

The definition of compliment operator satisfies the following properties:
1. Boundary condition: When the clusters and the output classes are crisp, i.e.,

rec(x) = rec(x), T behaves like an ordinary compliment for rough sets. It means
that if T ~ , ( x=) 0 or 1, then TX-C,(X) = 1 or 0, respectively.
'

<

2. Monotonicity: If rcC(x) rcC(z) Vx, z E X , then TX-c,(x)

> T~-C,(Z).

3. Continuity: Obviously, rx-cC(x) is a continuous function.
4. ~nvolutivit~:
rx-(x-c4(x) = rc, (x).

Property D.9:

L max{rA (x),TB(x))

TA~B(X)

proof- TAUB(X)=

$ c3 p q (x)

~(AuB)

2

c3 ,UF,(XI F.nA

'-

-

TA

( XI . Similarly, T

A U (x)
~

2 TB(X).Therefore, TAUB(X) 2 m a x { ~ ~ ( x ) , ~ ~ ( rnx ) ) .

<

Property D.10: T A ~ B ( X )r n i n { ~ ~ ( x ) , r ~ ( x ) )

< -H Ci /lq (x) F.nAI = 71(x).

IF.~(A~B)I 1

C PF, (x) ' IF,,

Proof. rAnB(x)=

3

< rB(x). Therefore,

TAUB

(x)

< min{rA'(x) ,TB(x) ).

Similarly, TA~B(x)

rn

Property D . l l : If Z is a family of pairwise disjoint subsets of X , then ruz(x)=

C 7cc(x).

CCEZ

Proof. ruz(x)

=$ C PFj (x) F.n uz)
3

Property D.12: 0

<

= H1C
. PF, (x)
3

'+
u(~.nz

=

C

~

c

(x)
c

CCEZ

TC,(X) 5 C.

Proof. If the input pattern does not belong to any cluster, then from Equation D.3
rCc(x)= 0 Vc. Thus, CF=l rCc(x) = 0. In pattern classification it can happen when the

input pattern is not from any of the existing classes. On the other hand, when the input
pattern belongs to all the classes with fuzzy membership value 1,

Therefore, if the-- input pattern belongs to all the clusters completely, then X
=;,
attains the maximum value C.

rcC(x)

I

Property D.13: When the clusters and the output classes are crisp,

Proof. For the crisp output classes with crisp clusters, the above results come directly
from Equation (D.2-a) and (D.2-b). rn
Following is an interesting definition based on the above properties:

A C-class classification problem for a set of input patterns X = {xl,xZ,. . . ,xn) can
be looked a t as an assignment of the fuzzy-rough membership value rcC(xi) on each
xi E X , Vc = 1 , 2 ,. . . , C , Vi = 1 , 2 ,. . . , n. In fuzzy-rough context, C partitions of X

are the set of values {rCc(xi)) that can be conveniently arranged on a C x n matrix
[rG(xi)]. Based on the characteristic of [rcC(xi)] classification can be of the following
three types [PB95]:
(a) Crisp classification:
Ahc

=

([Tc.

(xi)] E

scnI TC. (xi) E {O,

1) VC, Vi;

(b) Constrained fuzzy-rough classification:

C

C

n

TC, (xi)

= 1; 0

< C rcC(xi) < n VC}

(c) Possibilistic fuzzy-rough classification:

From the above relations, it is obvious that Ahc c Afc c Ape.

(D.7-b)
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