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Computations involving sparse matrices, in particular,
multiplying a sparse matrix with a vector, is an important
operation in several numerical computations. This operation,
denoted spmv, ﬁnds applications in solving systems of
linear equations using iterative methods like the conjugate
gradient method [10], GMRES [10], iterative methods for
ﬁnding eigenvalues and eigenvectors of sparse matrices [10],
and the like. These methods in turn ﬁnd applications in many
areas of Computer Science such as information extraction,
image processing, and the like. These iterative methods
consist of both dense linear algebra kernels which can be
efﬁciently implemented, and sparse matrix computations
such as spmv which are the bottleneck. The importance
of spmv can be judged by the fact that most multi-core
architectures support an optimized library routine for spmv
[11], [7].
It is therefore not surprising that efforts to improve the
performance of spmv on the GPUs have been in research
focus recently. Some of the difﬁculties that spmv poses
on architectures such as the GPUs are irregular memory
accesses, load balance amongst threads, coalesced reading of
the matrix, among others. In addition, sparse matrices arising
in different application settings exhibit varying kinds of sparsity. This makes it difﬁcult to propose general techniques that
would be suitable to improve the performance of spmv on
architectures such as the GPUs. Further, spmv kernels may
be highly sensitive to even slight architectural changes, and
the optimization points very signiﬁcantly across generations
of GPUs [14].
In this context, Bell and Garland [3] proposed data
structures to store the sparse matrix so as to improve the
performance of spmv on the GPUs. They [3] also present
the results on the dataset consisting of 14 sparse matrices
identiﬁed by Williams et al. [25]. These set of 14 sparse
matrices arise from various application domains such as
quantum chemistry to web graphs and they have attained
a benchmark status for recent research on sparse matrices
on GPUs [6], [14]. Bell and Garland [3] in their work use
representations such as the compressed sparse row (CSR),
the ELL, coordinate format (COO), and a hybrid representation that combines the beneﬁts of ELL and COO (For a
description of these formats, we refer the reader to [3]).
Other prominent works [14], [6], [26] extend the techniques

Abstract—Multiplying a sparse matrix with a vector (spmv
for short) is a fundamental operation in many linear algebra
kernels. Having an efﬁcient spmv kernel on modern architectures such as the GPUs is therefore of principal interest.
The computational challenges that spmv poses are signiﬁcantly
different compared to that of the dense linear algebra kernels.
Recent work in this direction has focused on designing data
structures to represent sparse matrices so as to improve the
efﬁciency of spmv kernels. However, as the nature of sparseness
differs across sparse matrices, there is no clear answer as to
which data structure to use given a sparse matrix.
In this work, we address this problem by devising techniques
to understand the nature of the sparse matrix and then
choose appropriate data structures accordingly. By using our
technique, we are able to improve the performance of the spmv
kernel on an Nvidia Tesla GPU (C1060) by a factor of up to
80% in some instances, and about 25% on average compared
to the best results of Bell and Garland [3] on the standard
dataset (cf. Williams et al. SC’07) used in recent literature.
We also use our spmv in the conjugate gradient method and
show an average 20% improvement compared to using HYB
spmv of [3], on the dataset obtained from the The University
of Florida Sparse Matrix Collection [9].

I. I NTRODUCTION
In recent years, GPUs have emerged as a viable high
performance computing platform due to their performance
per unit cost, and performance per watt. For instance, for
under $400, one can buy a GPU that can deliver more than
a TFLOP of computing power while requiring less than
250 W of power. It is therefore no surprise that 4 out of
the top 10 supercomputers [21] use GPUs along with other
computing elements. However, this comes at the expense of
reinterpreting applications in a highly multithreaded manner.
GPUs are good at exploiting massive data parallelism, and
are well-suited for applications with regular memory access
patterns and high arithmetic intensity. For several regular
applications, this approach has been very successful [19],
[16]. However, most applications in high performance computing are irregular in nature. Examples include list ranking
[27], graph algorithms [18], sparse matrix computations
[10], among others. In recent works, efforts are on to arrive
at efﬁcient implementations of irregular algorithms on the
GPUs [27], [3], and on other recent multi-core architectures
such as the Cell [2], [25], [17].
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of [3] by working with blocked/striped representations and
studying sparse matrices representing power law graphs to
enhance the performance. In most of these works, the choice
of the data structures is inﬂuenced by the sparsity nature of
the matrices considered.
In this work, we propose a new methodology to choose
the right data structures to represent sparse matrices. Our
methodology uses parameters that attempt to balance the
load amongst threads and also identify the right kind of representation, or a combination of representations, to use for
storing the sparse matrix. Our experimental results indicate
that our technique improves the performance of the spmv
kernel by an average of 25% when compared to the best
results of Bell and Garland [3], on the sparse matrices from
the dataset described by Williams et al. in [25] which are
presently the benchmark for comparing spmv performance.

Monakov et al. [13] implement blocked spmv on GPU.
In another work Monakov et al. [14] propose a sparse matrix
data structure called Sliced ELLPACK in which a slice of
the matrix, a set of adjacent rows, are stored in ELL format.
The sizes of the slices may vary. Each slice is assigned to
a block of threads in CUDA. Load balancing of threads is
achieved by assigning multiple threads to a row if required.
But their approach is susceptible to picking up the right slice
size for a block.
Vazquez et al. [22] also used the idea of assigning multiple
threads to a row to balance the computation per thread. They
store the matrix in the ELLPACK-R format which is ELL
format along with an array containing the lengths of each
row. This approach is best suited for matrices that give good
performance when stored in the ELL format.
Anirudh et al. [12] consider using a combination of the
CSR and the ELL formats for storing the matrix. They store
the rows with nonzero elements fewer than the warp size
in ELL format and the remaining rows in CSR format. The
applicability of this method to spmv is not studied in their
paper.

A. Related Work
Considering the importance of spmv and optimizations
one has to do at various levels to get good performance
on a speciﬁc architecture there has been great amount of
research on spmv. Vuduc [23] extensively studied spmv
optimizations and auto tuning spmv kernel for sequential
machines. Williams et al. [25] studied spmv on different
multi-core architectures, an AMD dual core, an Intel quadcore, STI Cell and the highly multi-threaded Sun Niagara2.
They present optimization strategies especially effective for
multi-core environments. Their optimization strategies can
be classiﬁed to low-level code optimizations and data structure optimizations that largely address single-core performance and parallelization optimizations to improve multicore performance. Blelloch et al. [4], [5] studied spmv
on vector machines. However, as the architecture and the
programming model of GPUs is very different from that of
other architectures, many of the optimization strategies on
other multi-core platforms may not apply to spmv on GPU.
Bell and Garland [3] proposed spmv kernels for different
sparse matrix formats. They also proposed a new GPU
suitable sparse matrix storage format namely HYB which
is a combination on ELL and COO. They show that CSR
and HYB kernel using texture cache perform well for most
of the cases. Baskaran et al. [1] proposed spmv kernel for
CSR format which gives similar results.
There are also other works that study the sparsity pattern of the matrix on GPU. Choi et al. [6] proposed the
BELLPACK data structure which is better suited for matrices
which have dense block-substructures. BELLPACK is an
extension of ELLPACK with explicit storage of dense blocks
to compress data structure and row permutations to avoid
unevenly distributed workloads. Yang et al. [26] proposed
optimizations for power law graphs which use the texture
cache in a better way and increase the memory locality
thereby increasing the performance of spmv.

B. Our Results
In this paper, we propose to study the nature of sparsity
of a sparse matrix and then use the result of this study to
improve the performance of the spmv kernel on the GPU.
Our work is motivated by the fact that the spmv kernel on
the GPU can suffer from (i) lack of load balance amongst
threads, (ii) memory access coherence in reading the matrix,
(iii) the overheads associated with auxiliary information, and
the like. Since spmv is used in several iterative methods
running for hundreds of iterations, a structural analysis of the
sparse matrix is a viable option to be explored. In this work,
we aim for such a structural analysis of sparse matrices. In
summary, our contributions in this paper can be summarized
as follows.
• A methodology based on quantities such as the average
number of non-zero elements in each row, the deviation
in the number of non-zero elements in each row, etc.
to effectively balance the load amongst threads in an
spmv kernel is presented.
• Experimental validation with respect to the benchmark
suite of sparse matrices ﬁrst introduced by Williams
et al. in [25] is reported. Our experimental results
indicate an average improvement of 25% on an Nvidia
C1060 compared to the best results of Bell and Garland [3]. Our experiments were conducted on both
an Nvidia Tesla C2050 (Fermi) and an Nvidia Tesla
C1060 (Tesla), and on both single precision and double
precision calculations.
• Application of our spmv method to the commonly used
conjugate gradient method is studied. Our experimental
results indicate an average improvement of 20% when
compared between conjugate gradient method using our
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spmv and HYB spmv of [3] on the dataset obtained
from the The University of Florida Sparse Matrix
Collection [9].

Format
COO
CSR
ELL

II. S PARSE M ATRIX F ORMATS ON GPU

Bytes/Flop
32-bit 64-bit
8
12
6
10
6
10

Table I
B YTES /F LOP RATIO OF DIFFERENT FORMATS

In this section, we discuss spmv kernels using some of
the popular sparse matrix formats on GPU. For examples
and detailed discussion on the various formats, we refer the
reader to [3].

C. ELL Format
This format suits matrices where the variation in row sizes
is small, but for other matrices it can result in space wastage.
When working with this format on GPU, one possibility is
to assign one thread to each row. This approach was used
in [3]. Assuming that the data is stored in a column major
order, the accesses of the data and cols matrix are coalesced.
This method works well when the variation in the number
of nonzero elements among rows is less.

A. Compressed Sparse Row (CSR) Format
The advantage of the CSR format is that it allows a wide
variety of matrices to be represented without any wastage
of space. A typical way to work with the CSR format in
a GPU program is to assign one thread of computation for
each row of the matrix. This approach, called the scalar CSR
kernel in [3], however works well only when the number
of nonzero elements per each row is small. Further, when
threads access the arrays containing the nonzero elements
of the matrix and their corresponding column indices, these
accesses are not coalesced in most cases. In the same work
[3], the authors describe a vector CSR approach wherein a
warp of threads are assigned to each row of the matrix.
This is known to improve coalescing of the accesses of
threads in a half-warp to the arrays containing the nonzero
elements of the matrix and their corresponding column
indices. Other techniques to improve performance include
padding to guarantee alignments [1].
The main drawback of this format however is that on
highly unstructured sparse matrices, i.e., sparse matrices that
exhibit no particular sparsity pattern, the scalar CSR kernel
suffers from huge load imbalance. While this problem may
be offset in the vector CSR kernel, the vector CSR kernel
works best when each row has at least 32 nonzero elements.
Thus, the performance of CSR is highly dependent on the
input matrix.

D. Hybrid Format
Of the above formats, the COO and the ELL are suitable
in slightly complementary situations. This led [3] to devise a
hybrid format, which we summarize as follows. Consider the
situation that most rows have roughly k nonzero elements
and there may be atypical rows that have more than k
nonzero elements. Once such a k is determined, the ELL
format is used to store k elements per row. This does
not require too much padding and hence minimizes space
wastage. The remaining entries are stored in the COO
format.
Notice that by examining the matrix and computing
statistical quantities such a value of k can be found easily
[3]. Computing using the hybrid format is essentially a
combination of computing using the ELL and the COO
format.
III. M ETHODOLOGY
In this section, we describe our methodology to improve
the performance of spmv on GPUs. We focus on improving
the efﬁciency of spmv for general sparse matrices where
information regarding sparsity is not known apriori. In the
following, we use A to denote the matrix in an spmv
operation, x to denote the vector that we multiply with A,
and y as the result vector. Essentially, we are computing
y = A · x where the matrix A is sparse. We ﬁrst describe
some of the challenges that the spmv kernel poses on
architectures such as the GPU. Some of these challenges
are:
• Reducing the irregular memory access of the x vector,
• Load balancing among threads,
• Improve the coalescing of reading the matrix A,
• Reducing the load overhead of auxiliary information
for each matrix element, and
• Data structure concerns

B. Coordinate (COO) Format
This format allows one to represent a variety of sparsity
patterns without any wastage in space. When working with
this format on GPU, one possibility is to assign one thread
to each nonzero element. Each thread therefore reads a
row index, a column index, and the corresponding data.
It also reads the corresponding x value, and performs one
multiplication. Then, a segmented reduction operation is
required to add the appropriate values. Segmented reduction
is an efﬁcient operation on architectures such as the GPU,
and is available as a library routine in CUDPP [8]. In
[3], the authors modify the library routine using speciﬁc
observations that are applicable to this setting. The main
draw back when using this format is its high computational
intensity (bytes/ﬂop ratio) compared to other formats.
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Some of the observations we use in our approach are
given below. As shown in Table I, spmv with the CSR
format and the ELL format have low computational intensity
(bytes/ﬂop). Also the CSR Vector and the ELL kernel access
the values and column indices of the A matrix in a coalesced
manner. It can be seen that the CSR vector and the ELL
offer a good scope for representing general purpose sparse
matrices on GPUs. Further, the CSR and ELL formats are
suitable under contrasting nature of sparsity. In our work,
we combine both these representations in a novel way. To
address the issue of load balance when using the CSR vector
representation, we assign multiple warps to a row depending
on the size of that row. When using the ELL format also,
threads assigned to a row in ELL format can have load
imbalance, so we assign multiple threads to a row according
to the size of that row. But it is not immediate as to which
format to use under what circumstances. As in other works
[3], [6], we use texture memory for reducing the effect of
irregular memory access for the x vector.
In this paper, we present a method for preprocessing
the sparse matrix and using that preprocessed information
for sparse matrix vector multiplication. We combine both
the CSR and the ELL and propose a data structure that
utilizes the advantages of both the formats. We ﬁnd a
threshold and use the CSR format for rows that have more
nonzero elements than the threshold. The remaining rows are
stored in ELL type format. We also ﬁnd a threshold on the
maximum number of nonzero elements for warps assigned
to the CSR format and assign multiple warps to a row stored
in the CSR format so that the threads are sufﬁciently load
balanced. Similarly, we ﬁnd a threshold on the maximum
number of nonzero elements for a thread assigned to a row
in the ELL type format and assign multiple threads to a
row in the ELL type format. Details of our approach are
presented below.

Algorithm 1 Preprocessing(A, T, L, M )
1: //Let R be the set of rows of the matrix A. Rcsr and Rell
be the set of rows that are in stored CSR and ELL type
format respectively. Let rnnz be the number of nonzero
elements in a row r.
2: for each row r ∈ R do
3:
if rnnz ≥ T then
4:
rnnz ∈ Rcsr
5:
else
6:
rnnz ∈ Rell
7:
end if
8: end for
9: Let CSRmap be the array such that CSRmap[i] =
row index of ith CSR row in the matrix A. Similarly
ELLmap be the array such that ELLmap[i] = row
index of ith ELL row in the matrix A.
10: //ELL Preprocessing
11: Sort the rows in Rell based on the number of nonzero
elements in the row. Update ELLmap accordingly.
12: From the above sorted rows, to a warp i assign a set of
consecutive rows wrowsi .
13: Let rmaxi be the maximum nonzero elements of a row
in wrowi .
rmaxi 
consecutive threads in warp i to rows
14: Assign
M
in wrowi .
15: Let ELLdata and ELLcols be the arrays that holds the
elements and column indices of the rows in ELL warps.
16: for each warp i in Rell do
17:
store the row to which the starting thread of the it h
warp belongs to.
18:
store the start index of ELLdata that the warp needs
to process.
19:
transfer the values, column indices of the elements in
wrowsi rows to ELLdata and ELLcols respectively
so that the warp can read the values from the arrays
in a coalesced manner.
20: end for
21: //CSR preprocessing
22: Let CSRvals and CSRcols be the arrays that hold the
values and column indices of the rows in Rcsr .
23: for each row
 r in Rcsr do
warps to the row r
24:
assign rnnz
L
25:
Transfer the elements and corresponding column indices of the row r to CSRvals and CSRcols respectively.
26:
for each warp assigned to row r, ﬁnd the start and
end index of its portion in the CSRvals array.
27: end for

A. Preprocessing
In this section we describe the preprocessing details
before launching the GPU kernel. Algorithm 1 shows the
preprocessing algorithm in detail.
We store the matrix in an ELL type format and the CSR
format. We consider parameters T , M , and L. Rows with
less than T nonzero elements are stored in the ELL type
format and the remaining rows are stored in the CSR format.
Let the parameter M refer to the maximum number of
elements each thread will process for the rows stored using
ELL type format. If a row in the ELL type format has more
than M nonzero elements, then we assign multiple threads to
process that row. Let the parameter L refer to the maximum
number of elements each warp will process for the rows
stored using CSR format. If a row in CSR format has more
than L nonzero elements, then we assign multiple warps to
process that row.

615


 1
 1
1

ELLdata =  1
1
ELLcols =
data =
cols =
ptr =

2 4 1
3 4 1
4 8

3
2

2
5

2 1 3 4 ∗
3 1 2 4 ∗


1 
6

vector works best when the row sizes are large. We note that
the ELL format tends to outperform the CSR vector format
for rows with less than 256 elements. This also matches
our intuition explained earlier in this paragraph. So, we see
that T ≤ 256. We want that most rows with less than 256
elements are processed using the ELL format. To determine
T exactly, we compute the average of the sizes of rows with
less than 256 elements. Hence, we pick T to be the multiple
of 32 that is closest and greater than the above computed
average.
Let us denote the number of elements that a thread (all
the threads in a warp) has (have) to process as the work
load of that thread (warp). We call a warp as a CSR warp
(ELL warp) if the warp is processing a row using the CSR
vector (resp. ELL) format. Recall from Algorithm 1 that L
indicates the maximum work load of any CSR warp, and M
indicates the maximum work load of any thread in an ELL
warp. To determine L and M , we proceed as follows.
We ﬁrst determine the maximum work load of any thread
in an ELL warp. There are two considerations here. Firstly,
in our spmv kernel, ELL warps have to fetch some additional book-keeping values that are required for the correct
operation of the kernel. Given this, we note that each thread
in such a warp has to process at least 6 elements so as to
offset the above overhead with useful computation. A second
consideration is to ensure that the work load variation across
threads in ELL warps is kept at a minimum so as to improve
load balance. One way to minimize the work load variation
is to ﬁnd the average work load of ELL warps. This average
is already computed when determining the value of T in the
previous paragraph. If this average is less than 6, then we can
set M to be 6. If the above average is more than 32, we set
M to be 32 so as to ensure that there is not much work load
imbalance between threads processing rows with fewer than
average number of elements and threads processing rows
with average number of elements. So, 6 ≤ M ≤ 32, and
rows using ELL format with more than M elements are
given multiple threads.
Since in our spmv kernel, both CSR warps and ELL
warps are launched simultaneously, also CSR warps should
use the above average as the maximum work load. This
means that L can indeed be set to be equal to M · warpsize
(since M is the maximum work load of a thread) and rows
with more than L elements are given multiple warps. If all
rows have more than 256 nonzero elements, we set the value
of L to be equal to 32 · warpsize. Note that there will not
be much work load imbalance as all the rows are greater
than 256.
To test the validity of tuning parameters obtained by our
methodology, we ran our program by varying the values of
T , M , and L on matrices shown in the Figure 3. The values
of T were varied from 8 to 512 in increments of 32, M were
varied from 4 to 320 in increments of 16, and of L were
varied from 4 · warpsize to 64 · warpsize in increments


2 1 
5 6

Figure 1. Let the warpsize be 4, the above 2 rows stored in CSR format
be assigned to a warp and 2 threads be assigned to each row. ELLdata
and ELLcols show the way we store the ELL rows. * refers to the padded
element.

In Algorithm 1, lines 11-20 show our preprocessing
method for the rows stored in the ELL type format. For
the rows assigned to a warp in an ELL type format, values
and the corresponding column indices are stored in an
interleaved fashion among the rows. An example is shown
in Figure 1. In GPU’s, threads in the warp execute in
synchronized manner. So in the ELL type format we assign
a group of rows to a warp. We assign a group of shorter
rows to one warp so that after the warp ﬁnishes its work it
can continue with the other rows. We do extra padding to
see that all the rows in the warp are of same length(rmaxi ),
i.e., the maximum row size in that warp, so that there can
be coalesced memory access as in ELL. We assign an equal
number of threads to a row in the warp so that we need to
bring the size of the row and the row to which the thread
belongs only once per warp. We see that threads of the
same row are in a warp, so that we need no synchronization
between different warps. Some of the threads in the warp
may not be assigned to any row, but the number of such
threads will be very low. As we assign multiple threads to
a row, the thread index of a thread may not give us enough
information as to which row it belongs to. This requires that
we keep additional information along with each warp. For
the ﬁrst thread of a warp we store the row to which it belongs
to. Given a thread index t and the row number to which the
ﬁrst thread of this warp belongs to, the row number to which
thread t belongs can be computed on the ﬂy. Similarly we
need to store the starting index of the values of the matrix
that warp needs to process.
In the Algorithm 1, lines 22-27 show our preprocessing
method for the rows stored in the CSR format. The tuning of
the parameters T , M , and L is considered in Section III-B.
B. Parameter tuning
In this section, we discuss how to choose the parameters
T , M , and L given a matrix. Consider a row with k nonzero
elements and one warp of 32 threads working for this
row. In each iteration, each of the 32 threads perform one
computation. This leaves k mod 32 elements for the last
iteration in which only k mod 32 threads will be active.
However, the fraction of inactive threads decreases as k
increases because there will be more iterations where all
threads are active. Therefore, it can be observed that CSR
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of 8 · warpsize. We have observed that the results obtained
by setting the parameters according to our methodology are
close to the results obtained by the using the best possible
values for parameters T , M , and L for that matrix.

In the following subsections we study our spmv method on
the synthetic dataset and the standard dataset.

C. Implementation details

To illustrate the efﬁcacy of our approach, we consider
a few experiments on synthetic data sets. The synthetic
data sets correspond to highly unstructured sparse matrices.
One kind of highly unstructured matrices are those where
there are very few rows with very large number of nonzero
elements compared to the rest of the rows.
We now perform experiments that illustrate the beneﬁts
of our ELL approach using synthetic data sets. When using
the ELL format [3], each row is assigned one thread.
In our approach, we assign multiple threads to each row
depending on the number of nonzero elements in the row. We
perform three experiments keeping the maximum number of
nonzero elements across rows as 64, 96, and 128 in each
experiment respectively. This is motivated by the fact that
the ELL format works best for small row sizes. In each
experiment we take three density functions. In these density
functions, the percentage of rows with sizes in the ﬁrst and
last quarter of the maximum row size are varied. In the
three density functions, percentage of rows with number of
nonzero elements in the ﬁrst quarter of the maximum row
size are set to 60%, 38%, and 15% respectively. Similarly the
percentage of rows with number of nonzero elements in the
last quarter of the maximum row size are set to 10%, 32%,
and 55% respectively. The column indexes for the nonzero
elements in a row are chosen uniformly at random. In the
experiments, all rows are processed using the ELL format
only. As the Tesla C1060 can keep 1024 × 32 = 32768
threads active at any time, the matrices we generate have
number of rows that is a multiple of 32768. The results
of our experiment are shown in Figure 2. As can be seen,
for all instances, load balancing does help in improving
the throughput. Our approach also beneﬁts from a simple
reordering of rows based on the number of nonzero elements
so that in a warp, most threads are load balanced. Notice that
this reordering is very less time consuming as it involves
only sorting of rows based on the number of nonzeros
in a row. A similar experiment is performed to study our
approach for matrices processed using the CSR format. We
also observe an improvement in performance by assigning
multiple warps to a large row in CSR format. For the spmv
based on CSR format as the number of rows increases the
effect of load imbalance tends to reduce, but the number
of rows till which we can observe load imbalance is fairly
large.

A. Experiments on Synthetic Datasets

We implement the spmv based on the CSR format and
spmv based on the ELL type format in the same kernel,
so that even if any of the format has few number of rows
and does not fully occupy the GPU, it does not affect the
occupancy of SMs. We see that warps execute either spmv
based on CSR or ELL type format and there is no divergence
among the threads in warp. We use a block size of 128 and
256 in Tesla C1060 and Tesla C2050 respectively so that
the SMs are fully occupied. We use the texture cache for
accessing the x vector so that the effect of irregular memory
access due to the x vector is reduced. Bell and Garland [3]
also show that using the texture cache for accessing the x
vector is beneﬁcial.
In the spmv based on the CSR format of the matrix, after
each warp performs the multiplication and addition of the
values, if it is the only warp assigned to a row we write
the result to the resultant vector (y in y = Ax). If there are
multiple warps assigned to the row we need to reduce the
sum across all the warps in that row. We can reduce the sum
for the warps in the same block and use atomic operations
for the warps of the same row that are in different blocks. But
the C1060 does not support atomic operations for ﬂoat and
double. So we write the result of the warp into another array
and use a segmented reduction like algorithm as described
in [3].
In the spmv based on the ELL type format where multiple
threads can be assigned to a row, we need to perform a
reduction across all the threads assigned to that row. After
each thread computes its result, we perform a segmented
reduction in shared memory across the threads in the warp
and after that one of the thread in a row writes the result to
the y vector.
IV. R ESULTS
In this section, we report the results of our experiments.
The experiments were run on the following systems:
• CPU: An Intel Core i7 980x, with 12 MB cache, 12
GB RAM and a 6.4 GT/s Quick path interface, with
maximum memory bandwidth of 25 GB/s.
• Tesla C1060 GPU: A Tesla C1060 which is one quarter
of a Tesla S1070 computing system with 4 GB memory
and 102 GB/s memory bandwidth. It is attached to an
Intel Core i7 CPU, running CUDA Toolkit/SDK version
3.2.
• Tesla C2050 GPU: A Tesla C2050 GPU card with
3 GB memory and 144 GB/s memory bandwidth. It
is attached to an Intel Core i7 CPU, running CUDA
Toolkit/SDK version 3.2. [15].

B. Experiments on the Standard Dataset from [25]
We use the standard dataset from the inﬂuential work
of Williams et al. [25]. This dataset contains 14 sparse
matrices arising from diverse ﬁelds such as ﬁnite element
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Figure 2. Performance comparison (in GFlops) on synthetic data sets. x−axis labels are (number of rows)/1024. The maximum row sizes in the plots
are 64,96, and 128 respectively.The series Fi.Our (Fi.ELL) shows our spmv (resp. ELL spmv of [3]) method on ith density function.

Matrix

Rows

NNZ

NNZ/Row

Dense
Protein
FEM/Spheres
FEM/Cantilever
Wind Tunnel
FEM/Harbor
QCD
FEM/Ship
Economics
Epidemiology
FEM/Accelerator
Circuit
Webbase
LP

2,000
36,417
83,334
62,451
217,918
46,835
49,152
140,874
206,500
525,825
121,192
170,998
1,000,005
4,284

4,000,000
4,344,765
6,010,480
4,007,383
11,634,424
2,374,001
1,916,928
7,813,404
1,273,389
2,100,225
2,624,331
958,936
3,105,536
11,279,748

2000.0
119.3
72.1
64.1
53.3
50.6
39.0
55.4
6.1
3.9
21.6
5.6
3.1
2632.9

Figure 3. List of sparse matrices. Number of columns and rows are equal
for all the matrices except for the matrix LP, where the number of columns
is equal to 1, 092, 610.

Figure 4. Performance comparison (in GFlops) on Tesla C1060 using
single precision ﬂoating operations. % Improvement series is aligned to
secondary axis (y-axis on the right side). Our spmv method is compared
with the best results obtained by executing either CSR vector or HYB spmv
kernel using texture cache of [3], which in turn are the best results of [3].

method-based modeling, circuit simulation, linear programming, a connectivity graph collected from a partial web
crawl, among others. The list of matrices in this dataset is
reproduced in Figure 3. The dataset contains matrices of
varying nature of sparsity with some matrices having few
nonzero elements per row, a dense matrix, and some highly
unstructured matrices such as LP, and Webbase.

HYB/CSR spmv refers to the best performance reported from
[3]1 obtained using either the CSR vector or the HYB
format. The label Our spmv refers to the format we described
in this paper.
We see that our spmv method is performing better on
most of the matrices. In the matrix LP a large fraction of
rows are stored in CSR format in our spmv method. The
improvement in performance is due to assigning more warps
to a row and hence better load balancing among them. In
matrices FEM/Accelerator and Protein, a large fraction of
rows are stored in both the CSR and the ELL formats. In
other matrices where we see improvement in performance
we see that most of the elements are stored in the ELL
format and the improvement in performance is due to better

C. Results
As in prior works we use GFlops to measure the performance of our spmv method. We report the results by
performing several runs for each kernel and taking the
average over multiple runs. We compare our work with the
kernels that use the texture cache for storing the vector x
as this approach gives the best results. Figures 4–7 show
the performance measured in terms of GFlops achieved on
the matrices shown in Figure 3. The performance achieved
is compared with that from the work of [3]. The label

1 The program corresponding to [3] is run by us in reporting the above
results.
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Figure 7. Performance comparison (in GFlops) on Tesla C2050 using
double precision ﬂoating operations. % Improvement series is aligned to
secondary axis (y-axis on the right side). Our spmv method is compared
with the best results obtained by executing either CSR vector or HYB spmv
kernel using texture cache of [3].

Figure 5. Performance comparison (in GFlops) on Tesla C1060 using
double precision ﬂoating operations. % Improvement series is aligned to
secondary axis (y-axis on the right side). Our spmv method is compared
with the best results obtained by executing either CSR vector or HYB spmv
kernel using texture cache of [3], which in turn are the best results of [3].

In our spmv method also most of the rows are stored in ELL
format and due to the reduction in cache hit ratio our spmv
kernel performs poorer than spmv based on CSR format.
The theoretical peak bandwidth between the device memory and the symmetric multiprocessors (SMs) on Tesla
C1060 is 102 GB/s . On Tesla C1060, it was observed that
our kernels are performing well on most of the matrices.
But on some matrices the reduction in bandwidth usage is
signiﬁcantly due to texture cache misses. On Tesla C2050,
it was observed that the bandwidth used by most of our
kernels is below the theoretical peak of 144 GB/s. Some
reasons for this could be that on Tesla C2050, our kernel
uses the texture cache to store the x vector. Since Tesla
C2050 supports a hardware managed L1 cache, it turns out
that leaving the device to manage the access to the x vector
via the L1 cache is a better choice. The same effect is seen
on the CUSP kernels, corresponding to the work of [3], that
run on Tesla C2050 without using texture cache.
The above discussion indicates that the optimization
points on Tesla C1060 and Tesla C2050 are very different.
We have attempted to suggest approaches that are applicable
to both the architectures but some ﬁne-tuning may be
required in the end to achieve the best possible performance.

Figure 6. Performance comparison (in GFlops) on Tesla C2050 using
single precision ﬂoating operations. % Improvement series is aligned to
secondary axis (y-axis on the right side). Our spmv method is compared
with the best results obtained by executing either CSR vector or HYB spmv
kernel using texture cache of [3].

ELL storage and assigning more threads to an ELL row. For
the matrix Epidemiolgy, in the preprocessing stage we see
that all the rows have very few nonzero elements and the
standard deviation of the number of nonzero zero elements
in the rows is also very less. So in such cases where our
method does not really beneﬁt we use the HYB spmv of
[3]. In the case of the matrix Economics, we see that in
the the spmv based on HYB format most of the elements
are stored in the ELL format which performs poorer than
spmv based on CSR format due to reduced cache hit ratio.

D. Comparison with other works
Other recent works on GPUs [6], [26], [13], [22] in the
literature on spmv exploit particular sparsity patterns of the
matrix and use data structures and optimizations suitable to
that sparsity pattern. However for matrices that do not follow
that sparsity pattern these works may perform poorly.
Monakov et al. [14] do optimizations for general sparse
matrices. They present results on the same dataset used in
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Section 3. However, a direct comparison with their work
may not be apt as spmv is memory bound and the peak
memory bandwidth between the architectures we work on,
the Tesla C1060, and the GTX 280 used in [14] differ.
But, to attempt a comparison, we consider the percentage
improvements of our result and the result from [14] with
respect to respective baseline implementations. In [14], the
baseline used is HYB spmv from [3]. For the purposes of
this section, we use HYB spmv [3] as the baseline. With
such a comparison, we see that our kernels are performing
better than those from [14] in 10 of the 14 instances of
the dataset under consideration when using single precision
operations. Further Monakov et al. [14] present the best
results obtained after performing an exhaustive search for
several conﬁguration parameters including slice size, thread
block size, reordering parameter and work per thread. In our
approach, we attempt to compute such parameters without
recourse to such exhaustive searching.
Bell et al. [3] in their paper show that GPU based spmv
outperforms other multi-core architectures. Comparing with
the Intel MKL library that is highly optimized for multicores on Intel Xeon 5550, 2.67GHz from a recent benchmarking effort of [20] our spmv kernel is about 2 to 8
times faster.

reduction method to add the partial results from each warp,
we need some auxiliary space to do the reduction. But,
compared to the actual number of non-zero elements, this
extra space is quite small. For instance, for the dataset shown
in Figure 3 the storage overhead is on an average 2 % and
is 6% at maximum.
Our approach may result in altering the texture cache
miss ratio of accessing the x vector. This happens as we
are reordering rows processed in the ELL type format by
sorting them according to their size. Our approach stands
to beneﬁt from an improved texture cache model in future
GPUs.
B. Preprocessing Time
Finally, we shift our attention to the time taken by our
approach to arrange the sparse matrix in the appropriate data
structures. We see that the time taken for preprocessing on
CPU and to transfer the data structures to the GPU for the
dataset in Figure 3 is on average equivalent to 45 calls to
our spmv kernel on a Tesla C1060 GPU.
VI. A PPLICATION TO C ONJUGATE G RADIENT M ETHOD
To illustrate the efﬁciency of our spmv method, we apply
it to the commonly used conjugate gradient method (CG in
short). CG method is an iterative method used for solving
sparse symmetric positive deﬁnite linear systems. In each
iteration spmv and few BLAS1 operations are used. In this
comparison, our focus is to study the gains obtained by using
the spmv kernel described in this paper. Variations to the
CG method such as preconditioning [24] may only fasten the
convergence of the CG method, but the overall algorithmic
structure remains unchanged. For illustrative purposes, we
therefore consider the basic CG method [24] and show the
improvements obtained with the proposed spmv technique.
We perform the preprocessing stage of our spmv method
on the CPU while the GPU simultaneously executes the
iterations of the CG method using the HYB spmv from [3].
After preprocessing stage we transfer the data obtained by
our methodology to the GPU and we use our spmv method
in the remaining iterations of the CG method.
We study our spmv method on the dataset obtained from
the The University of Florida Sparse Matrix Collection[9].
From this dataset, we consider all matrices which have
more than 105 rows and are symmetric, positive deﬁnite
with real valued entries. Figure 8 shows the performance
comparison in terms of GFlops between CG method using
our spmv kernel and using the HYB spmv from [3]. We see
that on most matrices, CG method using our spmv method
outperforms CG using HYB spmv method from [3].

V. D ISCUSSION
In this section, we discuss certain issues that are relevant
to our work.
A. Additional overheads
One point to note with respect to our work is the additional code and storage overhead introduced by our method.
Unlike the CSR Vector proposed in [3], when multiple warps
are assigned to the same row, we require that the partial
results of these multiple warps be reduced in parallel to
produce one value in the output vector y. This does add some
overhead in terms of code, but the overhead is observed to
be negligible. A similar overhead shows in our approach
when using the ELL type format also where partial results
from multiple threads assigned to the same row have to be
reduced to produce one value in the output vector y. Again,
this overhead is noticed to be very small. Another approach
to do the parallel reduction is to use atomic operations. Since
very few threads/warps compete for exclusive access, atomic
operations may also offer a better choice in our setting.
Our approach also results in some data structure and
operational space overhead. Data structure overhead comes
when using the ELL type representation for some rows of
a given sparse matrix. This overhead may be applicable in
other works also [3]. Operational overhead in our approach
may arise in some settings. For instance, when assigning
multiple warps to each row, each warp has to know the
starting and ending indices of columns in that row that will
be processed by this warp. Similarly, when using the parallel
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